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PREFACE

In my preface to the first edition,

I begged the reader not to draw attention to errors.

f now wish [ had not done so

and am grateful to the few readers who ignored my request.

— STUART SUTHERLAND, The International Dictionary of Psychology (1996)

THIS BOOKLET is Fascicle 3 of The Art of Computer Programming, Volume 4:
Combinatorial Algorithms. As explained in the preface to Fascicle 1 of Volume 1,
I'm circulating the material in this preliminary form because I know that the
task of completing Volume 4 will take many years; I can’t wait for people to
begin reading what I've written so far and to provide valuable feedback.

To put the material in context, this fascicle contains Sections 7.2.1.3, 7.2.1.4,
and 7.2.1.5 of a long, long chapter on combinatorial searching. Chapter 7
will eventually fill three volumes (namely Volumes 4A, 4B, and 4C), assuming
that I'm able to remain healthy. It will begin with a short review of graph
theory, with emphasis on some highlights of significant graphs in The Stanford
GraphBase, from which I will be drawing many examples. Then comes Section
7.1, which deals with bitwise manipulation and with algorithms relating to
Boolean functions. Section 7.2 is about generating all possibilities, and it begins
with Section 7.2.1: Generating Basic Combinatorial Patterns. Details about
various useful ways to generate n-tuples appear in Section 7.2.1.1, and the
generation of permutations is discussed in Section 7.2.1.2. That sets the stage for
the main contents of the present booklet, namely Section 7.2.1.3 (which extends
the ideas to combinations of n things taken ¢ at a time); Section 7.2.1.4 (about
partitions of an integer); and Section 7.2.1.5 (about partitions of a set). Then
will come Section 7.2.1.6 (about trees) and Section 7.2.1.7 (about the history of
combinatorial generation), in Fascicle 4. Section 7.2.2 will deal with backtracking
in general. And so it will go on, if all goes well; an outline of the entire Chapter 7
as currently envisaged appears on the taocp webpage that is cited on page ii.

I had great pleasure writing this material, akin to the thrill of excitement
that I felt when writing Volume 2 many years ago. As in Volume 2, where I
found to my delight that the basic principles of elementary probability theory
and number theory arose naturally in the study of algorithms for random number
generation and arithmetic, I learned while preparing Section 7.2.1 that the basic
principles of elementary combinatorics arise naturally and in a highly motivated
way when we study algorithms for combinatorial generation. Thus, I found once
again that a beautiful story was “out there” waiting to be told.



IV PREFACE

For example, in the present booklet we find many of the beautiful patterns
formed by combinations, with and without repetition, and how they relate to
famous theorems of extremal combinatorics. Then comes my chance to tell
the extraordinary story of partitions; indeed, the theory of partitions is one
of the nicest chapters in all of mathematics. And in Section 7.2.1.5, a little-
known triangle of numbers, discovered by C. S. Peirce, turns out to simplify
and unify the study of set partitions, another vital topic. Along the way I've
included expositions of two mathematical techniques of great importance in the
analysis of algorithms: Poisson's summation formula, and the powerful saddle
point method. There are games and puzzles too, as in the previous fascicles.

My original intention was to devote far less space to these subjects. But
when I saw how fundamental the ideas were for combinatorial studies in general,
I knew that I could never be happy unless I covered the basics quite thoroughly.
Therefore I've done my best to build a solid foundation of theoretical and
practical ideas that will support many kinds of reliable superstructures.

I thank Frank Ruskey for bravely foisting an early draft of this material on
college students and for telling me about his classroom experiences. Many other
readers have also helped me to check the first drafts; I wish to thank especially
George Clements and Svante Janson for their penetrating comments.

I shall happily pay a finder’s fee of $2.56 for each error in this fascicle when
it is first reported to me, whether that error be typographical, technical, or
historical. The same reward holds for items that I forgot to put in the index.
And valuable suggestions for improvements to the text are worth 32¢ each.
(Furthermore, if you find a better solution to an exercise, I'll actually reward
you with immortal glory instead of mere money, by publishing your name in the
eventual book:—)

Notations that are used here and not otherwise explained can be found in
the Index to Notations at the end of Volumes 1, 2, or 3. Those indexes point to
the places where further information is available. Of course Volume 4 will some
day contain its own Index to Notations.

Machine-language examples in all future editions of The Art of Computer
Programming will be based on the MMIX computer, which is described in Vol-
ume 1, Fascicle 1.

Cross references to yet-unwritten material sometimes appear as ‘00’ in the
following pages; this impossible value is a placeholder for the actual numbers to
be supplied later.

Happy reading!

Stanford, California D. E. K.
June 2005
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7.2.1.3 GENERATING ALL COMBINATIONS 1

7.2.1.3. Generating all combinations. Combinatorial mathematics is often
described as “the study of permutations, combinations, etc.,” so we turn our
attention now to combinations. A combination of n things, taken t at a time,
often called simply a t-combination of n things, is a way to select a subset of size
from a given set of size n. We know from Eq. 1.2.6—(2) that there are exactly (7})
ways to do this; and we learned in Section 3.4.2 how to choose t-combinations
at random.

Selecting t of n objects is equivalent to choosing the n — t elements not
selected. We will emphasize this symmetry by letting

n =38+t (1)

throughout our discussion, and we will often refer to a ¢-combination of n things
as an “(s,t)-combination.” Thus, an (s, t)-combination is a way to subdivide
s + t objects into two collections of sizes s and ¢.

If | ask how many combinations of 21 can be taken out of 25,
| do in effect ask how many combinations of 4 may be taken.
For there are just as many ways of taking 21 as there are of leaving 4.

— AUGUSTUS DE MORGAN, An Essay on Probabilities (1838)

There are two main ways to represent (s,t)-combinations: We can list the
elements ¢; . ..coc; that have been selected, or we can work with binary strings
Qp_1...a1ag for which

an-1+'-+a+ay = L. (2)

The latter representation has s 0s and t 1s, corresponding to elements that are
unselected or selected. The list representation ¢; . ..cc; tends to work out best
if we let the elements be members of the set {0,1,...,n — 1} and if we list them

in decreasing order:
n>c>->cy>c >0 (3)

Binary notation connects these two representations nicely, because the item list
¢t ... cocy corresponds to the sum

n—1

2° 4. 4292 429 = Zﬂﬁk = (ap-1...0180)2. (4)

k=0
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Of course we could also list the positions b, ...byby of the 0s in a,—;...a;14a0,
where
n>by>>by>b 20. (5)

Combinations are important not only because subsets are omnipresent in
mathematics but also because they are equivalent to many other configurations.
For example, every (s,t)-combination corresponds to a combination of s + 1
things taken ¢ at a time with repetitions permitted, also called a multicombination,
namely a sequence of integers d; . ..dyd; with

§2dy>-2dy 2dy 20. (6)
One reason is that d; . .. d,d; solves (6) if and only if ¢; ... ca¢; solves (3), where
C;=d1,+t—l, veay I'-':2=“:'€2+’]-:- C1=d1 (7)

(see exercise 1.2.6-60). And there is another useful way to relate combinations
with repetition to ordinary combinations, suggested by Solomon Golomb [AMM
75 (1968), 530-531], namely to define

Ci, if c; < s
e; = _
J €ci—8s if ¢; > s.

(8)

In this form the numbers e;...e; don’t necessarily appear in descending or-
der, but the multiset {e;,es,...,e:} is equal to {c;,¢cz,...,¢:} if and only if
{e1,€2,...,€:} is a set. (See Table 1 and exercise 1.)

An (s,t)-combination is also equivalent to a composition of n + 1 into ¢ + 1
parts, namely an ordered sum

n+l = pg+ -+ p1+ Po, where py,...,p1,p0 2 1. (9)
The connection with (3) is now
pr=n—0¢, P-1=¢C—C-1, ...y, P1=C—C, po=c1+L (10)
Equivalently, if ¢; = p; — 1, we have
s =@+ -+q + qo, where ¢;,...,q1,90 > 0, (11)
a composition of s into ¢t + 1 nonnegative parts, related to (6) by setting
qg=8—dy, q_1=di—di—1, ..., q1=dz—di, go=d. (12)

Furthermore it is easy to see that an (s,t)-combination is equivalent to a
path of length s + t from corner to corner of an s x t grid, because such a
path contains s vertical steps and ¢ horizontal steps. Thus, combinations can
be studied in at least eight different guises. Table 1 illustrates all (5) = 20
possibilities in the case s =t = 3.

These cousins of combinations might seem rather bewildering at first glance,
but most of them can be understood directly from the binary representation
@n-1...a100. Consider, for example, the “random” bit string

azs...a1a9 = 011001001000011111101101, (13)
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Table 1
THE (3,3)-COMBINATIONS AND THEIR EQUIVALENTS

asa4a3a2a10p b3baby cacacn  dsdady  esezer  pspapipo  g3g2qigo  path

000111 543 210 000 210 4111 3000 33
001011 542 310 100 310 3211 2100 i
001101 541 320 110 320 3121 2010 fH
001110 540 321 111 321 3112 2001 332
010011 532 410 200 010 2311 1200 H
010101 531 420 210 020 2221 1110 &
010110 530 421 211 121 2212 1101 &
011001 521 430 220 030 2131 1020 &H
011010 520 431 221 131 2122 1011 223
011100 510 432 222 232 2113 1002 it}
100011 432 510 300 110 1411 0300 é 3]
100101 431 520 310 220 1321 0210 HH
100110 430 521 311 221 1312 0201 g8
101001 421 530 320 330 1231 0120 it
101010 420 531 321 331 1222 0111 E
101100 410 532 322 332 1213 0102 it
110001 321 540 330 000 1141 0030 i3
110010 320 541 331 111 1132 0021 53]
110100 310 542 332 222 1123 0012 EH
111000 210 543 333 333 1114 0003 255

which has s = 11 zeros and ¢ = 13 ones, hence n = 24. The dual combination
b, ...by lists the positions of the zeros, namely

232019171614 13121141,

because the leftmost position is n — 1 and the rightmost is 0. The primal
combination ¢; ...c; lists the positions of the ones, namely

222118151098765320.

The corresponding multicombination d; . .. d; lists the number of Os to the right
of each 1:
101086222222110.

The composition p; . . . pg lists the distances between consecutive 1s, if we imagine
additional 1s at the left and the right:

21335111112121.

And the nonnegative composition g; ...qp counts how many Os appear between
“fenceposts” represented by 1s:

1022400000101 0;

thus we have
@n_y...0109 = 0910%-11..,.10910%, (14)

The paths in Table 1 also have a simple interpretation (see exercise 2).
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Lexicographic generation. Table 1 shows combinations a,_1...a1ap and
¢e ...c; in lexicographic order, which is also the lexicographic order of d; .. .d;.
Notice that the dual combinations b, ...b; and the corresponding compositions
Pt..-Pos Gt - - - Go then appear in reverse lexicographic order.

Lexicographic order usually suggests the most convenient way to generate
combinatorial configurations. Indeed, Algorithm 7.2.1.2L already solves the
problem for combinations in the form a,—;...a1a0, since (s,t)-combinations
in bitstring form are the same as permutations of the multiset {s-0,¢-1}. That
general-purpose algorithm can be streamlined in obvious ways when it is applied
to this special case. (See also exercise 7.1-00, which presents a remarkable
sequence of seven bitwise operations that will convert any given binary number
(@n-1...a1ap)2 to the lexicographically next t-combination, assuming that n
does not exceed the computer’s word length.)

Let’s focus, however, on generating combinations in the other principal form
¢ . .. c2C1, which is more directly relevant to the ways in which combinations are
often needed, and which is more compact than the bit strings when ¢ is small
compared to n. In the first place we should keep in mind that a simple sequence
of nested loops will do the job nicely when t is very small. For example, when
t = 3 the following instructions suffice:

For c3 =2,3,...,n—1 (in this order) do the following:
Forcz =1,2,..., c3 —1 (in this order) do the following:
Forc; =0,1,..., cg— 1 (in this order) do the following: (15)
Visit the combination czcycy.

(See the analogous situation in 7.2.1.1-(3).)

On the other hand when ¢t is variable or not so small, we can generate
combinations lexicographically by following the general recipe discussed after
Algorithm 7.2.1.2L, namely to find the rightmost element c; that can be increased
and then to set the subsequent elements c;j_;...c; to their smallest possible
values:

Algorithm L (Lezicographic combinations). This algorithm generates all t-
combinations ¢ ...cec; of the n numbers {0,1,...,n — 1}, given n > ¢t > 0.
Additional variables ¢;+; and c¢;42 are used as sentinels.

L1. [Initialize.] Set ¢; + j — 1 for 1 < j < t; also set ¢;+1 < n and ¢4 + 0.
L2. [Visit.] Visit the combination ¢; ... czc;.

L3. [Find j.] Set j 1. Then, whilec; +1 =c¢j41,8et ¢; ¢ j—1land j « 7+ 1;
eventually the condition ¢; + 1 # ¢;41. willoccur

L4. [Done?] Terminate the algorithm if j > t.

L5. [Increase c;.] Set ¢; - ¢; + 1 and return to L2. |}

The running time of this algorithm is not difficult to analyze. Step L3 sets
c; + 7 — 1 just after visiting a combination for which ¢;+1 = ¢1 + 7, and the
number of such combinations is the number of solutions to the inequalities

n>c > >Cig1 20 (16)
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but this formula is equivalent to a (¢t — j)-combination of the n — j objects
{n—1,...,7}, so the assignment ¢; + j—1 occurs exactly ('::j) times. Summing
for 1 < j <t tells us that the loop in step L3 is performed

() () e+ () = () () ++ (D) = () o

times altogether, or an average of

(eil)/(:) - (3+1]T!(t—1)!/;i! N sjrl (18)

times per visit. This ratio is less than 1 when ¢ < s, so Algorithm L is quite
efficient in such cases.

But the quantity t/(s + 1) can be embarrassingly large when ¢ is near n
and s is small. Indeed, Algorithm L occasionally sets ¢; « j — 1 needlessly, at
times when c; already equals j — 1. Further scrutiny reveals that we need not
always search for the index j that is needed in steps L4 and L5, since the correct
value of j can often be predicted from the actions just taken. For example,
after we have increased c4 and reset czcac; to their starting values 210, the next
combination will inevitably increase c3. These observations lead to a tuned-up
version of the algorithm:

Algorithm T (Lezicographic combinations). This algorithm is like Algorithm L,

but faster. It also assumes, for convenience, that t < n.

T1. [Initialize.] Set ¢; « j — 1 for 1 < j < ¢; then set c;4; « n, ¢iy2 + 0, and
]+t

T2. (Visit.| (At this point j is the smallest index such that c;41 > j.) Visit the
combination ¢; ...cgc;. Then, if 7 > 0, set = « j and go to step T6.

T3. [Easy case?] If ¢; + 1 < cg, set ¢; ¢ ¢; + 1 and return to T2. Otherwise set
7+ 2.

T4. [Find j.| Set ¢j_1 « j—2and z +¢; + 1. If z = ¢j4,, set j « 7+ 1 and
repeat this step until z # ¢;j41.

T5. [Done?] Terminate the algorithm if j > ¢.
T6. [Increase c;.| Set ¢c; « z, j + j — 1, and return to T2. |

Now j = 0 in step T2 if and only if ¢; > 0, so the assignments in step T4 are
never redundant. Exercise 6 carries out a complete analysis of Algorithm T.

Notice that the parameter n appears only in the initialization steps L1l
and T1, not in the principal parts of Algorithms L. and T. Thus we can think
of the process as generating the first (}) combinations of an infinite list, which
depends only on t. This simplification arises because the list of t-combinations
for n+ 1 things begins with the list for n things, under our conventions; we have
been using lexicographic order on the decreasing sequences c; ... c; for this very
reason, instead of working with the increasing sequences c; ... ¢;.

Derrick Lehmer noticed another pleasant property of Algorithms L and T
[Applied Combinatorial Mathematics, edited by E. F. Beckenbach (1964), 27-30]:
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Theorem L. The combination c; ... cocy Is visited after exactly

(3)e()+(3)

other combinations have been visited.

Proof. There are () combinations ¢} ...chc) with ¢;j =c¢; fort>j >k and

i < €, namely ¢; . ..ck41 followed by the k-combinations of {0,...,cx —1}. |

When ¢ = 3, for example, the numbers

H+E+0): (+Q)+E): B+E+E) - B +E)+()

that correspond to the combinations czcac; in Table 1 simply run through the
sequence 0, 1, 2, ..., 19. Theorem L gives us a nice way to understand the
combinatorial number system of degree t, which represents every nonnegative
integer N uniquely in the form

n n
NZ(tt)'l'“"l‘(zg)”"(T;l), ntl‘r----}ng}n;;:[]. (20)

[See Ernesto Pascal, Giornale di Matematiche 25 (1887), 45-49.]
Binomial trees. The family of trees T, defined by

Tu =, T, = Ml forn >0

To T Th

arises in several important contexts and sheds further light on combination
generation. For example, T} is

(22)

and Ty, rendered more artistically, appears as the frontispiece to Volume 1 of
this series of books.

Notice that T,, is like T,,_;, except for an additional copy of T,,_,; therefore
T, has 2™ nodes altogether. Furthermore, the number of nodes on level ¢ is the
binomial coefficient (':), this fact accounts for the name “binomial tree.” Indeed,
the sequence of labels encountered on the path from the root to each node on
level t defines a combination c; . .. ¢;, and all combinations occur in lexicographic
order from left to right. Thus, Algorithms L and T can be regarded as procedures
to traverse the nodes on level ¢t of the binomial tree T,,.
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The infinite binomial tree T, is obtained by letting n — oo in (21). The root
of this tree has infinitely many branches, but every node except for the overall
root at level 0 is the root of a finite binomial subtree. All possible t-combinations
appear in lexicographic order on level ¢ of T, .

Let’s get more familiar with binomial trees by considering all possible ways
to pack a rucksack. More precisely, suppose we have n items that take up
respectively w,_1, ..., w1, wo units of capacity, where

Wp_1 > > wy > wp; (23)
we want to generate all binary vectors a,_1 ...a1a9 such that
QW= Apn_1Wn-1 + -+ ayw; +apwy < N, (24)

where N is the total capacity of a rucksack. Equivalently, we want to find all
subsets C of {0,1,...,n — 1} such that w(C) = ) wec < N; such subsets will
be called feasible. We will write a feasible subset as c;...c;, where ¢; > --- >
¢; > 0, numbering the subscripts differently from the convention of (3) above
because t is variable in this problem.

Every feasible subset corresponds to a node of T;,, and our goal is to visit
each feasible node. Clearly the parent of every feasible node is feasible, and so is
the left sibling, if any; therefore a simple tree exploration procedure works well:

Algorithm F (Filling a rucksack). This algorithm generates all feasible ways
¢ ...c to fill a rucksack, given w,_,, ..., wy, wp, and N. Welet 6; = w; —w;_;
for 1 <3 <n.

F1. [[nitialize.] Set t « 0, cg ¢+~ n, and r + N.
F2. [Visit.] Visit the combination c; ... ct, which uses N — r units of capacity.

F3. [Try to add wp.] If ¢, > 0 and 7 > wg, set t <~ t+ 1, ¢, « 0, 7 + 7 — wp,
and return to F2.

F4. [Try to increase c;.] Terminate if ¢ = 0. Otherwise, if ;-1 > ¢; + 1 and
r > dc,+1, 86t ¢ ¢ + 1, 7 17 — 4, and return to F2.

F5. [Remove c;.] Set r + r + w,, t « ¢t — 1, and return to F4. |

Notice that the algorithm implicitly visits nodes of T, in preorder, skipping over
unfeasible subtrees. An element ¢ > 0 is placed in the rucksack, if it fits, just
after the procedure has explored all possibilities using element ¢ — 1 in its place.
The running time is proportional to the number of feasible combinations visited
(see exercise 20).

Incidentally, the classical “knapsack problem” of operations research is dif-
ferent: It asks for a feasible subset C such that v(C) = ) . v(¢) is maximum,
where each item ¢ has been assigned a value v(c). Algorithm F is not a particu-
larly good way to solve that problem, because it often considers cases that could
be ruled out. For example, if C and C’ are subsets of {1,...,n—1} with w(C) <
w(C’) < N —wp and v(C) > v(C’), Algorithm F will examine both C' U {0} and
C'U{0}, but the latter subset will never improve the maximum. We will consider
methods for the classical knapsack problem later; Algorithm F is intended only
for situations when all of the feasible possibilities are potentially relevant.
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Gray codes for combinations. Instead of merely generating all combinations,
we often prefer to visit them in such a way that each one is obtained by making
only a small change to its predecessor.

For example, we can ask for what Nijenhuis and |
Wilf have called a “revolving door algorithm”: Imagine | ®® ® "\®
two rooms that contain respectively s and ¢ people, with * e T
a revolving door between them. Whenever a person
goes into the opposite room, somebody else comes out. Can we devise a sequence
of moves so that each (s,t)-combination occurs exactly once?

The answer is yes, and in fact a huge number of such patterns exist. For
example, it turns out that if we examine all n-bit strings a,_;...a;a¢ in the
well-known order of Gray binary code (Section 7.2.1.1), but select only those
that have exactly s Os and ¢ 1s, the resulting strings form a revolving-door code.

Here’s the proof: Gray binary code is defined by the recurrence I',, = 0I',,_;,

ITR | of 7.2.1.1-(5), so its (s,t) subsequence satisfies the recurrence

Ly = UP(a—l}h ]-Ff(t--l) (25)

when st > 0. We also have I'ys = 0° and I'y;, = 1*. Therefore it is clear by
induction that I',; begins with 0°1! and ends with 10°1*~! when st > 0. The
transition at the comma in (25) is from the last element of OI'(,_;); to the
last element of 1I',(;_1), namely from 010°~11t~1 = 010°~111*~2 to0 110°1*"2 =
110°-201'~2 when t > 2, and this satisfies the revolving-door constraint. The
case { = 1 also checks out. For example, I'53 is given by the columns of

000111 011010 110001 101010
001101 011100 110010 101100
001110 010101 110100 100101 (26)
001011 010110 111000 100110
011001 010011 101001 100011

and I'23 can be found in the first two columns of this array. One more turn
of the door takes the last element into the first. [These properties of I'y; were
discovered by D. T. Tang and C. N. Liu, IEEE Trans. C-22 (1973), 176-180;
a loopless implementation was presented by J. R. Bitner, G. Ehrlich, and E. M.
Reingold, CACM 19 (1976), 517-521.]

When we convert the bit strings asasazazajag in (26) to the corresponding
index-list forms c3cqcy, a striking pattern becomes evident:

210 431 540 531

320 432 541 532

321 420 542 520 (27)
310 421 543 521

430 410 530 510

The first components c3 occur in increasing order; but for each fixed value of c3,
the values of c; occur in decreasing order. And for fixed c3cy, the values of ¢;
are again increasing. The same is true in general: All combinations c;...cc;
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appear in lexicographic order of

(Cg, —Ct—1y Ct—-2, .., (—l)t-lﬁ) (28)

in the revolving-door Gray code I'y;. This property follows by induction, because
(25) becomes
P!t —— F{E—'l]f-! {S-I-t_l)rﬁt—l] (29]

for st > 0 when we use index-list notation instead of bitstring notation. Conse-
quently the sequence can be generated efficiently by the following algorithm due
to W. H. Payne [see ACM Trans. Math. Software 5 (1979), 163-172):

Algorithm R (Revolving-door combinations). This algorithm generates all t-
combinations ¢ ...czcy of {0,1,...,n — 1} in lexicographic order of the alter-
nating sequence (28), assuming that n > ¢ > 1. Step R3 has two variants,
depending on whether ¢ is even or odd.

R1. [Initialize.] Set ¢; «+ j—1fort > j > 1, and ¢p4; + n.
R2. [Visit.] Visit the combination ¢; ... cac;.

R3. [Easy case?] If t is odd: If ¢; + 1 < c¢g, increase ¢; by 1 and return to R2,
otherwise set 7 + 2 and go to R4. If ¢ is even: If ¢; > 0, decrease c¢; by 1
and return to R2, otherwise set 7 + 2 and go to RS5.

RA. [Try to decrease c;.| (At this point ¢; =c;—; + 1.) If ¢; > j, set ¢; - ¢j_1,
¢j—1 + j — 2, and return to R2. Otherwise increase j by 1.

R5. [Try to increase c;j.] (At this point ¢;—y = j —2.) If ¢; +1 < cjy3, set
Cj-1 + Cj, ¢j + ¢; + 1, and return to R2. Otherwise increase j by 1, and
gotoR4if 7 <t. |

Exercises 21-25 explore further properties of this interesting sequence. One of
them is a nice companion to Theorem L: The combination c¢cy—1 . . . c2¢;y is visited
by Algorithm R after exactly

N = (ct+1) B (ct..ﬁ-l) _|_m+(__1)t(f32;”1) B (_l]t(cﬁl) _[t 0dd] (30)

t t—-1 1

other combinations have been visited. We may call this the representation of N
in the “alternating combinatorial number system” of degree ¢; one consequence,
for example, is that every positive integer has a unique representation of the
form N = (2) = (3) + () with @ > b> ¢ > 0. Algorithm R tells us how to add 1
to N in this system.

Although the strings of (26) and (27) are not in lexicographic order, they
are examples of a more general concept called genlex order, a name coined by
Timothy Walsh. A sequence of strings a;, ..., ay is said to be in genlex order
when all strings with a common prefix occur consecutively. For example, all
3-combinations that begin with 53 appear together in (27).

Genlex order means that the strings can be arranged in a trie structure, as
in Fig. 31 of Section 6.3, but with the children of each node ordered arbitrarily.
When a trie is traversed in any order such that each node is visited just before or
just after its descendants, all nodes with a common prefix — that is, all nodes of
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a subtrie — appear consecutively. This principle makes genlex order convenient,
because it corresponds to recursive generation schemes. Many of the algorithms
we have seen for generating n-tuples have therefore produced their results in some
version of genlex order; similarly, the method of “plain changes” (Algorithm
7.2.1.2P) visits permutations in a genlex order of the corresponding inversion
tables.

The revolving-door method of Algorithm R is a genlex routine that changes
only one element of the combination at each step. But it isn’t totally satisfactory,
because it frequently must change two of the indices ¢; simultaneously, in order
to preserve the condition ¢; > --- > ¢z > ¢;. For example, Algorithm R changes
210 into 320, and (27) includes nine such “crossing” moves.

The source of this defect can be traced to our proof that (25) satisfies the
revolving-door property: We observed that the string 010°~111¢~2 is followed
by 110°7'01'~2 when ¢ > 2. Hence the recursive construction I'y; involves
transitions of the form 110°0 < 010°1, when a substring like 11000 is changed
to 01001 or vice versa; the two 1s cross each other.

A Gray path for combinations is said to be homogeneous if it changes only
one of the indices c; at each step. A homogeneous scheme is characterized
in bitstring form by having only transitions of the forms 10° < 0°1 within
strings, for a > 1, when we pass from one string
to the next. With a homogeneous scheme we can,
for example, play all t-note chords on an n-note
keyboard by moving only one finger at a time.

A slight modification of (25) yields a genlex
scheme for (s,t)-combinations that is pleasantly
homogeneous. The basic idea is to construct a
sequence that begins with 0°1* and ends with 10°, and the following recursion
suggests itself almost immediately: Let K, = 0°, Ko, = 1%, Ky_;) = 0, and

K’t - OK[S—],]#? 10H£—1}{t—1)7’ IIK‘,{t_Z) fOI’ St}ﬂ. (31)
At the commas of this sequence we have 01*0°~! followed by 101¢-10°~! and
10°1¢~! followed by 110°1!~2; both of these transitions are homogeneous, al-

though the second one requires the 1 to jump across s 0s. The combinations K33
for s=t =3 are

000111 010101 101100 100011
001011 010011 101001 110001
001101 011001 101010 110010 (32)
001110 011010 100110 110100
010110 011100 100101 111000
in bitstring form, and the corresponding “finger patterns” are
210 420 532 510
310 410 530 540
320 430 531 541 (33)
321 431 521 542
421 432 520 543.
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When a homogeneous scheme for ordinary combinations c; . .. c; is converted
to the corresponding scheme (6) for combinations with repetitions d; ...d;, it
retains the property that only one of the indices d; changes at each step. And
when it is converted to the corresponding schemes (g) or (11) for compositions
Pt...Po OF Gt ...Qo, only two (adjacent) parts change when c; changes.

Near-perfect schemes. But we can do even better! All (s,t)-combinations
can be generated by a sequence of strongly homogeneous transitions that are
either 01 « 10 or 001 < 100. In other words, we can insist that each step causes
a single index c; to change by at most 2. Let’s call such generation schemes
near-perfect.

Imposing such strong conditions actually makes it fairly easy to discover
near-perfect schemes, because comparatively few choices are available. Indeed,
if we restrict ourselves to genlex methods that are near-perfect on n-bit strings,
T. A. Jenkyns and D. McCarthy observed that all such methods can be easily
characterized [Ars Combinatoria 40 (1995), 153-159):

Theorem N. If st > 0, there are exactly 2s near-perfect ways to list all (s, t)-
combinations in a genlex order. In fact, when 1 < a < s, there is exactly one
such listing, Ngq, that begins with 1*0° and ends with 0°1°0°~°; the other s

possibilities are the reverse lists, NE .

Proof. The result certainly holds when s = ¢ = 1; otherwise we use induction on
s+t. The listing Nyq, if it exists, must have the form 1.X,_y), 0Y{,-1)¢ for some
near-perfect genlex listings X,;_1) and Y(,_1);. If t = 1, X,;_1) is the single
string 0°; hence Y(,_;); must be N(,_1)1(a-1) if @ > 1, and it must be N{E-nn
if a = 1. On the other hand if ¢ > 1, the near-perfect condition implies that the
last string of X,(;—) cannot begin with 1; hence X,;_1) = N,(;_1)s for some b.
Ifa>1, Y,_1) must bé N_1)¢(a—1), hence b must be 1; similarly, b must be 1
if s = 1. Otherwise we have a = 1 < s, and this forces Y{,_q); = N{‘E*mc for
some c¢. The transition from 10°1:~10°7% to 0°**10°~1~¢ is near-perfect only if
c=land b=2. |
The proof of Theorem N yields the following recursive formulas when st > 0:
LNge-1)15 ON(a—l)t(u—l}n if 1 <a<s;
Nata = & 1Ng_1y2, ONZ_ 1, ifl=a< s; (34)
lNl{t—l}].ﬂ Ult, lf]. =a=a3s.
Also, of course, Ny, = 0°.
Let usset Ay; = Ny and By, = Ngy9. These near-perfect listings, discovered
by Phillip J. Chase in 1976, have the net effect of shifting a leftmost block of 1s

to the right by one or two positions, respectively, and they satisfy the following
mutual recursions:

As; = ]-B;[t—l}m DAﬁ—l}ti Bat - 1-‘43“—1}: OA(a—l}t' (35}

“To take one step forward, take two steps forward, then one step backward; to
take two steps forward, take one step forward, then another.” These equations
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Table 2
CHASE'S SEQUENCES FOR (3,3)-COMBINATIONS
Ags = Cg Byz = Cy3
543 031 321 420 543 520 432 410
541 530 320 421 542 510 430 210
540 510 310 431 540 530 431 310
542 520 210 430 541 531 421 320
532 521 410 432 521 532 420 321

hold for all integer values of s and ¢, if we define A,; and B,; to be @ when s or
t is negative, except that Agg = Byp = € (the empty string). Thus A,; actually
takes min(s,1) forward steps, and B,; actually takes min(s,2). For example,
Table 2 shows the relevant listings for s = ¢ = 3, using an equivalent index-list
form c3cacy instead of the bit strings agagazaza;ag.

Chase noticed that a computer implementation of these sequences becomes
simpler if we define

A,,, ifs+tisodd; ~ AR, if s+t is even;
Cot = . . Cyt = R - . (36)
B,,, if s+tiseven; By, ifs+tisodd.
[See Congressus Numerantium 69 (1989), 215-242.] Then we have
(1C,_1), 0C,_py, if 8+t is odd:;
Cp={ ote=1 "(e-pty BSFEISO (37)
~. IC,“_IJ, Gc{a—l}ta ifs+tis even;
~ (0C(5_1)t, 1Cs¢-1), if 8+t is even;
Cat — # A{a ] Aa(t ] ' . ' (38)
| 0C(5-1)t, 1C,z-1), if s+1is odd.

When bit a; is ready to change, we can tell where we are in the recursion by
testing whether 7 is even or odd.

Indeed, the sequence C,; can be generated by a surprisingly simple algo-
rithm, based on general ideas that apply to any genlex scheme. Let us say that
bit a; is active in a genlex algorithm if it is supposed to change before anything to
its left is altered. (In other words, the node for an active bit in the corresponding
trie is not the rightmost child of its parent.) Suppose we have an auxiliary table
Wn ... W Wo, where w; = 1 if and only if either a; is active or j < r, where r is
the least subscript such that a, # a¢; we also let w, = 1. Then the following
method will find the successor of a,—; ...a1a0:

Set j «— 7. If w; =0, set w; + 1, j + j+ 1, and repeat until
w; = 1. Terminate if j = n; otherwise set w; + 0. Change a;
to 1 — a;, and make any other changes to a@;_, ...a¢ and 7 that
apply to the particular genlex scheme being used.

(39)

The beauty of this approach comes from the fact that the loop is guaranteed to
be efficient: We can prove that the operation 7 + j + 1 will be performed less
than once per generation step, on the average (see exercise 36).
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By analyzing the transitions that occur when bits change in (37) and (38),
we can readily flesh out the remaining details:

Algorithm C (Chase’s sequence). This algorithm visits all (s, t)-combinations
Gn-1...G109, Where n = s+ ¢, in the near-perfect order of Chase’s sequence Cl;.

C1. [Initialize.] Set a; +- 0 for 0 < j < s, a; + 1for s < j < n, and w; + 1
for 0 <3 <n. If s >0, set r + s; otherwise set r + {.
C2. [Visit.] Visit the combination a,,_; ...ajao.

C3. [Find j and branch.] Set j «+ r. fw, = 0, set w; + 1, j « j+ 1, and
repeat until w; = 1. Terminate if j = n; otherwise set w; <~ 0 and make a
four-way branch: Go to C4 if j is odd and e, # 0, to C5 if j is even and
a; # 0, to C6 if j is even and a; = 0, to C7 if j is odd and a; = 0.

C4. [Move right one.] Set a;_; ¢ 1, a; « 0. If r =35 > 1, set r « j — I;
otherwise if r = 7 — 1 set r + j. Return to C2.

C5. [Move right two.] If a;_» # 0, go to C4. Otherwise set a;_5 + 1, a; + 0.
If r = 3, set 7 + max(7 — 2, 1); otherwise if r = j — 2, set r + 7 — 1. Return
to C2.

C6. [Move left one.| Set a; + 1, aj_y + 0. Ifr =37 > 1, set r « j—1; otherwise
if r=7—1set r+ j. Return to C2.

C7. [Move left two.] If a;_; # 0, go to C6. Otherwise set a; + 1, a;_ « 0. If
r=)-—2,set r ¢« j; otherwise if r = j — 1, set r + j—2. Return to C2. |

*Analysis of Chase’s sequence. The magical properties of Algorithm C cry
out for further exploration, and a closer look turns out to be quite instructive.
Given a bit string a,,—1 ...ajaq, let us define a,, = 1, u,, = n mod 2, and

uj = (1= ujp1)aj41, v =(uj+j)mod2, w;=(vj+a;)mod2, (40)
for n > 7 > 0. For example, we might have n = 26 and

ass . ..a a0 = 11001001000011111101101010,
Ugs . . . uyip = 10100100100001010100100101,
g5 ... v1vp = 00001110001011111110001111,
was . . . wywo = 11000111001000000011100101.

(41)

With these definitions we can prove by induction that v; = 0 if and only if bit

a; is being “controlled” by C rather than by C in the recursions (37)-(38) that
generate an—1...a1a9, except when a; is part of the final run of 0s or 1s at the

right end. Therefore w; agrees with the value computed by Algorithm C at the
moment when a,_ . ..ayaq is visited, for r < j < n. These formulas can be used
to determine exactly where a given combination appears in Chase’s sequence (see
exercise 39).

If we want to work with the index-list form ¢;...cpc; instead of the bit
strings a,—...61a9, it is convenient to change the notation slightly, writing
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~ Cy(n) for Cy and Cy(n) for Cyy when s+t = n. Then Co(n) = Cy(n) = ¢, and
the recursions for ¢ > 0 take the form

Cort(n+1) = ¢ nC¢(n), Ciy1(n), Tf n fs even; (42)
| nC¢(n), Ciy1(n), if nis odd;
~ (¢ n,na n), if nis odd;
C¢+1(1’1+ 1) = 4 AH_I( ) At( ) . ] (43}
| Ci41(n), nCy(n), if n is even.
These new equations can be expanded to tell us, for example, that
Ci41(9) = 8C:(8), 6C:(6), 4Cy(4), ..., 3Cy(3), 5C,(5), 7C.(7);
Cit1(8) = TC(7), 6C.(6), 4Ci(4), ..., 3Cy(3), 5C.(5); ”
Ci41(9) = 6C:(6), 4Cy(4), ..., 3C:(3), 5C:(5), 7C:(7), 8C,(8);
Ceva(8) = 6C.(6), 4C:(4), ..., 3Ci(3), 5Ci(5), 7Cu(7);

notice that the same pattern predominates in all four sequences. The meaning of
“...” in the middle depends on the value of ¢: We simply omit all terms nC;(n)
and nC;(n) where n < t.

Except for edge effects at the very beginning or end, all of the expansions
in (44) are based on the infinite progression

..., 10,8,6,4,2,0,1,3,5 7,9, ..., (45)

which is a natural way to arrange the nonnegative integers into a doubly infinite
sequence. If we omit all terms of (45) that are < t, given any integer t > 0,
the remaining terms retain the property that adjacent elements differ by either
1 or 2. Richard Stanley has suggested the name endo-order for this sequence,
because we can remember it by thinking “even numbers decreasing, odd ...”.
(Notice that if we retain only the terms less than N and complement with respect
to IV, endo-order becomes organ-pipe order; see exercise 6.1-18.)

We could program the recursions of (42) and (43) directly, but it is interest-
ing to unwind them using (44), thus obtaining an iterative algorithm analogous
to Algorithm C. The result needs only O(t) memory locations, and it is especially
efficient when ¢ is relatively small compared to n. Exercise 45 contains the details.

*Near-perfect multiset permutations. Chase’s sequences lead in a natural
way to an algorithm that will generate permutations of any desired multiset
{80-0,81-1,...,84-d} in a near-perfect manner, meaning that

i) every transition is either @j4105 € QjA547 OT Gj+10505-1 «—r Ai—1Q5Q541,

i1) transitions of the second kind have a; = min(a;_1,a;4;).
Algorithm C tells us how to do this when d = 1, and we can extend it to larger
values of d by the following recursive construction [CACM 13 (1970), 368369,

376]: Suppose

Qag, a3,y ..., AN-1
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is any near-perfect listing of the permutations of {s; - 1,...,34 - d}. Then Algo-
rithm C, with s = sp and t = s; + - - - + 84, tells us how to generate a listing

A; = ;0% ..., 0%;0°"° (46)

in which all transitions are 0z <> 20 or 00z +» z00; the final entry has a = 1 or 2
leading zeros, depending on s and t. Therefore all transitions of the sequence

Aﬂt ﬁ{i'- Jw‘!:h Tty (ﬂ-N—l or ﬁﬁ—l) (47)

are near-perfect; and this list clearly contains all the permutations.
For example, the permutations of {0,0,0,1,1,2} generated in this way are

211000, 210100, 210001, 210010, 200110, 200101, 200011, 201001, 201010, 201100,
021100, 021001, 021010, 020110, 020101, 020011, 000211, 002011, 002101, 002110,
001120, 001102, 001012, 000112, 010012, 010102, 010120, 011020, 011002, 011200,
101200, 101020, 101002, 100012, 100102, 100120, 110020, 110002, 110200, 112000,
121000, 120100, 120001, 120010, 100210, 100201, 100021, 102001, 102010, 102100,
012100, 012001, 012010, 010210, 010201, 010021, 000121, 001021, 001201, 001210.

*Perfect schemes. Why should we settle for a near-perfect generator like C,,,
instead of insisting that all transitions have the simplest possible form 01 + 10?
One reason is that perfect schemes don’t always exist. For example, we
observed in 7.2.1.2—(2) that there is no way to generate all six permutations of
{1,1,2,2} with adjacent interchanges; thus there is no perfect scheme for (2, 2)-
combinations. In fact, our chances of achieving perfection are only about 1 in 4:

Theorem P. The generation of all (s,t)-combinations as44—y ...a1a9 by adja-
cent interchanges 01 ¢ 10 is possible if and only if s <1 ort <1 or st is odd.

Proof. Consider all permutations of the multiset {s-0,¢-1}. We learned in
exercise 5.1.2-16 that the number m; of such permutations having k inversions
is the coefficient of z* in the z-nomial coefficient

s+t t
(S':t) =[] a4zttt [T+ 4427 ()
o k=s+1 k=1

Every adjacent interchange changes the number of inversions by £1, so a perfect
generation scheme is possible only if approximately half of all the permutations
have an odd number of inversions. More precisely, the value of ("t"t)_l =

mg — my +my — --- must be 0 or £1. But exercise 49 shows that
s+t s+1t)/2 :
( X )_1 = ( L |_t/2}J/ J ) [st is even], (49)

and this quantity exceeds 1 unless s < 1 or ¢t <1 or st is odd.

Conversely, perfect schemes are easy with s < 1 or ¢t < 1, and they turn
out to be possible also whenever st is odd. The first nontrivial case occurs
for s = t = 3, when there are four essentially different solutions; the most
symmetrical of these is

210 — 310 — 410 — 510 — 520 — 521 — 531 — 532 — 432 — 431
421 — 321 — 320 — 420 — 430 — 530 — 540 — 541 — 542 — 543 (50)
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(see exercise 51). Several authors have constructed Hamiltonian paths in the
relevant graph for arbitrary odd numbers s and ¢; for example, the method
of Eades, Hickey, and Read [JACM 31 (1984), 19-29] makes an interesting
exercise in programming with recursive coroutines. Unfortunately, however, none
of the known constructions are sufficiently simple to describe in a short space,
or to implement with reasonable efficiency. Perfect combination generators have
therefore not yet proved to be of practical importance. |}

In summary, then, we have seen that the study of (s,¢)-combinations leads
to many fascinating patterns, some of which are of great practical importance
and some of which are merely elegant and/or beautiful. Figure 26 illustrates the
principal options that are available in the case s =t = 5, when (150) = 252 combi-
nations arise. Lexicographic order (Algorithm L), the revolving-door Gray code
(Algorithm R), the homogeneous scheme Kjss of (31), and Chase’s near-perfect
scheme (Algorithm C) are shown in parts (a), (b), (c), and (d) of the illustration.
Part (e) shows the near-perfect scheme that is as close to perfection as possible
while still being in genlex order of the ¢ array (see exercise 34), while part (f) is
the perfect scheme of Eades, Hickey, and Read. Finally, Figs. 26(g) and 26(h)
are listings that proceed by rotating a;a;.;...ap ¢ a;j-; ...apa; or by swapping
aj «* ag, akin to Algorithms 7.2.1.2C and 7.2.1.2E (see exercises 55 and 56).

*Combinations of a multiset. If multisets can have permutations, they can
have combinations too. For example, consider the multiset {b,b,b,b, 9,9, g,7,7,T,
w, w}, representing a sack that contains four blue balls and three that are green,
three red, two white. There are 37 ways to choose five balls from this sack; in
lexicographic order (but descending in each combination) they are

gbbbb, ggbbb, gggbb, rbbbb, rgbbb, rggbb, rg9ggb, rrbbb, rrgbb, rrggb,

rrggg, rrrbb, rrrgb, rrrgg, wbbbb, wgbbb, wggbb, wgggb, wrbbb, wrgbb,

wrggb, wrggg, wrrbb, wrrgb, wrrgg, wrrrb, wrrrg, wwbbb, wwgbb, wwggb,
wwggg, wwrbb, wwrgb, wwrgg, wwrrb, wwrrg, wwrrr. (51)

This fact might seem frivolous and/or esoteric, yet we will see in Theorem W
below that the lexicographic generation of multiset combinations yields optimal

solutions to significant combinatorial problems.

James Bernoulli observed in his Ars Conjectandi (1713), 119-123, that we
can enumerate such combinations by looking at the coefficient of z° in the
product (1+2+2%)(1+2+2°+2%)%(1+ 2+ 2% + 2% + 2*). Indeed, his observation
is easy to understand, because we get all possible selections from the sack if we
multiply out the polynomials

(1+w+ww)Q+r+rr+rrr)(1+ g+ g9+ g99)(1 + b+ bb + bbb + bbbb).

Multiset combinations are also equivalent to bounded compositions, namely
to compositions in which the individual parts are bounded. For example, the 37
multicombinations listed in (51) correspond to 37 solutions of

5=T3+T2+T‘1+Tﬂ, U":_:T'352, UETE'.ITIESs U$r054:
namely 5 = 04-0+1+4 = 0404243 = 0404342 = 04+140+4 = - - - = 24+3+040.
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Fig. 26. Examples
of (5, 5)-combinations:
a) lexicographic;

b) revolving-door;
¢) homogeneous;
d) near-perfect;
¢) nearer-perfect;
f) perfect;

g) suffix-rotated;
h) right-swapped.
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Bounded compositions, in turn, are special cases of contingency tables, which
are of great importance in statistics. And all of these combinatorial configura-
tions can be generated with Gray-like codes as well as in lexicographic order.
Exercises 60-63 explore some of the basic ideas involved.

*Shadows. Sets of combinations appear frequently in mathematics. For example,
a set of 2-combinations (namely a set of pairs) is essentially a graph, and a set of
t-combinations for general ¢ is called a uniform hypergraph. If the vertices of a
convex polyhedron are perturbed slightly, so that no three are collinear, no four
lie in a plane, and in general no t + 1 lie in a (¢ — 1)-dimensional hyperplane,
the resulting (¢ — 1)-dimensional faces are “simplexes” whose vertices have great
significance in computer applications. Researchers have learned that such sets
of combinations have important properties related to lexicographic generation.

If a is any t-combination ¢ ...czc;, its shadow Oa is the set of all its
(t — 1)-element subsets ¢, ...cz¢1, ..., €;...C3€1, C;...C3¢o. For example,
05310 = {310,510,530,531}. We can also represent a t-combination as a bit
string @, ... @149, in which case O« is the set of all strings obtained by chang-
ing a 1 to a 0: 4101011 = {001011, 100011, 101001, 101010}. If A is any set of
t-combinations, we define its shadow

0A = |J{0a|a€ A} (52)

to be the set of all (¢ — 1)-combinations in the shadows of its members. For
example, 095310 = {10, 30, 31, 50, 51, 53}.

These definitions apply also to combinations with repetitions, namely to
multicombinations: 05330 = {330,530,533} and 885330 = {30, 33,50,53}. In
general, when A is a set of t-element multisets, 0A is a set of (¢t — 1)-element
multisets. Notice, however, that A never has repeated elements itself.

The upper shadow ga with respect to a universe U is defined similarly, but
it goes from ¢-combinations to (t + 1)-combinations:

ga:{ﬁgU‘ﬂEaﬁ}, fDI‘ﬂEU; (53)
oA = U{palac A}, for ACU. (54)

If, for example, U = {0,1,2,3,4,5,6}, we have 05310 = {53210, 54310, 65310};
on the other hand, if U = {00:0,00:1,...,00-6}, we have 95310 = {53100, 53110,
53210, 53310, 54310, 55310, 65310}.

The following fundamental theorems, which have many applications in var-
ious branches of mathematics and computer science, tell us how small a set’s
shadows can be:

Theorem K. If A is a set of N t-combinations contained in U = {0,1,...,n—1},
then |

|0A| > |0Pn:] and @Al > |0QnNntl, (55)

where Py, denotes the first N combinations generated by Algorithm L, namely
the N lexicographically smallest combinations c; ...csc; that satisfy (3), and
Q@nnt denotes the N lexicographically largest. |
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Theorem M. If A is a set of N t-multicombinations contained in the multiset
U={0:0,00-1,...,00- 8}, then

0A| > |0Pn:]  and  |@Al > |@Onstl, (56)

where PNt denotes the N lexicographically smallest multicombinationsd, . . . d2d,
that satisfy (6), and Qﬁ,t denotes the N lexicographically largest. |

Both of these theorems are consequences of a stronger result that we shall
prove later. Theorem K is generally called the Kruskal-Katona theorem, because
it was discovered by J. B. Kruskal {[Math. Optimization Techniques, edited by
R. Bellman (1963), 251-278] and rediscovered by G. Katona [Theory of Graphs,
Tihany 1966, edited by Erdds and Katona (Academic Press, 1968), 187-207];
M. P. Schiitzenberger had previously stated it in a less-well-known publication,
with incomplete proof [RLE Quarterly Progress Report 55 (1959), 117-118).
Theorem M goes back to F. S. Macaulay, many years earlier [Proc. London
Math. Soc. (2) 26 (1927), 531-555].

Before proving (55) and (56), let’s take a closer look at what those formulas
mean. We know from Theorem L that the first N of all t-combinations visited
by Algorithm L are those that precede n;...nyn,, where

n n
V(1) es (2)4(2). moomomas

is the degree-t combinatorial representation of N. Sometimes this representation
has fewer than ¢ nonzero terms, because n; can be equal to j — 1; let’s suppress
the zeros, and write

n e n
L o

Now the first ( ) combinations ¢; ... ¢, are the t-combinations of {0,...,n;—1};
the next (“"1) are those in which ¢; = n; and ¢;_, ... ¢, is a (¢t — 1)-combination
of {0,...,n¢_1—1}; and so on. For example, if t = 5 and N = (i)—k(z) +(§), the
first N combinations are

Pys = {43210, ...,87654} U {93210, ...,96543} U {97210,...,97321}.  (58)
The shadow of this set Py is, fortunately, easy to understand: It is

8Pys = {3210,...,8765} U {9210,...,9654} U {9710,...,9732},  (59)

namely the first (i) + (;] + (:) combinations in lexicographic order when t = 4.

In other words, if we define Kruskal’s function x; by the formula

”‘*NZ(tit1)+(:3)+'”+(u?1) (60)

when N has the unique representation (57), we have

0PNt = Ple,nyt-1)- (61)
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Theorem K tells us, for example, that a graph with a million edges can

contain at most 1414 1009
( 5 )+( ) ) — 470,700,300

triangles, that is, at most 470,700,300 sets of vertices {u,v,w} with u — v —

w — u. The reason is that 1000000 = (*4/*)+(*%®) by exercise 17, and the edges
F1000000)2 do support (“3“] + (1?9} triangles; but if there were more, the graph
would necessarily have at least k3470700301 = [“2“) + (ming) + (;) = 1000001
edges in their shadow.

Kruskal defined the companion function

A‘N:(tit1)+(ﬂtt_l)+m+(mrrl) (62)

to deal with questions such as this. The x and A functions are related by an
interesting law proved in exercise 72:

s+t ) . t
M+N=(q:_ ) implies Kk, M + AN =(::1), ifst >0 (63)
Turning to Theorem M, the sizes of 3Py, and g@ nst turn out to be
|8Pn¢| = peN  and  |@Qna| = N+ KN (64)

(see exercise B1), where the function u, satisfies

ﬂg—l ﬂi—]_]- ﬂﬂ—l
”‘N_(t—1)+( t—2 )+'+(v-1) (65)
when N has the combinatorial representation (57).

Table 3 shows how these functions x, N, A, N, and u; N behave for small
values of ¢+ and V. When t and N are large, they can be well approximated
in terms of a remarkable function 7(x) introduced by Teiji Takagi in 1903; see
Fig. 27 and exercises 82-85,

Theorems K and M are corollaries of a much more general theorem of discrete
geometry, discovered by Da-Lun Wang and Ping Wang [SIAM J. Applied Math.
33 (1977), 55-59], which we shall now proceed to investigate. Consider the
discrete n-dimensional torus T(m,,..., m,) whose elements are integer vectors
= (xy,...,2n) With0 < xry <my, ..., 0 < 2, < m,. We define the sum and
difference of two such vectors z and y as in Eqs. 4.3.2-(2) and 4.3.2-(3):

z+y = ((z1+y)modmy,..., (T, + ya) mod my), (66)
Ty = ((I1 "'1!1]11"10(1"11;“-1{:5!1_yn]mﬂdmﬂ)' {ﬁﬂ

We also define the so-called cross order on such vectors by saying that = < y if
and only if

vz <wvy or (ve=vyandaz > ylexicographically); (68)

here, as usual, ¥(z;,....2q,) = 21 + -+ + z,. For example, when m; = my = 2
and ms = 3, the 12 vectors ,x2x3 in increasing cross order are

000, 100, 010, 001, 110, 101, O11, 002, 111, 102, 012, 112, (69)
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Table 3
EXAMPLES OF THE KRUSKAL-MACAULAY FUNCTIONS kK, }x, AND pu

N=0 1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20
x»N=0 1111 1111111111111 11°1
k2eN=0 2 3 3 4 4 4 5 5 5 5 6 6 6 6 6 7 7T 7 7T 1T
ksN=0 3 5 6 6 8 9 9 10 10 10 12 13 13 14 14 14 15 15 15 15
keN=0 4 7 9 1010 13 15 16 16 18 19 19 20 20 20 23 25 26 26 28
ksN=0 5 9 12 14 15 15 19 22 24 25 25 28 30 31 31 33 34 34 35 35
MN=0 0 1 3 6 10 15 21 28 36 45 55 66 78 91 105120136153171190
MN=0 0 0 1 1 2 4 4 5 7 1010 11 13 16 20 20 21 23 26 30
MN=0 0 0 0 1 1 1 2 2 3 5556 6 7 9 9 1012 15
MN=0 0 0 0 0 1 1 1 1 2 2 2 3 3 4 6 6 6 6 T 7
MN=0 0 0 0 0 0 1 1 1 1 1 2 2 2 2 3 3 3 4 4 5
ymaN=0 11111 11111111 1111111
peN=0 1 2 2 3 3 3 4 4 4 4 5 5 5 5 5 6 6 6 6 6
usN=0 1 2 3 3 4 5 5 6 6 6 7 8 8 9 9 9 10 10 10 10
wN=0 1 2 3 4 4 5 6 7 7 8 9 9 10 10 10 11 12 13 13 14
psN=0 1 2 3 4 5 5 6 7 8 9 9 10 11 12 12 13 14 14 15 15
ks N—N 7(z)
22 - 2/3
1/2 e

) . \ // \

7 [ 1}"4

0 T -] 8 T 9 0 3

0 (5) () G+ &) 0 1/4 1/2 3/4 1

Fig. 27. Approximating a Kruskal function with the Takagi function. (The
smooth curve in the left-hand graph is the lower bound x, N — N of exercise 80.)

omitting parentheses and commas for convenience. The complement of a vector
in T(my,...,my,) is
T=(m-1—-x,....,m, —1-1z,). (70)
Notice that z < y holds if and only if T > §. Therefore we have
rank(z) + rank(z) = T -1, where T = my ... my, - (71)

if rank(z) denotes the number of vectors that precede z in cross order.

We will find it convenient to call the vectors “points” and to name the points
€0, €1, - --, €7~ in increasing cross order. Thus we have e; = 002 in (6g), and
€, = er_1—, in general. Notice that

e; =100...00, e;=010...00, ..., e, =000...01; (72)
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these are the so-called unit vectors. The set

SN = {EU!Eh”'}EN—l} (73)

consisting of the smallest IV points is called a standard set, and in the special
case N = n + 1 we write

E = {eg,e1,...,ex} = {000...00,100...00,010...00,...,000...01}. (74)

Any set of points X has a spread X, a core X°, and a dual X~ defined
by the rules

Xt ={zeSr|zeXorz—e€Xor---orz—e, € X} (75)
X° ={zeSr|zeXandr+e;€Xand---andz+e, € X}; (76)
X~ ={zeSr|z¢ X} (77)

We can also define the spread of X algebraically, writing
Xt = X+E, (78)

where X +Y denotes {z +y |z € X and y € Y }. Clearly
XtcCcy if and only if X CY°, (79)

These notions can be illustrated in the two-dimensionat case m; = 4, my = 6, by
the more-or-less random toroidal arrangement X = {00, 12, 13, 14, 15, 21, 22, 25}
for which we have, pictorially,

oo DOE 300 ole|e|+

. ! + . ol e+ 0fe®

L ] ® |+ L [ ] &+ 8]

ol ole |+ elel Tol clel+ ol (80)
. +| o]+ ole| |o olel+lo

& &+ |+ ] & ®+ | +|0

X X°%and X X~ X~° and X~1

here X in the first two diagrams consists of points marked @ or o, X° comprises
just the os, and X+ consists of +s plus es plus os. Notice that if we rotate the
diagram for X™~° and X~* by 180°, we obtain the diagram for X° and X*, but
with (e, 0,+, ) respectively changed to (+, ,e,0); and in fact the identities

X° = X~ Xt = X~ (81)

hold in general (see exercise 86).
Now we are ready to state the theorem of Wang and Wang:

Theorem W. Let X be any set of N points in the discrete torus T(my,...,my),
where my < -+ < my. Then |X*| > |S¥| and | X°| < |S%].

In other words, the standard sets Sy have the smallest spread and largest core,
among all N-point sets. We will prove this result by following a general approach
first used by F. W. J. Whipple to prove Theorem M [Proc. London Math. Soc.
(2) 28 (1928), 431-437|. The first step is to prove that the spread and the core
of standard sets are standard:
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Lemma S. There are functions o and 3 such that .5';} = San and Sy = SgN.

Proof. We may assume that N > 0. Let r be maximum with e, € S;}, and let
aN = r + 1; we must prove that e; € Sy for 0 < ¢ < r. Suppose ¢, = z =
(xy,...,2,) and e, =y = (¥1,...,¥n), and let k be the largest subscript with
zx > 0. Since y € S}f}, there is a subscript j such that y —e; € Sy. It suffices to
prove that z —ex X y — ¢y, and exercise 88 does this.

The second part follows from (81), with SN = T — a(T — N), because

N=Spr_n- |

Theorem W is obviously true when n = 1, so we assume by induction that
it has been proved in n — 1 dimensions. The next step is to compress the given
set X in the kth coordinate position, by partitioning it into disjoint sets

Xi(a) = {ze X |zxk=a} (82)
for 0 < a < my, and replacing each Xy (a) by

Xi(a) = {(s1,.+18%k-1,8,8k, ..., 8n1) | (81,...,8n-1) € Sjx(a) }, (83)

a set with the same number of elements. The sets S used in (83) are standard in

the (n — 1)-dimensional torus T'(my,...,Mg_1, Mk41,..., My ). Notice that we
have (Ih sy -1,y Tk41,- - =In) = (ylv ey Yk—1 Ay Yk41y - - syn) if and CII].ly‘
if (::11 vvoy Th=1yTh41y-+ $$ﬂ) = (yh vy Yk—=1yYk41,- - - 'ryﬂ); therefore XL(EI] -
X, (a) if and only if the (n — 1)-dimensional points (zy,...,Zk—1,Tk+1,--.,Tn)
with (z4,...,Zk-1,8,Zk+1,--.,2Zn) € X are as small as possible when projected
onto the (n — 1)-dimensional torus. We let

CeX = X3(0)UXj(1)U--- U Xi(my — 1) (84)

be the compression of X in position k. Exercise 90 proves the basic fact that
compression does not increase the size of the spread:

Xt > |(CeX)*|, for1<k<n. (85)

Furthermore, if compression changes X, it replaces some of the elements by other
elements of lower rank. Therefore we need to prove Theorem W only for sets X
that are totally compressed, having X = Ci X for all k.

Consider, for example, the case n = 2. A totally compressed set in two
dimensions has all points moved to the left of their rows and the bottom of their
columns, as in the eleven-point sets

o+ +
o+ o+ +|+ + +

e+ e+ o9+ o+ |+ o+ .
o|+|+ Drl.i- 0r..+ Gr--l+0rl-++‘
oo 0|+ e|le o+ oo+ ei0|0|+ ejleieo|e
olefole olefefe N0 ejefe]e olejo]o]

the rightmost of these is standard, and has the smallest spread. Exercise 91
completes the proof of Theorem W in two dimensions.
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When n > 2, suppose £ = (r1,...,Z,) € X and z; > 0. The condition
CixX = X implies that, if 0 <1 < jand i # k # j, we have z + ¢; — e; € X.
Applying this fact for three values of k tells us that = + e; — e; € X whenever
0 <1 < 3. Consequently

Xn(a)+ E,(0) C Xp(a—1)+e, for0<a<m, (86)

where m = m,, and E,(0) is a clever abbreviation for the set {eg,...,e,-1}.
Let X,(a) have N, elements, so that N = |X|= Ny+ N;+---+ Np,_1, and
let Y = X*. Then

Ya(a) = (Xn((a— 1) modm) +e,) U (Xn(a) + Eq(0))
is standard in n — 1 dimensions, and (86) tells us that
Nm-1 S BNm-2 < Ny <+ <Ny < BNy < Ny < alN,
where o and S refer to coordinates 1 through n — 1. Therefore

|Y| = |Yn(0)| + |Yn(l)| + |Yn(2]l +t |Yn(m - l)l
=EIN{]+ND+N1+“'+Nm_2=ﬂN|]+N—Nm_1.

The proof of Theorem W now has a beautiful conclusion. Let Z = Sy, and
suppose |Zp(a)| = M,. We want to prove that |[X*| > |Z*|, namely that

HND'I'N_Nm—l > I[:""""-""I-II}'}'JN""’-H’drm—lza (87)

because the arguments of the previous paragraph apply to Z as well as to X.
We will prove (87) by showing that N,,_; < M,,_; and Ny > M,.
Using the (n — 1)-dimensional a and 3 functions, let us define

N:n—l = Ny _1, N;x—z = C‘N:n—la crey N; = CEN; N(; = HN;? (88)
Ny = Ny, N;r = ﬁN;;,, N; = ﬁN”? AR N::-l = ﬁN::t-E' (89)

Then we have N < N, < N for 0 < a < m, and it follows that
N'=Nj+N{+--+N,_, <N <N'=N/+N'+---+N"_,. (go)

Exercise 92 proves that the standard set Z’ = Sy~ has exactly N, elements with
nth coordinate equal to a, for each a; and by the duality between a and f3, the
standard set Z" = Sy~ likewise has exactly N elements with nth coordinate a.
Finally, therefore,

Mpn—y=1Z,(m -1)| 2 |Z,(m - 1)| = N, _;,
Mo = [Z,(0)] < |Z,(0)] = Ny,
because Z' C Z C Z” by (go). By (81) we also have | X°| < |Z°|. |

Now we are ready to prove Theorems K and M, which are in fact special
cases of a substantially more general theorem of Clements and Lindstrom that
applies to arbitrary multisets [J. Combinatorial Theory 7 (1969), 230-238]:
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Corollary C. If A is a set of N t-multicombinations contained in the multiset
U=1{sg-0,8-1,...,84 d}, where sy > 8, > --- > 84, then

0A > 0P| and  |gAl 2 |gQnil, (91)

where Py, denotes the N lexicographically smallest multicombinationsd; . . . dad,
of U, and Qy: denotes the N lexicographically largest.

Proof. Multicombinations of U can be represented as points z; ...z, of the torus
T(my,...,my), where n = d+ 1 and m; = s,_; + 1; we let z; be the number
of occurrences of n — j. This correspondence preserves lexicographic order. For
example, if U = {0,0,0,1, 1,2, 3}, its 3-multicombinations are

000, 100, 110, 200, 210, 211, 300, 310, 311, 320, 321, (92)
in lexicographic order, and the corresponding points z,z,z374 are
0003, 0012,0021,0102,0111,0120, 1002, 1011, 1020, 1101, 1110. (93)

Let T\, be the points of the torus that have weight z; + -+ + z,, = w. Then
every allowable set A of {-multicombinations is a subset of T;. Furthermore —
and this is the main point —the spread of ToUTy U---UT;_; U A is

(Lhuhu---UTud)t = Tfurfu---uTt, uat
= ToUThU---UT, U pA. (94)

Thus the upper shadow gA is simply (ToUT, U---U Ty U A)Y N Tyyyq, and
Theorem W tells us in essence that |A| = N implies |gA| > |o(Sm4n N TY)),
where M = |ToU---UT,_1|. Hence, by the definition of cross order, Sy, n NT,
consists of the lexicographically largest N t-multicombinations, namely Q y;.

The proof that |[0A| > |0Py:| now follows by complementation (see exer-
cise 94). | |

EXERCISES
1. [M23] Explain why Golomb’s rule (8) makes all sets {c3,...,¢:} C {0,...,n—1}
correspond uniquely to multisets {e1,...,e:} C {o0-0,...,00-n —t}.

2. [16] What path in an 11 x 13 grid corresponds to the bit string (13)?

» 3. [21] (R. R. Fenichel, 1968.) Show that the compositions g+ + - - -+ q1 + go of s into
t + 1 nonnegative parts can be generated in lexicographic order by a simple loopless
algorithm.

4. [16] Show that every composition ¢; ... go of s into ¢ + 1 nonnegative parts corre-
sponds to a composition r,...r of ¢ into 8 + 1 nonnegative parts. What composition
corresponds to 10224000001010 under this correspondence?

» 5. [20] What is a good way to generate all of the integer solutions to the following
systems of inequalities?

a) N> Ty > Ty > Tyz > Te—3 > --- > &1 > 0, when ¢ is odd.

b)n>ze>x-1 > - >3 >z, >0,wherea > bmeansa > b+ 2.

6. [M22] How often is each step of Algorithm T performed?
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7. [22] Design an algorithm that runs through the “dual” combinations b, . .. b2b; in
decreasing lexicographic order (see (5) and Table 1). Like Algorithm T, your algorithm
should avoid redundant assignments and unnecessary searching.

8. [M23] Design an algorithm that generates all (s,t)-combinations an_, ...a1a0
lexicographically in bitstring form. The total running time should be O( (:) ), assuming
that st > 0.

9. [M26] When all (s,t)-combinations an—1 ...a1a0 are listed in lexicographic order,
let 2A, be the total number of bit changes between adjacent strings. For example,
A3z = 25 because there are respectively

2+24+24+4+24+2+44+2+24+6+24+24+44+24+2+4+4+2+242=50

bit changes between the 20 strings in Table 1.
a) Show that A, = min(s,t) + As_1): + As1_1) When st > 0; Ay = 0 when st = 0.
b) Prove that A, < 2(":‘).

» 10. [21] The “World Series” of baseball is traditionally a competition in which the
American League champion (A) plays the National League champion (N) until one of
them has beaten the other four times. What is a good way to list all possible scenarios
AAAA, AAANA, AAANNA, ..., NNNN? What is a simple way to assign consecutive
integers to those scenarios?

11. [19] Which of the scenarios in exercise 10 occurred most often during the 1900s?
Which of them never occurred? [Hint: World Series scores are easily found on the
Internet. ]

12. [HM32]) A set V of n-bit vectors that is closed under addition modulo 2 is called
a binary vector space.

a) Prove that every such V' contains 2' elements, for some integer t, and can be
represented as the set {rja; & --- B zia¢ | 0 < 71,...,2¢ < 1} where the vectors
ay, ..., o form a “canonical basis” with the following property: There is a -
combination c¢...cze; of {0,1,...,n — 1} such that, if ai is the binary vector
Qk(n-1) - - - @k1Gk0, WE have

akcj=[j=k] for 1 < 3,k <t arl =0 for0<Ii<ex,1<k<t.

For example, the canonical bases with n =9, t = 4, and c4c3cac1 = 7641 have the

general form
ar = *00*0=*=%10,

az = *00x10000,
a: = *01000000,
ag = *1000000 0;

there are 2° ways to replace the eight asterisks by 0s and/or 1s, and each of these
defines a canonical basis. We call ¢ the dimension of V.

b) How many ¢-dimensional spaces are possible with n-bit vectors?

c) Design an algorithm to generate all canonical bases (ar,...,a:) of dimension ¢.
Hint: Let the associated combinations ¢, ...¢; increase lexicographically as in
Algorithm L.

d) What is the 1000000th basis visited by your algorithm when n = 9 and t = 47

13. [25] A one-dimensional Ising configuration of length n, weight t, and energy r,

is a binary string an-1...a¢ such that ;‘__:,; a; =t and ;.:11 bj = r, where b; =
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a; @ a;j—;. For example, a;2...ao = 1100100100011 has weight 6 and energy 6, since
b1z ...b = 010110110010.
Design an algorithm to generate all such configurations, given n, ¢, and r.

14. [26] When the binary strings a,—1...a1a0 of (s,t)-combinations are generated
in lexicographic order, we sometimes need to change 2 min(s,t) bits to get from one
combination to the next. For example, 011100 is followed by 100011 in Table 1.
Therefore we apparently cannot hope to generate all combinations with a loopless
algorithm unless we visit them in some other order.

Show, however, that there actually is a way to compute the lexicographic successor
of a given combination in O(1) steps, if each combination is represented indirectly in a
doubly linked list as follows: There are arrays {[0], ..., {[n] and 7[0], ..., r[n] such that
l[r[j]] = j for 0 < j < n. If 2o = {[0] and z; = l[z;_,] for 0 < j < n, then a; = [z, > s]
for 0 < j < n.
15. [M22] Use the fact that dual combinations b,...bsb; occur in reverse lexico-
graphic order to prove that the sum (%) +--- + (%) + (%) has a simple relation
to the sum () +- -+ () + (7).
16. [M21] What is the millionth combination generated by Algorithm L when ¢ is
(a) 27 (b) 37 (c) 47 (d) 57 (e) 10000007
17. [HM25] Given N and t, what is a good way to compute the combinatorial repre-
sentation (20)?

18. [20] What binary tree do we get when the binomial tree T, is represented by
“right child” and “left sibling” pointers as in exercise 2.3.2-5?

19. [21] Instead of labeling the branches of the binomial tree Ty as shown in (22), we
could label each node with the bit string of its corresponding combination:

/N /N~

0011 0101 0110 1001 1010 1100

| /N

0111 1011 1101 1110

1111

If T has been labeled in this way, suppressing leading zeros, preorder is the same as
the ordinary increasing order of binary notation; so the millionth node turns out to be
11110100001000111111. But what is the millionth node of T, in postorder?

20. [M20] Find generating functions g and h such that Algorithm F finds exactly
(V] g(z) feasible combinations and sets t « ¢ + 1 exactly [z"] A(z) times.

21. [M22] Prove the alternating combination law (30).

22. [M23] What is the millionth revolving-door combination visited by Algorithm R
when t is (a) 27 (b) 37 (c) 4?7 (d) 57 (e) 10000007

23. [M23] Suppose we augment Algorithm R by setting j « t + 1 in step R1, and
7 « 1 if R3 goes directly to R2. Find the probability distribution of j, and its average
value. What does this imply about the running time of the algorithm?
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» 24. [M25] (W. H. Payne, 1974.) Continuing the previous exercise, let ji be the value
of j on the kth visit by Algorithm R. Show that |jx+1 — jx| < 2, and explain how to
make the algorithm loopless by exploiting this property.

25. [M35] Let c;...cyc, and ¢;...cyc) be the Nth and N'th combinations generated
by the revolving-door method, Algorithm R. If the set C = {¢;,...,¢€3,¢,} has m > 0

elements not in C' = {c;,...,¢c3,c1}, prove that [N — N'| > E?:dll (:-kl '

26. [26] Do elements of the ternary reflected Gray code have properties similar to the
revolving-door Gray code Iy, if we extract only the n-tuples a,-1...a1a0 such that
(a) an-1+ -+ a1 +ao =t? (b) {an-1,...,81,80} = {r-0,s-1,t-2}?

» 27. [25] Show that there is a simple way to generate all combinations of at most t
elements of {0,1,...,n — 1}, using only Gray-code-like transitions 0 + 1 and 01 & 10.
(In other words, each step should either insert a new element, delete an element, or
shift an element by +1.) For example,

0000, 0001, 0011, 0010, 0110, 0101, 0100, 1100, 1010, 1001, 1000

is one such sequence when n = 4 and t = 2. Hint: Think of Chinese rings.

28. [M21] True or false: A listing of (s,t)-combinations a._i...a1ae in bitstring
form is in genlex order if and only if the corresponding index-form listings b, . .. baby
(for the 0s) and ¢, ...czc; (for the 1s) are both in genlex order.

» 29, [M28] (P. J. Chase.) Given a string on the symbols +, -, and 0, say that an
R-block is a substring of the form -**! that is preceded by 0 and not followed by -; an
L-block is a substring of the form +-* that is followed by 0; in both cases k > 0. For
example, the string [§00++-++#-000-] has two L-blocks and one R-block, shown in gray.
Notice that blocks cannot overlap.

We form the successor of such a string as follows, whenever at least one block is
present: Replace the rightmost 0-**! by -+*0, if the rightmost block is an R-block;
otherwise replace the rightmost +-*0 by 0+**!. Also negate the first sign, if any, that
appears to the right of the block that has been changed. For example,

0++- —» -0~ —» ~GFHES — -0+ - o=+ —» -00++-,

where the notation a — § means that 3 is the successor of a.

a) What strings have no blocks (and therefore no successor)?

b) Can there be a cycle of strings with ap 2 a1 = -+ 9 @r-1 = ap?

c) Prove that if « - B8 then —3 -+ —a, where “—” means “negate all the signs.”
(Therefore every string has at most one predecessor.)

d) Show that if &g =& a3 = --- = o, and k > 0, the strings ap and ax do not have
all their 0s in the same positions. (Therefore, if ap has s signs and ¢ zeros, k must
be less than (*1*).)

e) Prove that every string o with s signs and ¢ zeros belongs to exactly one chain

g —+ Qp =+ —}ﬂ{.tt)_l.

30. [M32] The previous exercise defines 2° ways to generate all combinations of s 0s
and t 1s, via the mapping + — 0, - = 0, and 0 — 1. Show that each of these ways
is a homogeneous genlex sequence, definable by an appropriate recurrence. Is Chase’s
sequence (37) a special case of this general construction?

31. {[M29] How many genlex listings of (s, t)-combinations are possible in (a) bitstring
form an-1...a1807 (b) index-list form ¢;...c2617
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» 32. [M32] How many of the genlex listings of (s,t)-combination strings an_1...a1a0
(a) have the revolving-door property? (b) are homogeneous?

33. [HM33] How many of the genlex listings in exercise 31(b) are near-perfect?

34. [M32] Continuing exercise 33, explain how to find such schemes that are as near
as possible to perfection, in the sense that the number of “imperfect” transitions ¢; +
¢; + 2 is minimized, when s and t are not too large.

35. [M26] How many steps of Chase’s sequence C,; use an imperfect transition?

» 36, [M21] Prove that method (39) performs the operation j + j+1 a total of exactly
(°T*) — 1 times as it generates all (s,t)-combinations an-1 ...a1a0, given any genlex

scheme for combinations in bitstring form.

» 37. [27) What algorithm results when the general genlex method (39) is used to
produce (s,t)-combinations a,-1...a1a¢ in (a) lexicographic order? (b) the revolving-
door order of Algorithm R? (c) the homogeneous order of (31)?

38. [26] Design a genlex algorithm like Algorithm C for the reverse sequence Cj;.

9. [M21] When s = 12 and t = 14, how many combinations precede the bit string
11001001000011111101101010 in Chase’s sequence Cyt? (See (41).)

40, [M22] What is the millionth combination in Chase's sequence Cy¢, when s = 12
and t = 147

41. [M27] Show that there is a permutation ¢(0), ¢(1), ¢(2), ... of the nonnegative
integers such that the elements of Chase’s sequence C,; are obtained by complementing
the least significant s + ¢ bits of the elements c(k) for 0 < k < 2°** that have weight
v(c(k)) = s. (Thus the sequence &(0), ..., &(2" — 1) contains, as subsequences, all of
the Cy for which s + t = n, just as Gray binary code ¢(0), ..., g(2" — 1) contains all
the revnlving—dour sequences I'y;.) Explain how to compute the binary representation
c(k) = (...aza1a0)2 from the binary representation k = (...babibo)2.

42. [HM34] Use generating functions of the form 3, , gsew’ z* to analyze each step of
Algorithm C.

43. [20] Prove or disprove: If s(z) and p(z) denote respectively the successor and
predecessor of z in endo-order, then s(z + 1) = p(z) + 1.

» 44. [M21] Let Ci(n) — 1 denote the sequence obtained from Ci(n) by striking out
all combinations with ¢; = 0, then replacing c;...c1 by (e¢ —1)...(c1 — 1) in the
combinations that remain. Show that C¢(n) — 1 is near-perfect.

45. [32] Exploit endo-order and the expansions sketched in (44) to generate the
combinations ¢; . ..czc1 of Chase'’s sequence C¢(n) with a nonrecursive procedure.

» 46. [33] Construct a nonrecursive algorithm for the dual combinations b, ...b2b1 of
Chase’s sequence C,¢, namely for the positions of the zeros in an-1...a10a0.

47. [26] Implement the near-perfect multiset permutation method of (46) and (47).

48. [M21] Suppose ag, a1, ..., an-1 is any listing of the permutations of the multiset
{s1:1,...,8q-d}, where a4 differs from ax41 by the interchange of two elements. Let
Bo, ..., Bm—1 be any revolving-door listing for (s, t)-combinations, where s = 3o, t =
814 -+8q4,and M = (*T*). Then let A; be the list of M elements obtained by starting
with a; 1 Bo and applying the revolving-door exchanges; here a 1 B denotes the string
obtained by substituting the elements of a for the 1s in 3, preserving left-right order.
For example, if Bo, ..., Bm-1 is 0110, 0101, 1100, 1001, 0011, 1010, and if a; = 12,
then A; is 0120, 0102, 1200, 1002, 0012, 1020. (The revolving-door listing need not be
homogeneous.)
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Prove that the list (47) contains all permutations of {so - 0,8 -1,...,8q-d}, and
that adjacent permutations differ from each other by the interchange of two elements.

49. [HM23) If q is a primitive mth root of unity, such as e>**/™, show that
(n) _ ([n/mj) (nmud m)
k/q — \|k/m)/ \kmodm/,
» 50. [HM25] Extend the formula of the previous exercise to g-multinomial coefficients
(m ety )
L ERRRR LY Q‘+
51. [25] Find all Hamiltonian paths in the graph whose vertices are permutations of

{0,0,0,1,1,1} related by adjacent transposition. Which of those paths are equivalent
under the operations of interchanging 0s with 1s and/or left-right reflection?

52. [M387] Generalizing Theorem P, find a necessary and sufficient condition that all
permutations of the multiset {so - 0,...,84 - d} can be generated by adjacent transpo-
gitions aja;_1 < a;-1a;.

53. [M46] (D. H. Lehmer, 1965.) Suppose the N permutations of {so - 0,...,sq - d}
cannot be generated by a perfect scheme, because (N + z)/2 of them have an even
number of inversions, where r > 2. Is it possible to generate them all with a sequence
of N + ¢ — 2 adjacent interchanges a5, « a5, -1 for 1 < k < N + z — 1, where
z — 1 cases are “spurs” with éx = dx—1 that take us back to the permutation we've

just seen? For example, a suitable sequence 4, ...d894 for the 90 permutations of
{0,0,1,1,2,2}, where z = (’““)_1 = €, is 234535432523451a42aR51042aR51a4,

2,2,2
where a = 45352542345355, if we start with asasasaza;ao = 221100.

54. [M40] For what values of s and ¢ can all (s,t)-combinations be generated if we
allow end-around swaps a,_1 > ao in addition to adjacent interchanges a; +» a;_17

» 55. [33] (Frank Ruskey, 2004.) (a) Show that all (s,t)-combinations a,+¢-1...a1a0
can be generated efficiently by doing successive rotations aja;-1...80 + @j-1...a04a;.
(b) What MMIX instructions will take (as4¢-1...@1a0)2 to its successor, when s+t < 647

56. [M49] (Buck and Wiedemann, 1984.) Can all (t,t)-combinations az¢-1...a1a0
be generated by repeatedly swapping ao with some other element?

» 57. [22] (Frank Ruskey.) Can a piano player run through all possible 4-note chords
that span at most one octave, changing only one finger at a time? This is the problem of
generating all combinations ¢; ...c; such that n > ¢ > -+ >¢; > 0and ¢ — ¢c; < m,
where t = 4 and (a) m = 8, n = 52 if we consider only the white notes of a piano
keyboard; (b) m = 13, n = 88 if we consider also the black notes.

58. [20] Consider the piano player’s problem of exercise 57 with the additional con-
dition that the chords don't involve adjacent notes. (In other words, c;41 > ¢; + 1 for
t > § > 1. Such chords tend to be more harmonious.)

59. [M25] Is there a perfect solution to the 4-note piano player’s problem, in which
each step moves a finger to an adjacent key?

60. [23] Design an algorithm to generate all bounded compositions
t=rs+---+7 + 7o, where 0 < r; <m; fors > 7 >0,

61. [92] Show that all bounded compositions can be generated by changing only two
of the parts at each step.
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> 62. [M27] A contingency table is an m x n matrix of nonnegative integers (ai;) having
given row sums r; = ) .. ai; and column sums ¢; = Y .-, aij, where ry + -+ + 1 =
¢y + 4 Cn.
a) Show that 2 x n contingency tables are equivalent to bounded compositions.
b) What is the lexicographically largest contingency table for (r1,...,mm;c1,...,¢n),
when matrix entries are read row-wise from left to right and top to bottom, namely

i=1

in the order (a11,a12,...,81n,821,...,8mn)?

¢) What is the lexicographically largest contingency table for (ry,...,rmic1,...,¢n),
when matrix entries are read column-wise from top to bottom and left to right,
namely in the order (@a11,a21,...,am1,612,...,8mn)?

d) What is the lexicographically smallest contingency table for (ry,...,Tm;c1,...,¢n),
in the row-wise and column-wise senses?

e) Explain how to generate all contingency tables for (ry,...,rm;c1,...,¢n) in lex-
icographic order.

63. [M41] Show that all contingency tables for (r1,...,7m;€1,...,¢n) can be gener-
ated by changing exactly four entries of the matrix at each step.

» 64. [M30] Construct a genlex Gray cycle for all of the 2° (';H) subcubes that have
s digits and t asterisks, using only the transformations *0) « 0%, *1 & 1x, 0 & 1.
For example, one such cycle when s =t =2 is

(00%#, 01 %%, 0% 1%, 0%%x1, 0x%0, 0%0%, 00+, x01%, #0%1, x0+0, +x00, %01,
#x11, x%10, %10, * 151, *11%, *10%, 1x0x%, 1xx0, Txx1, 141, 114x, 10%x).

685. [M40] Enumerate the total number of genlex Gray paths on subcubes that use
only the transformations allowed in exercise 64. How many of those paths are cycles?

» 66. [22] Given n >t > 0, show that there is a Gray path through all of the canonical
bases (a,...,a:) of exercise 12, changing just one bit at each step. For example, one
such path whenn=3and t =2 is

001 101 101 001 001 011 010
010" 010’ 110" 110" 100" 100" 100°

67. [4{6] Consider the Ising configurations of exercise 13 for which ap = 0. Given n,
t, and r, is there a Gray cycle for these configurations in which all transitions have the
forms 0F1 & 10* or 01* & 1%0? For example, in the case n =9, ¢ =5, r = 6, there is
a unique cycle

(010101110, 010110110, 011010110, 011011010, 011101010, 010111010).

68. [M01] If a is a t-combination, what is (a) 8'a? (b) 8'"'a?

» 69. [M22] How large is the smallest set A of t-combinations for which |0A| < |A|?
70. [M25] What is the maximum value of kN — N, for N > 07
71. [M20] How many t-cliques can a million-edge graph have?

» 72. [M22] Show that if N has the degree-t combinatorial representation (57) there
is an easy way to find the degree-s combinatorial representation of the complementary
number M = (*1*) — N, whenever N < (*7"). Derive (63) as a consequence.

73. [M23] (A.J. W. Hilton, 1976.) Let A be a set of s-combinations and B a set of
t-combinations, both contained in U = {0,...,n ~ 1} where n > s+ t. Show that if A
and B are cross-intersecting, in the sense that an g # @ for all @ € A and 8 € B, then
so are the sets Qans and Qnn: defined in Theorem K, where M = |A| and N = |B|.
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74. [M21) What are |gPn:| and |gQnne| in Theorem K?

75. [M20] The right-hand side of (60) is not always the degree-(t — 1) combinatorial
representation of x¢ N, because v — 1 might be zero. Show, however, that a positive
integer N has at most two representations if we allow v = 0 in (57), and both of them
yield the same value x; N according to (6a). Therefore

nt LTS | Ny
KkKk+1 - - - Kt k—1 + k— 9 +---+ k—1+v—t for1 <k<t

76. [M20) Find a simple formula for x:(N + 1) — x¢ V.

» 77. [M26] Prove the following properties of the x functions by manipulating binomial
coefficients, without assuming Theorem K: '
'&) ﬁt(M + N) E Kt M +H¢N.
b) H‘-t(M'l'N) ﬂ max(mM, N} + E1_1N.
Hint: (") 4+ (1) + (V) + -+ (7) is equal to (™¢™) 4o 4 (™1™) +
(™7™) + .- 4 (™1™), where V and A denote max and min.

78. [M22] Show that Theorem K follows easily from inequality (b) in the previous
exercise. Conversely, both inequalities are simple consequences of Theorem K. Hint:
Any set A of t-combinations can be written A = A; + A¢0, where Ay = {a € A |0 ¢ al.

79. [M23] Prove that if ¢t > 2, we have M > u; N if and only if M + A\,_; M > N.

80. [HM26) (L. Lovész, 1979.) The function () increases monotonically from 0 to oo
as z increases from ¢t — 1 to co; hence we can define

EtN=(tf1)’ ifN:(T)andI}_t—l.

Prove that k. N > k, N for all integers t > 1 and N > 0. Hint: Equality holds when =
is an integer.

» 81. [M27] Show that the minimum shadow sizes in Theorem M are given by (64).
82. [HM31] The Takagi function of Fig. 27 is defined for 0 < z < 1 by the formula

r(z) = é[ﬂ re(t) dt,

where r(t) = (-—l)lnhltJ is the Rademacher function of Eq. 7.2.1.1-(16).
a) Prove that 7(z) is continuous in the interval [0..1], but its derivative does not
exist at any point.
b) Show that 7(z) is the only continuous function that satisfies

r(3z) = r(1-%z) = lz+ ir(z) for0<z <1,

c) What is the asymptotic value of T(€¢) when € is small?
d) Prove that r(x) is rational when z is rational.

e) Find all roots of the equation 7(z) = 1/2.

f) Find all roots of the equation 7(z) = max¢<z<1 7(z).

83. [HM46] Determine the set R of all rational numbers r such that the equation
7(z) = r has uncountably many solutions. If 7(z) is rational and z is irrational, is it
true that 7(z) € R? (Warning: This problem can be addictive.)
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84. [HM27] If T = (*'), prove the asymptotic formula

t

3
kN —N = %(T(§)+o(~{l"%”~)) for 0< N<T.

85. [HM21] Relate the functions A N and p¢ N to the Takagi function 7(z).
86. [M20] Prove the law of spread/core duality, X~ = X°~,

87. [M21] True or false: (a) X C Y° if and only if Y™ C X™°; (b) X°*° = X°;
(¢) aM < N if and only if M < AN.

88. (M20] Explain why cross order is useful, by completing the proof of Lemma S.
89. [16] Compute the o and B functions for the 2 x 2 x 3 torus (6g).

90. [M22] Prove the basic compression lemma, (85).

91. [M24] Prove Theorem W for two-dimensional toruses T'(I,m), | < m.

92. [M28] Letz = =2;...Zn-1 be the Nth element of the torus T'(m;,...,mp~1), and
let S be the set of all elements of T'(my,...,mn_;,m) that are < z;...2p_1(m~1)
in cross order. If N, elements of S have final component a, for 0 < a < m, prove
that Ny,—1 = N and N,—; = aN, for 1 < a < m, where a is the spread function for
standard sets in T'(m1,...,mMn-1).

93. [M25] (a) Find an N for which the conclusion of Theorem W is false when the
parameters m;, mz, ..., Mn have not been sorted into nondecreasing order. (b) Where
does the proof of that theorem use the hypothesis that m; <m; <-.- <m,?

94. [M20] Show that the & half of Corollary C follows from the g half. Hint: The

complements of the multicombinations (g92) with respect to U are 3211, 3210, 3200,
3110, 3100, 3000, 2110, 2100, 2000, 1100, 1000.

95. [17] Explain why Theorems K and M follow from Corollary C.
» 96. [M22] If S is an infinite sequence (sg, 81, 52,...) of positive integers, let

S\ _ 4 TT y
(50 =TT+ 40
3=0
thus (°{™) is the ordinary binomial coefficient (}) if so =81 =82 =--- = L.

Generalizing the combinatorial number system, show that every nonnegative inte-
ger N has a unique representation

W= (S0) 4 (Sn) 4y (SO

where ny > ng—1 > -+ 2 ny 2 0 and {n¢,ne—1,...,m1} C{80:0,8,-1,82-2,...}. Use
this representation to give a simple formula for the numbers |@Pu;| in Corollary C.

» 97. [M26] The text remarked that the vertices of a convex polyhedron can be per-
turbed slightly so that all of its faces are simplexes. In general, any set of combinations
that contains the shadows of all its elements is called a simplicial complez; thus C is a
simplicial complex if and only if @ C 8 and B € C implies that a € C, if and only if
C is an order ideal with respect to set inclusion.

The size vector of a simplicial complex C on n vertices is (Ng, N1,..., N,) when

C contains exactly N; combinations of size t.
a) What are the size vectors of the five regular solids (the tetrahedron, cube, octa-
hedron, dodecahedron, and icosahedron), when their vertices are slightly tweaked?
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b) Construct a simplicial complex with size vector (1,4, 5,2,0).

c) Find a necessary and sufficient condition that a given size vector (N, Ni,...,N,)
is feasible.

d) Prove that (Ng,...,Ny) is feasible if and only its “dual” vector (Ng,...,Np) is
feasible, where we define N; = [’:] — Na_t.

e) List all feasible size vectors (Ng, N1, N2, N3, N4) and their duals. Which of them
are self-dual?

88. [30] Continuing exercise 97, find an efficient way to count the feasible size vectors
(No, Ni,...,N,) when n < 100.

99. [M25] A clutter is a set C of combinations that are incomparable, in the sense
that o C 8 and o, 8 € C implies @ = 8. The size vector of a clutter is defined as in
exercise 97.
a) Find a necessary and sufficient condition that (Mo, Mi, ..., M,) is the size vector
of a clutter.
b) List all such size vectors in the case n = 4.

» 100. [M30] (Clements and Lindstrom.) Let A be a “simplicial multicomplex,” a set
of submultisets of the multiset U in Corollary C with the property that 64 C A. How
large can the total weight vA = Y {|a| | @ € A} be when |A| = N7

101. [M25] If f(z1,...,z.) is a Boolean formula, let F(p) be the probability that
f(z1,...,25) = 1 when each variable z; independently is 1 with probability p.
a) Calculate G(p) and H(p) for the Boolean formulas g(w, z, vy, z) = wrzVwyzVzy3,
h{w, z,y, z) = wyz V zyz.
b) Show that there is a monotone Boolean function f(w,z,y, z) such that F(p) =
G(p), but there is no such function with F(p) = H(p). Explain how to test this
condition in general.

102. [HM35] (F.S. Macaulay, 1927.) A polynomial ideal I in the variables {z; ...,z,}
is a set of polynomials closed under the operations of addition, multiplication by a
constant, and multiplication by any of the variables. It is called homogeneous if it
consists of all linear combinations of a set of homogeneous polynomials, namely of
polynomials like zy+ z? whose terms all have the same degree. Let N; be the maximum
number of linearly independent elements of degree t in I. For example, if s = 2,
the set of all a(zo,z1,22)(zox? — 22,22) + B(z0, 21, 22)Tox, 23, where a and S run
through all possible polynomials in {xo,z1,z2}, is a homogeneous polynomial ideal
with Nﬂ =N1 =N2=D, N3=1, N4=4, N5=g, Nﬁ=15,
a) Prove that for any such ideal I there is another ideal I' in which all homogeneous
polynomials of degree t are linear combinations of N; independent monomials.
(A monomial is a product of variables, like z}z,z5.)
b) Use Theorem M and (64) to prove that N;+1 > Ny + &, N; for all t > 0.
c) Show that Niy1 > N + x,N; occurs for only finitely many t. (This statement
is equivalent to “Hilbert’s basis theorem,” proved by David Hilbert in Géttinger
Nachrichten (1888), 450-457; Math. Annalen 36 (1890), 473-534.)

» 103. [M38] The shadow of a subcube a; ...anr, where each a; is either 0 or 1 or *, is
obtained by replacing some * by 0 or 1. For example,

90x11x0 = {0011x0, 01110, 0x1100, 0+1110}.

Find a set Py, such that, if A is.any set of N subcubes a; ...an having s digits and
t asterisks, |0A| > |Pnat|-
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104. [M41] The shadow of a binary string a; ...an is obtained by deleting one of its
bits. For example,

8110010010 = {10010010, 11010010, 11000010, 11001000, 11001001}.

Find a set Py, such that, if A is any set of N binary strings a1 ...an, |0A| > |Pnn|.

105. [M20]) A wuniversal cycle of t-combinations for {0,1,...,n - 1} is a cycle of
(’:) numbers whose blocks of t consecutive elements run through every t{-combination

{c1,...,et}. For example,
(02145061320516243152630425364103546)

is a universal cycle whent =3 and n =7.
Prove that no such cycle is possible unless (’:) is a multiple of n.

106. [M21] (L. Poinsot, 1809.) Find a “nice” universal cycle of 2-combinations for
{0,1,...,2m}. Hint: Consider the differences of consecutive elements, mod (2m + 1).

107. [22] (O. Terquem, 1849.) Poinsot’s theorem implies that all 28 dominoes of a
traditional “double-six” set can be arranged in a cycle so that the spots of adjacent
dominoes match each other:

How many such cycles are possible?

108. [M31] Find universal cycles of 3-combinations for the sets {0,...,n — 1} when
n mod 3 # 0.

109. [M31] Find universal cycles of 3-multicombinations for {0,1,...,n — 1} when
nmod 3 # 0 (namely for combinations dydzd3 with repetitions permitted). For exam-
ple,

(00012241112330222344133340024440113)

is such a cycle when n = 5.

» 110. [26] Cribbage is a game played with 52 cards, where each card has a suit (&, ©,
Q, or &) and a face value (A, 2, 3, 4,5, 6,7, 8,9, 10, J, Q, or K). One feature of the
game is to compute the score of a 5-card combination C' = {e1,¢2,¢3,c4,c5}, where one
card ci is called the starter. The score is the sum of points computed as follows, for
each subset S of C and each choice of k: Let [S| =s.

i) Fifteens: If S {v(c) | ¢ € S} = 15, where (v(A),v(2),2(3),...,v(9),v(10),v(J),
v(Q),v(K)) = (1,2,3,...,9,10,10, 10, 10), score two points.
ii) Pairs: If s = 2 and both cards have the same face value, score two points.
iii) Runs: If s > 3 and the face values are consecutive, and if C does not contain a
run of length s + 1, score s points. |
iv) Flushes: If s = 4 and all cards of S have the same suit, and if cx ¢ S, score
4 + [cx has the same suit as the others].
v) Nobs: If s =1 and ¢cx ¢ S, score 1 if the card is J of the same suit as ci.
For example, if you hold {J&, 5, 5¢,6Q} and if 4 is the starter, you score 4 x 2 for
fifteens, 2 for a pair, 2 x 3 for runs, plus 1 for nobs, totalling 17.
Exactly how many combinations and starter choices lead to a score of z points,
forz=0,1,2,...7
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7.2.1.4. Generating all partitions. Richard Stanley’s magnificent book Enu-
merative Combinatorics (1986) begins by discussing The Twelvefold Way, a
2 x 2 x 3 array of basic combinatorial problems that arise frequently in practice
(see Table 1). All twelve of Stanley’s basic problems can be described in terms
of the ways that a given number of balls can be placed into a given number of

urns. For example, there are nine ways to put 2 balls into 3 urns if the balls and
urns are labeled:

3., ool 2l oo, 8. Lioe oo o0 . 8

(The order of balls within an urn is ignored.) But if the balls are unlabeled,
some of these arrangements are indistinguishable, so only six different ways are
possible:

e Gow 2.0 LE. o0 LB o

If the urns are unlabeled, arrangements like .ﬂ,%} and @ k.? are essentially

the same, hence only two of the original nine arrangements are distinguishable.
And if we have three labeled balls, the only distinct ways to place them into
three unlabeled urns are

O

o I R o (S L e
'd'r e B@L o8 oeo. (2)
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Finally, if neither balls nor urns are labeled, these five possibilities reduce to only

three: - o
%!g 8§@ ﬁ@g- (3)

The Twelvefold Way considers all arrangements that are possible when balls and
urns are labeled or unlabeled, and when the urns may optionally be required to
contain at least one ball or at most one ball.

Table 1
THE TWELVEFOLD WAY
balls per um unrestricted <1 >1

n labeled balls, n-tuples n-permutations | partitions of {1,...,n}

m labeled urns of m things of m things into m ordered parts
n unlabeled balls, | n-multicombinations |n-combinations| compositions of n

m labeled urns of m things of m things into m parts

n labeled balls, | partitions of {1,...,n} n pigeons partitions of {1,...,n}
m unlabeled urns into < m parts into m holes into m parts
n unlabeled balls, partitions of n n pigeons partitions of n

m unlabeled urns into < m parts into m holes into m parts
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We've learned about n-tuples, permutations, combinations, and composi-
tions in previous sections of this chapter; and two of the twelve entries in Table 1
are trivial (namely the ones related to “pigeons”). So we can complete our
study of classical combinatorial mathematics by learning about the remaining
five entries in the table, which all involve partitions.

Let us begin by acknowledging that the word “partition”

has numerous meanings in mathematics.

Any time a division of some object into subobjects is undertaken,
the word partition is likely to pop up.

— GEORGE ANDREWS, The Theory of Partitions (1976)

Two quite different concepts share the same name: The partitions of a set
are the ways to subdivide it into disjoint subsets; thus (2) illustrates the five
partitions of {1,2,3}, namely

{L,2,3h  {L2H3} {1,342} {1H2,3},  {1H2H3} (4)

And the partitions of an integer are the ways to write it as a sum of positive
antegers, disregarding order; thus (3) illustrates the three partitions of 3, namely

We shall follow the common practice of referring to integer partitions as simply
“partitions,” without any qualifying adjective; the other kind will be called
“get partitions” in what follows, to make the distinction clear. Both kinds of
partitions are important, so we’ll study each of them in turn.

Generating all partitions of an integer. A partition of n can be defined

formally as a sequence of nonnegative integers a; > a3 > --- such that n =
a; + ap + ---; for example, one partition of 7 has ¢y = a3 = 3, a3 = 1, and
a4 = ag = -+ = 0. The number of nonzero terms is called the number of parts,

and the zero terms are usually suppressed. Thus we write 7 = 3+ 3 + 1, or
simply 331 to save space when the context is clear.

The simplest way to generate all partitions, and one of the fastest, is to visit
them in reverse lexicographic order, starting with ‘n’ and ending with ‘11...1".
For example, the partitions of 8 are

8, 71, 62, 611, 53, 521, 5111, 44, 431, 422, 4211, 41111, 332, 3311, )
3221, 32111, 311111, 2222, 22211, 221111, 2111111, 11111111, (

when listed in this order.

If a partition isn’t all 1s, it ends with (z+1) followed by zero or more Is,
for some x > 1; therefore the next smallest partition in lexicographic order
is obtained by replacing the suffix (z+1)1...1 by z...zr for some appropriate
remainder 7 < . The process is quite efficient if we keep track of the largest sub-
script g such that ag # 1, as suggested by J. K. S. McKay [CACM 13 (1970), 52
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Algorithm P (Partitions in reverse lexicographic order). This algorithm gen-

erates all partitions a; > a; > --- > a,,, > 1 witha; + a2+ -+ a, = n and

1 < m < n, assuming that n > 1.

P1. [Initialize.] Seta,, + 1 for n>m>1. Then set ao <~ 0 and m « 1.

P2. [Store the final part.] Set a,,, ¢ n and g + m — [n=1].

P3. [Visit.] Visit the partition a;a3...am,. Then go to P5 if a, # 2.

P4. [Change 2 to 1+1.] Set a; + 1, g+ ¢—1, m + m+ 1, and return to P3.
(At this point we have a =1 for g<k<n)

P5. [Decrease a4.] Terminate the algorithm if ¢ = 0. Otherwise set z « a4 — 1,
ag—z,n+m—qg+1,and m+ g+ 1.

P6. [Copy z if necessary.] If n < z, return to step P2. Otherwise set a,, « z,
m  m+ 1, n « n — z, and repeat this step. |

Notice that the operation of going from one partition to the next is particularly
easy if a 2 is present; then step P4 simply changes the rightmost 2 to a 1 and ap-
pends another 1 at the right. This happy situation is, fortunately, the most com-
mon case. For example, nearly 79% of all partitions contain a 2 when n = 100.

Another simple algorithm is available when we want to generate all partitions
of n into a fixed number of parts. The following method, which was featured
in C. F. Hindenburg’s 18th-century dissertation-[Infinitinomii Dignitatum Ex-
ponentis Indeterminati (Gottingen, 1779), 73-91], visits the partitions in colex
order, namely in lexicographic order of the reflected sequence an, ... aza;:

Algorithm H (Partitions into m parts). This algorithm generates all integer
m-tuples a; ...a;, such thatay; > --- > a,, 2 1 and a; +- - +ay, = n, assuming
that n > m > 2.

H1. {Initialize.] Set a; « n—m+1and a; « 1 for 1 < j < m. Also set
Am41 & -1.

H2. [Visit.] Visit the partition a; ...a,;,. Then go to H4 if a; > a; — 1.
H3. [Tweak a; and a3.] Set a; + a; — 1, az + a + 1, and return to H2.

H4. [Find j.] Set j « 3 and s + a;+az—1. Then, ifa; > a; -1, set s + s+a;,
j + j+1, and repeat until a; < a; — 1. (Now s =a; +:--+a; — L)

HS5. [Increase a;.] Terminate if j > m. Otherwise set z « a; + 1, a; « z,
74+ 3-1

H6. [Tweak a;...a;.] While j > 1, set a; « 2,5 « s —z,and j + j - L
Finally set a; < s and return to H2. |

For example, when n = 11 and m = 4 the successive partitions visited are

8111, 7211, 6311, 5411, 6221, 5321, 4421, 4331, 5222, 4322, 3332.  (7)

The basic idea is that colex order goes from one partition a; .. .a, to the next by
finding the smallest j such that e, can be increased without changing a;+; ... am.
The new partition a ...a}, willhavea} > --- > aj=a;+1and aj +---+a) =
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a, + -+ +a;, and these conditions are achievable if and only if a; < a; — 1.
Furthermore, the smallest such partition a} ...a/, in colex order has aj = --- =
a;=a; +1.

Step H3 handles the simple case j = 2, which is by far the most common.
And indeed, the value of ;7 almost always turns out to be quite small; we will
prove later that the total running time of Algorithm H is at most a small constant

times the number of partitions visited, plus O(m).

Other representations of partitions. We’ve defined a partition as a sequence
of nonnegative integers aja;... witha; > a2 2 -+ and a; + a2 +--- = n, but
we can also regard it as an n-tuple of nonnegative integers c;cs ... c, such that

c1+2c2+ - +ne, = n (8)

Here c; is the number of times the integer j appears in the sequence aja;...;
for example, the partition 331 corresponds to the counts ¢; =1, ¢ =0, c3 = 2,
¢4 = c5 = cg = ¢y = 0. The number of parts is then ¢; +¢c2+- - -+c¢,. A procedure
analogous to Algorithm P can readily be devised to generate partitions in part-
count form; see exercise 5.

We have already seen the part-count representation implicitly in formulas
like Eq. 1.2.9-(38), which expresses the symmetric function

hn = Z Td,Tdy --+Td, (9)

N>d,2>:-2d32dy 21

Scl SL‘: Cn
Z 1 2 .. Sﬂ (10)

1c1¢y! 2¢%2¢5! néncy!’
C14C2y.u0yCn Eﬂ

c1+2cp++nc,=n
where S; is the symmetric function :1:*1’ + zg + -+ :r:f,'.}. The sum in (g) is
essentially taken over all n-multicombinations of N, while the sum in (10) is
taken over all partitions of n. Thus, for example, hz = %Sf’ + %.‘.""IS2 + %Sa, and
when N = 2 we have

By +ayi+y¥ =z +y)P + 3@+ )+ 7)) + 52 +°).

Other sums over partitions appear in exercises 1.2.5-21, 1.2.9-10, 1.2.9-11,
1.2.10-12, etc.; for this reason partitions are of central importance in the study of
symmetric functions, a class of functions that pervades mathematics in general.
[Chapter 7 of Richard Stanley’s Enumerative Combinatorics 2 (1999) is an
excellent introduction to advanced aspects of symmetric function theory.|
Partitions can be visualized in an appealing way by considering an array
of n dots, having a; dots in the top row and a; in the next row, etc. Such an
arrangement of dots is called the Ferrers diagram of the partition, in honor of
N. M. Ferrers [see Philosophical Mag. 5 (1853), 199-202|; and the largest square
subarray of dots that it contains is called the Durfee square, after W. P. Durfee
[see Johns Hopkins Univ. Circular 2 (December 1882), 23]. For example, the
Ferrers diagram of 8887211 is shown with its 4 x 4 Durfee square in Fig. 28(a).
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‘a8 e e e s e e s e e
* a0 80 e ‘- 8 88 .
e e s 00 00 .o 00 Fig. 28. The Ferrers
SRCHCNEEE LRCHCIE S diagrams and Durfee
ot D squares of two conju-
. e oo gate partitions.
L
(a) 8887211 (b) 75444443

The Durfee square contains k? dots when k is the largest subscript such that
ax > k; we may call k the trace of the partition.

If a is any partition aja;..., its conjugate a = byby... is obtained by
transposing the rows and columns of the corresponding Ferrers diagram. For
example, Fig. 28(b) shows that (8887211)7 = 75444443. When 8 = a7 we
obviously have a = 37 the partition 8 has a; parts and a has b, parts. Indeed,
there’s a simple relation between the part-count representation ¢; . . . ¢,, of a and
the conjugate partition 5,5, ..., namely

bj - bj+1 = G4 for a.ll_;r > 1. (11)

This relation makes it easy to compute the conjugate of a given partition, or to
write it down by inspection (see exercise 6).

The notion of conjugation often explains properties of partitions that would
otherwise be quite mysterious. For example, now that we know the definition of
a”, we can easily see that the value of j — 1 in step H5 of Algorithm H is just
the second-smallest part of the conjugate partition (aj...am)T. Therefore the
average amount of work that needs to be done in steps H4 and H6 is essentially
proportional to the average size of the second-smallest part of a random partition
whose largest part is m. And we will see below that the second-smallest part is
almost always quite small.

Moreover, Algorithm H produces partitions in lexicographic order of their

conjugates. For example, the respective conjugates of (7) are

41111111, 4211111, 422111, 42221, 431111,
43211, 4322, 4331, 44111, 4421, 443; (12)

these are the partitions of n = 11 with largest part 4. One way to generate all
partitions of n is to start with the trivial partition ‘n’, then run Algorithm H for
m = 2, 3, ..., n in turn; this process yields all a in lexicographic order of aT
(see exercise 7). Thus Algorithm H can be regarded as a dual of Algorithm P.

There is at least one more useful way to represent partitions, called the
rim representation. Suppose we replace the dots of a Ferrers diagram by boxes,
thereby obtaining a tableau shape as we did in Section 5.1.4; for example, the
partition 8887211 of Fig. 28(a) becomes

(13)

Ll
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The right-hand boundary of this shape can be regarded as a path from the lower
left corner to the upper right corner of an n X n square, and we know from Table
7.2.1.3-1 that such a path corresponds to an (n,n)-combination.

For example, (13) corresponds to the 70-bit string

0...01001011111010001...1 = 0%1'0%1'0'1%0'110%1?7, (14)

where we place enough 0Os at the beginning and 1s at the end to make exactly n of
each. The Os represent upward steps of the path, and the 1s represent rightward
steps. It is easy to see that the bit string defined in this way has exactly n
inversions; conversely, every permutation of the multiset {n -0, n - 1} that has
exactly n inversions corresponds to a partition of n. When the partition has ¢
different parts, its bit string can be written in the form

0"-*!'1 —ga-—cr—qe 1191 DQl 1!92 qu . lpi UQ't lﬂ—Pl _PT‘“""‘Pt’ (15)

where the exponents p; and g; are positive integers. Then the partition’s stan-
dard representation is

a1ag... = (p1 + .- -+-;p¢)"" (P] + .- +Pt_1)q‘_1 - (pl)q‘, (lﬁ)
namely (1+1+5+1)3(1+1+5)*(14+1)!(1)? = 8887211 in our example.

The number of partitions. Inspired by a question that was posed to him by
Philipp Naudé in 1740, Leonhard Euler wrote two fundamental papers in which
he counted partitions of various kinds by studying their generating functions
(Commentarii Academiz Scientiarum Petropolitane 13 (1741), 64-93; Novi
Comment. Acad. Sci. Pet. 3 (1750), 125-169]. He observed that the coefficient
of z™ in the infinite product

(1424224 4274+ )+ 424 )+ 282+ 2854 4284

is the number of nonnegative integer solutions to the equation j+2k+31l+--- = n;
and 1 + 2™ + 2™ 4 ... is 1/(1 — 2™). Therefore if we write

P@) = Il 7= = Lo ()

the number of partitions of n is p(n). This function P(z) turns out to have an

amazing number of subtle mathematical properties.
For example, Euler discovered that massive cancellation occurs when the

denominator of P(z) is multiplied out:

(1-2)(1-22)(1-2%) ... =1 =2 =22 4 25 + 27 = 212 — 215 + 222 1 ;%6 _ ...
2
— Z (_1)112:(3!1 +n)_{2‘ (18)
— oo n< o0

A combinatorial proof of this remarkable identity, based on Ferrers diagrams,
appears in exercise 5.1.1-14; we can also prove it by setting u = z and v = 2% in
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the even more remarkable identity of Jacobi,
o0 oo
[[a~u* -t -utet) = 37 maldold) )
k=1 —
because the left-hand side becomes [[oo (1 — 23¥72)(1 — 23%~1)(1 — 2%%); see
exercise 5.1.1-20. Euler’s identity (18) implies that the partition numbers satisfy
the recurrence

p(n) = p(n—1) + p(n—2) — p(n—5) — p(n—7) + p(n~12) + p(n—15) — - - -, (20)

from which we can compute their values more rapidly than by performing the
power series calculations in (17):

n=0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
pn)=1 1 2 3 5 7 11 15 22 30 42 56 77 101 135 176

We know from Section 1.2.8 that solutions to the Fibonacci recurrence
f(n) = f(n — 1) + f(n — 2) grow exponentially, with f(n) = ©(¢") when f(0)
and f(1) are positive. The additional terms ‘— p(n—5) — p(n—7)" in (20) have a
dampening effect on partition numbers, however; in fact, if we were to stop the
recurrence there, the resulting sequence would oscillate between positive and neg-
ative values. Further terms ‘+p(n—12)+ p(n—15)’ reinstate exponential growth.

The actual growth rate of p(n) turns out to be of order AV™/n for a certain
constant A. For example, exercise 33 proves directly that p(n) grows at least as
fast as Ezﬁ/n. And one fairly easy way to obtain a decent upper bound is to

take logarithms in (17),

In P(z) = len 1 “lzm = lelf;, (21)
m= m=1n=

and then to look at the behavior near z = 1 by setting z = e *:
~-mnt 1 1

- 1 ¢(2)
In P(e™*) = Z - = — — < Z = . (22)
a1 " St etn — 1 e n?t t

Consequently, since p(n) < p(n+1) <p(n+2) <--- and €' > 1, we have

oo

n - - n

lj‘i(ﬂ)_t < ZP(FE]&{" ke _ EmP(E tJ < e t+((2)/t (23)
k=0

for all t > 0. Setting t = 1/((2)/n gives
p(n) < Ce**V™/\/n,  where C = \/((2) = 7/V6. (24)

We can obtain more accurate information about the size of In P(e™*) by
using Euler’s summation formula (Section 1.2.11.2) or Mellin transforms (Sec-
tion 5.2.2); see exercise 25. But the methods we have seen so far aren't powerful
enough to deduce the precise behavior of P(e™t), so it is time for us to add a
new weapon to our arsenal of techniques.
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Euler’s generating function P(z) is ideally suited to the Poisson summation
formula [J. Ecole Royale Polytechnique 12 (1823), 404-509, §63], according to
which

- ! 2memi0 [ —2mmi
n+8) = lim e"""f e cmmiy dy, 2
ﬂ;_m fln+8) = lim_ m;M N fly)dy,  (25)
whenever f is a “well-behaved” function. This formula is based on the fact
that the left-hand side is a periodic function of #, and the right-hand side is the
expansion of that function as a Fourier series. The function f is sufficiently nice
if, for example, [*_|f(y)|dy < oo and either

i) f(n + @) is an analytic function of the complex variable # in the region
|38| < € for some € > 0 and 0 < R < 1, and the left-hand side converges
uniformly in that rectangle; or

ii) f(8) = %limﬁ_m(f(ﬁ' —€)+ f(6+ f)) = g(@) — h(#) for all real numbers 8,
where g and h are monotone increasing and g(+oc), h{+too) are finite.

[See Peter Henrici, Applied and Computational Complex Analysis 2 (New York:
Wiley, 1977), Theorem 10.6.2.] Poisson's formula is not a panacea for summation
problems of every kind; but when it does apply the results can be spectacular,
as we will see. )
Let us multiply Euler’s formula (18) by 21/24 in order to “complete the
square”:
S1/24

P(z) pONCS EL L (26)

n=—0o0

Then for all ¢ > 0 we have e */24/P(e~*) = 1" __ f(n), where

fly) = e 200+ cosmy; (27)

and this function f qualifies for Poisson's surnmation formula under both of the
criteria (i) and (ii) stated above. Therefore we can try to integrate e=2"™% f(y),
and for m = 0 the result is

f fWdy = /5 e (28)
To this we must add

Zf (2™ 4 ¢~ f(y)dy = JZf fy)cos2mmydy;  (29)

m=1
again the integral turns out to be doable. And the results (see exercise 27) fit
together quite beautifully, giving

—t,r’24 9 - r (i b)? o E—r’fﬁt
=7 E( -1)re=ST R < VT Bl (30)

n==00

Surprise! We have proved another remarkable fact about P(z):
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Theorem D. The generating function (17) for partitions satisfies the functional

relation
¢(2) 1
5 In

IHP(EFt) = _t_+ -“*'t—

{ o
o 24+lnP(e /ey (31)

when Rt > 0. |

This theorem was discovered by Richard Dedekind [Crelle 83 (1877), 265-292,
§6], who wrote n(r) for the function z!/?4/P(z) when z = €™ his proof was
based on a much more complicated theory of elliptic functions. Notice that when
t is a small positive number, In P(e—47"/t) is extremely tiny: for example, when
t = 0.1 we have exp(—4n?/t) ~ 3.5 x 107172, Therefore Theorem D tells us
essentially everything we need to know about the value of P(z) when z is near 1.

G. H. Hardy and S. Ramanujan used this knowledge to deduce the asymp-
totic behavior of p(n) for large n, and their work was extended many years later
by Hans Rademacher, who discovered a series that is not only asymptotic but
convergent [Proc. London Math. Soc. (2) 17 (1918), 75-115; 43 (1937), 241
254]. The Hardy-Ramanujan-Rademacher formula for p(n) is surely one of the
most astonishing identities ever discovered; it states that

=\ Ax(n 27
P = G 1/24)3!42%"3”(\/;}””_” 24)' (32)

Here I3/, denotes the modified spherical Bessel function

(IR 1 (2%/4)% \/ﬂ coshz sinhz)

and the coefficient Ax(n) is defined by the formula

Ai(n) = E[hlk] exp(2mi( L2 21 (34)

where a(h, k,0) is the Dedekind sum defined in Eq. 3.3.3-(16). We have

24n+ 1)m
18 '

M) =1,  Ag(m)= (1"  As(n)=2cos. (35)

and in general Ax(n) lies between —k and k.

A proof of (32) would take us far afield, but the basic idea is to use the
“saddle point method” discussed in Section 7.2.1.5. The term for k = 1 is derived
from the behavior of P(2) when z is near 1; and the next term is derived from
the behavior when 2 is near —1, where a transformation similar to (31) can be
applied. In general, the kth term of (32) takes account of the way P(2) behaves
when z approaches e€?™**/k for irreducible fractions h/k with denominator k;
every kth root of unity is a pole of each of the factors 1/(1 — 2*), 1/(1 — 2%¥),
1/(1 = 2%%), ... in the infinite product for P(z).
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The leading term of (32) can be simplified greatly, if we merely want a rough
approximation:

Eﬂﬂ'?n_fﬂ

p(ﬂ) = 471\/5

Or, if we choose to retain a few more details,

/2073

For example, p(100) has the exact value 190,569,292; formula (36) tells us that
p(100) =~ 1.993 x 10®, while (37) gives the far better estimate 190,568,944.783.

Andrew Odlyzko has observed that, when n is large, the Hardy-Ramanujan-
Rademacher formula actually gives a near-optimum way to compute the precise
value of p(n), because the arithmetic operations can be carried out in nearly
O(logp(n)) = O(n'/2) steps. The first few terms of (32) give the main contri-
bution; then the series settles down to terms that are of order k~3/2 and usually
of order k~2. Furthermore, about half of the coefficients Ak(n) turn out to be
zero (see exercise 28). For example, when n = 10°, the terms for k = 1, 2,
and 3 are ~ 1.47 x 10197, 1.23 x 10°%°, and —1.23 x 10%%¢, respectively. The
sum of the first 250 terms is & 1471684986 . ..73818.01, while the true value is
1471684986 . ..73818; and 123 of those 250 terms are zero.

(1+0(n~1/2). (36)

The number of parts. It is convenient to introduce the notation
n

m (38)
for the number of partitions of n that have exactly m parts. Then the recurrence
n n-—1 n—m

‘m‘ - Im-1 ‘ m ‘ (39)

holds for all integers m and n, because |:1__11| counts the partitions whose smallest

part is 1 and |"_™| counts the others. (If the smallest part is 2 or more, we can
subtract 1 from each part and get a partition of n — m into m parts.) By similar
reasoning we can conclude that |™*"| is the number of partitions of n into at most
m parts, namely into m nonnegative summands. We also know, by considering
Ferrers diagrams, that |;| is the number of partitions of n whose largest part

is m. Thus |:;| 1s a good number to know. The boundary conditions

n

IE‘:"{] and =0 form<Oorn<0 (40)

m

make it easy to tabulate |:1] for small values of the parameters, and we obtain
an array of numbers analogous to the familiar triangles for (*), [*], {"}, and
(;‘1) that we’'ve seen before; see Table 2. The generating function is

2

zm

T A=) (A=) (41)

M| n

A

m
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Table 2
PARTITION NUMBERS

n n n n ‘n ’n 'ﬂ n n n n‘ 'n’
o Lol 1SLIBHE IR TE] 6L 7111151 Tl |
0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
2 0 1 1 0 0 0 0 0 0 0 0 0
3 0 1 1 1 0 0 0 0 0 0 0 0
4 0 1 2 1 1 0 0 0 0 0 0 0
5 0 1 2 2 1 1 0 0 0 0 0 0
6 0 1 3 3 2 1 1 0 0 0 0 0
T 0 1 3 4 3 2 1 1 0 0 0 0
8 0 1 4 5 5 3 2 1 1 0 0 0
9 0 1 4 7 6 5 3 2 1 1 0 0
10 0 1 5 8 9 7 5 3 2 1 1 0
11 0 1 o 10 11 10 7 5 3 2 1 1

Almost all partitions of n have ©(\/nlogn) parts. This fact, discovered by
P. Erdés and J. Lehner [Duke Math. J. 8 (1941), 335-345], has a very instructive
proof:

Theorem E. Let C =x/v6 and m = ;5 \/nlnn+zy/n + O(1). Then

m+n
- F ~1/24¢
— ) | = F@)(1+0(n~1/+)) (42)
for all ¢ > 0 and all fixed z as n — oo, where
F(z) = e °7/C (43)

This function F(z) approaches 0 quite rapidly when z — —o0, and it rapidly
increases to 1 when £ — +00; so it is a probability distribution function. Fig-
ure 29(b) shows that the corresponding density function f(x) = F'(z) is largely
concentrated in the region —2 < z < 4. The values of || = |™*"| — |™~1*7| are
shown in Fig. 29(a) for comparison when n = 100; in this case ;5/7lnn ~ 18.

Proof. We will use the fact that |"‘;"| is the number of partitions of n whose
largest part is < m. Then, by the principle of inclusion and exclusion, Eq. 1.3.3-
(29), we have

m++n . . . . : :
‘ |=p(ﬂ)"~2pfﬂ~3)+ Y pln—ji—j2)— Y pln—ji—ja—js)+- -+,
i>m Ja>jn>m j3>j2>n>m

because p(n — j; —--- — jy) is the number of partitions of n that use each of the
parts {J1,.-.,Jr} at least once. Let us write this as

+n n-—-j— —
|m l"1-31+22“}33+“', Z p{n—i1 Jr) . (44)
p(n) ioSh>m (ﬂ)
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Fig. 29. Partitions of n with m parts, when (a) n = 100; (b) n = 00. (See Theorem E.)

In order to evaluate ¥, we need to have a good estimate of the ratio
p(n — t)/p(n). And we're in luck, because Eq. (36) implies that

p(;(;)t) =exp(2Cvn -t —In(n — t) 4 O(( )~ ”2) 2Cv/n + Inn)

= e:a':p(—C"tﬂ'l’!2 - O(n'lﬂ"'zi)) if 0 < ¢t < nl/2te, (45)

Furthermore, if t > n!/2t< we have p(n — t)/p(n) < p(n — n*/2%¢)/p(n) ~
exp(—Cn®), a value that is asymptotically smaller than any power of n. Therefore
we may safely use the approximation

p(n —1) t -1/2
—— xa', a = exp(—Cn , (46
() ( ) )
for all values of t > 0. For example, we have
P(ﬂ J o™ ~1/242¢ P(” - 5")
Y'Y = (1 +0(n N+ Y
J}m H}J}n1f2+f
e—C‘x —-1/242¢ —Cn*
=G (14 0(n )) + O(ne ),

because a/(1 — a) = n'/?/C + O(1) and ™ = n~/2e~%%. A similar argument
(see exercise 36) proves that, if r = O(logn),

E—Cr:t

5= o (1+0(n-”’~’+‘*‘))+0(e““ ). (47)

Finally —and this is a wnnderful property of the inclusion-exclusion princi-
ple in general — the partial sums of (44) always “bracket” the true value, in the
sense that

<1-%,4+Xy— - —Zor_1+Z2r (48)

p(n)l m
for all . (See exercise 37.) When 2r is near Inn and n is large, the term X5, is
extremely tiny; therefore we obtain (42), except with 2¢ in place of €. |
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Fig. 30. Temperley’s curve (49) for the
limiting shape of a random partition.
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Theorem E tells us that the largest part of a random partition almost always
i8 55¢/nlnn + O(y/n), and when n is reasonably large the other parts tend to
be predictable as well. Suppose, for example, that we take all the partitions
of 25 and superimpose their Ferrers diagrams, changing dots to boxes as in the
rim representation. Which cells are occupied most often? Figure 30 shows the
result: A random partition tends to have a typical shape that approaches a
limiting curve as n — ooc.

H. N. V. Temperley [Proc. Cambridge Philos. Soc. 48 (1952), 683-697]
gave heuristic reasons to believe that most parts a, of a large random partition
a ...a,, will satisfy the approximate law

OV 4 OuIE & 1, (19)

and his formula has subsequently been verified in a strong form. For example, a
theorem of Boris Pittel [Advances in Applied Math. 18 (1997), 432-488]| allows

.ys o In 2 "y
us to conclude that the trace of a random partition is almost always “%&*\/n &

0.54y/n, in accordance with (49), with an error of at most O(y/n Inn)'/?; thus
about 29% of all the Ferrers dots tend to lie in the Durfee square.

If, on the other hand, we look only at partitions of n with m parts, where
m is fixed, the limiting shape is rather different: Almost all such partitions have

n., m
A =~ E In I,
if m is reasonably large. Figure 31 illustrates the case n = 50, m = 5. In fact,

the same limit holds when m grows with n, but at a slower rate than /n [see
Vershik and Yakubovich, Moscow Math. J. 1 (2001), 457-468].

(50)

0 n/m 2n/m

WHHH: TTTTTT]
11
m |

Fig. 31. The limiting shape (50) when there are m parts.
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The rim representation of partitions gives us further information about par-
titions that are doubly bounded, in the sense that we not only restrict the number
of parts but also the size of each part. A partition that has at most m parts,
each of size at most [, fits inside an m x [ box. All such partitions correspond
to permutations of the multiset {m -0, [ - 1} that have exactly n inversions, and
we have studied the inversions of multiset permutations in exercise 5.1.2-16. In
particular, that exercise derives a nonobvious formula for the number of ways
n inversions can happen:

Theorem C. The number of partitions of n that have no more than m parts
and no part larger than [ is

a (LMY (1 -2 (1-2H42) (1-=2H4m)
[z]( m ); = "] (1-2) (1-2%2) " (1-2zm) (51)
This result is due to A. Cauchy, Comptes Rendus Acad. Sci. 17 (Paris, 1843),

523-531. Notice that when | = oo the numerator becomes simply 1. An interest-
ing combinatorial proof of a more general result appears in exercise 39 below. |

Analysis of the algorithms. Now we know more than enough about the
quantitative aspects of partitions to deduce the behavior of Algorithm P quite
precisely. Suppose steps P1, ..., P6 of that algorithm are executed respectively
Ti(n), ..., Te(n) times. We obviously have T} (n) = 1 and T3(n) = p(n); further-
more Kirchhoff’s law tells us that T5(n) = T5(n) and Ty(n) +Ts(n) = T3(n). We
get to step P4 once for each partition that contains a 2; and this is clearly p(n—2).

Thus the only possible mystery about the running time of Algorithm P is
the number of times we must perform step P6, which loops back to itself. A
moment’s thought, however, reveals that the algorithm stores a value > 2 into
the array a;a;... only in steps P2 and P6; and every such value is eventually
decreased by 1, either in step P4 or step P5. Therefore

T; (n) + Ts(n) = p(n) -1, (52)

where T3/ (n) is the number of times step P2 sets ay, to a value > 2. Let T(n) =
T3(n) + Ty (n), so that T;(n) is the number of times step P2 sets a,, + 1. Then
Ty(n) + T4(n) is the number of partitions that end in 1, hence

T3(n) + Ta(n) =p(n - 1). (53)

Aha! We’'ve found enough equations to determine all of the required quantities:

(Tl(ﬂ), veay Tﬁ(ﬂ)) =
(1, p(n) — p(n—2), p(n), p(n-2), p(n)—p(n-2), p(n-1)—1). (54)
And from the asymptotics of p(n) we also know the average amount of compu-
tation per partition:

Gay ) = 0717w -7) + °G) @

where C = -:rr/\/ﬁ ~ 1.283. (See exercise 45.) The total number of memory
accesses per partition therefore comes to only 4 — 3C/v/n+ O(1/n).
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Whoever wants to go about generating all partitions
not only immerses himself in immense labor,

but also must take pains to keep fully attentive,

S0 as not to be grossly deceived.

— LEONHARD EULER, De Partitione Numerorum (1750)

Algorithm H is more difficult to analyze, but we can at least prove a decent
upper bound on its running time. The key quantity is the value of j, the smallest
subscript for which a; < a; — 1. The successive values of j when m = 4 and
n = 11 are (2,2,2,3,2,2,3,4,2,3,5), and we have observed that j = b;_; + 1
when b, ... b; is the conjugate partition (a; ...a,)T. (See (7) and (12).) Step H3
singles out the case j = 2, because this case is not only the most common, it is
also especially easy to handle.

Let c,,(n) be the accumulated total value of j — 1, summed over all of the
| " | partitions generated by Algorithm H. For example, c4(11) = 14+ 14142+
1+1+2+3+1+2+4=19. We can regard c,,(n)/|"| as a good indication
of the running time per partition, because the time to perform the most costly
steps, H4 and H6, is roughly proportional to 7 — 2. This ratio ¢,,(n)/ ’:J is not
bounded, because c,,(m) = m while ml = 1. But the following theorem shows
that Algorithm H is efficient nonetheless:

Theorem H. The cost measure c,,(n) for Algorithm H is at most 3|" | + m.

Proof. We can readily verify that c,,(n) satisfies the same recurrence as [::J,
namely

em(n) = cm-1(n—1) + cp(n —m), for m,n > 1, (56)

if we artificially define c,,(n) = 1 when 1 < n < m; see (39). But the boundary
conditions are now different:

cm(0) = [m >0J; co(n) = 0. (57)

Table 3 shows how ¢,,(n) behaves when m and n are small.
To prove the theorem, we will actually prove a stronger result,

cm(n) < 3 ’;

+2m-n-1 forn >m > 2. (58)

Exercise 50 shows that this inequality holds when m < n < 2m, so the proof
will be complete if we can prove it when n > 2m. In the latter case we have

em(n) =cai(n—m)+cz(n —m)+cs(n—m)+---+cm(n—m)
<1+ (3|"3™| +3—n+m) + (3" + 5—n+m) + - --
+ (3" ™ + 2m—1-n+m)
=37+ 33|+ # 37| =3 4 m? — (m - 1)(n - m)
=3|*|+2m? —m—(m—1)n—3

by induction; and 2m2 —m—(m—-1)n—-3 < 2m—n—1because n > 2m+1. |
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Table 3
COSTS IN ALGORITHM H
n | co(n) ci(n) c2(n) cs(n) ca(n) cs(n) ce(n) cr(n) cs(n) co(n) cro(n) cui(n)
0 0 1 1 1 1 1 1 1 1 1 1 1
1 0 1 1 1 1 1 1 1 1 1 1 1
2 0 1 2 1 1 1 1 1 1 1 1 1
3 0 1 2 3 1 1 1 1 1 1 1 1
4 0 1 3 3 4 1 1 1 1 1 1 1
5] 0 1 3 4 4 5 1 1 1 1 1 1
6 0 1 4 6 9 5] 6 1 1 1 1 1
7 0 1 4 7 7 6 6 7 1 1 1 1
8 0 1 5 8 11 8 7 7 8 1 1 1
9 0 1 5 11 12 12 9 8 8 9 1 1
10 0 1 6 12 16 17 13 10 9 9 10 1
11 0 1 6 14 19 21 18 14 11 10 10 11

*A Gray code for partitions. When partitions are generated in part-count
form c; ...c, as in exercise 5, at most four of the ¢; values change at each step.
But we might prefer to minimize the changes to the individual parts, generating
partitions in such a way that the successor of a;a;...a, is always obtained by
simply setting a; + a;+1 and ax < ax —1 for some j and k, as in the “revolving
door” algorithms of Section 7.2.1.3. It turns out that this is always possible; in
fact, there is a unique way to do it when n = 6:

111111, 21111, 3111, 2211, 222, 321, 33, 42, 411, 51, 6. (59)

And in general, the ["‘:1""| partitions of n into at most m parts can always be
generated by a suitable Gray path.

Notice that a — 3 is an allowable transition from one partition to another
if and only if we get the Ferrers diagram for 8 by moving just one dot in the
Ferrers diagram for a. Therefore a” — S7 is also an allowable transition. It
follows that every Gray code for partitions into at most m parts corresponds to
a Gray code for partitions into parts that do not exceed m. We shall work with
the latter constraint.

The total number of Gray codes for partitions is vast: There are 52 when
n = 7, and 652 when n = 8; there are 298,896 when n = 9, and 2,291,100,484
when n = 10. But no really simple construction is known. The reason is probably
that a few partitions have only two neighbors, namely the partitions d™/% when
1 < d < n and d is a divisor of n. Such partitions must be preceded and followed
by {(d+1)d™/4~2(d—1), d*/4-1(d—1)1}, and this requirement seems to rule out
any simple recursive approach.

Carla D. Savage [J. Algorithms 10 (1989), 577-595] found a way to surmount
the difficulties with only a modest amount of complexity. Let

Ln/m]
—_——
pimn) = m m ... m (nmodm) (60)
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be the lexicographically largest partition of n with parts < m; our goal will
be to construct recursively defined Gray paths L(m,n) and M(m,n) from the
partition 1* to u(m,n), where L(m,n) runs through all partitions whose parts
are bounded by m while M (m,n) runs through those partitions and a few more:
M(m,n) also includes partitions whose largest part is m + 1, provided that
the other parts are all strictly less than m. For example, L(3,8) is 11111111,
2111111, 311111, 221111, 22211, 2222, 3221, 32111, 3311, 332, while M (3,8) is

11111111, 2111111, 221111, 22211, 2222, 3221,
3311, 32111, 311111, 41111, 4211, 422, 332; (61)

the additional partitions starting with 4 will give us “wiggle room” in other
parts of the recursion. We will define L(m,n) for all n > 0, but M{m,n) only
for n > 2m.

The following construction, illustrated for m = § to simplify the notation,
almost works:

FL(3) )
L(3) L) M(4)
L(5) = { 4L(co)R Y ifn <7 {OL2) Y in 8 {54L(a)R} ifn>o9;
5L(c0) J 431 55L(5)
44 (62)
\53 /
(L(4) ( L(4) '«
5L(4)" 5M(4)R
M(5) = { 6L(3) if11<n<13; {6L(4) 3 ifn>14.  (63)
64L(00)" 554L(4)F
[55L(c0) (555L(5) .

Here the parameter n in L(m,n) and M(m,n) has been omitted because it can
be deduced from the context; each L or M is supposed to generate partitions of
whatever amount remains after previous parts have been subtracted. Thus, for
example, (63) specifies that

M(5,14) = L(4,14), 5M(4,9)F, 6L(4,8), 554L(4,0)®, 555L(5, —1);

the sequence L(5,—1) is actually empty, and L(4,0) is the empty string, so the
final partition of M (5, 14) is 554 = u(5, 14) as it should be. The notation L(oo)
stands for L(oo,n) = L(n,n), the Gray path of all partitions of n, starting with
1" and ending with nl.

In general, L(m) and M(m) are defined for all m > 3 by essentially the
same rules, if we replace the digits 2, 3, 4, 5, and 6 in (62) and (63) by m—3,
m—2, m—1, m, and m+1, respectively. The ranges n < 7, n = 8, n > 9 become
n<2m-3,n=2m—-2,n>2m-1; the ranges 11 <n < 13 and n > 14 become
2m+1<n <3m-2and n > 3m — 1. The sequences L(0), L(1), L(2) have
obvious definitions because the paths are unique when m < 2. The sequence
M(2)is 1, 2172 3173, 22174 2221"7°, ..., u(2,n) for n > 5.
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Theorem S. Gray paths L'(m,n) form,n > 0 and M'(m,n) forn > 2m+1>5
exist for all partitions with the properties described above, except in the case
L'(4,6). Furthermore, L' and M' obey the mutual recursions (62) and (63)
except in a few cases.

Proof. We noted above that (62) and (63) almost work; the reader may verify
that the only glitch occurs in the case L(4,6), when (62) gives

L(4,6) = L(2,6), 3L(1,3)%, 4L(1,2), 321, 33, 42
= 111111, 21111, 2211, 222, 3111, 411, 321, 33, 42.  (64)

If m > 4, we're OK because the transition from the end of L(m—2,2m—2) to
the beginning of (m~1)L(m—3, m—1)® is from (m—2)(m—2)2 to (m—1)(m—3)2.
There is no satisfactory path L(4, 6), because all Gray codes through those nine
partitions must end with either 411, 33, 3111, 222, or 2211.

In order to neutralize this anomaly we need to patch the definitions of
L(m,n) and M(m,n) at eight places where the “buggy subroutine” L(4,6) is
invoked. One simple way is to make the following definitions:

L'(4,6) = 111111,21111, 3111, 411, 321, 33, 42;
L'(3,5) = 11111, 2111, 221, 311, 32.
Thus, we omit 222 and 2211 from L(4, 6); we also reprogram L(3,5) so that 2111

is adjacent to 221. Then exercise 60 shows that it is always easy to “splice in”
the two partitions that are missing from L(4,6). |

(65)

EXERCISES

1. [M21) Give formulas for the total number of possibilities in each problem of The
Twelvefold Way. For example, the number of n-tuples of m things is m™. (Use the
notation (38) when appropriate, and be careful to make your formulas correct even
whenm =00rn=20.)

2. [20] Show that a small change to step H1 yields an algorithm that will generate
all partitions of n into at most m parts.

3. [M17] A partition a; + --- + amm of n into m parts a; > --- > a,, is optimally
balanced if |a; —a;| < 1for 1 <1i,j < m. Prove that there is exactly one such partition,
whenever n > m > 1, and give a simple formula that expresses the jth part a; as a
function of j, m, and n.

4. [M22] (Gideon Ehrlich, 1974.) What is the lexicographically smallest partition
of n in which all parts are > r? For example, when n = 19 and r = 5 the answer is 766.

5. [28] Design an algorithm that generates all partitions of n in the part-count form
¢1...cn of (8). Generate them in colex order, namely in the lexicographic order of
Cn ...C1, which is equivalent to lexicographic order of the corresponding partitions

aiaz .... For efficiency, maintain also a table of links lyl; ...l, so that, if the distinct
values of k for which ¢ > 0 are k; < -+« < k;, we have
lo=ki, le, =ka, ..., l,_,=key I, =0.

(Thus the partition 331 would be represented by ¢;...c; = 1020000, o = 1, I; = 3,
and I3 = 0; the other links I3, l4, [5, 7 can be set to any convenient values.)
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6. [20] Design an algorithm to compute bibz ... = (a102... )T, given ajaz....

7. [M20] Suppose a, ...a, and aj ...a;, are partitions of n witha; > --- > a, >0
and @} > --- > a;, > 0, and let their respective conjugates be b; ...b, = (a,...a,)7,
by...b, =(a}...a,)T. Show thatbh,...b, <b}...b, ifand onlyifa,...a; <a,...a;.

8. [15] When (p1...p¢,q1...¢q:) is the rim representation of a partition ayaz... as
in (15) and (16), what is the conjugate partition (ajaz...)T = bibs...?7

9. [22]) Ifa102...am and biba...bm = (a1a2...am)T are conjugate partitions, show
that the multisets {ay +1,a2+2,...,am+m} and {b1 +1,b2+2,...,bm+m} are equal.

10. [21] Two simple kinds of binary trees are sometimes helpful for reasoning about
partitions: (a) a tree that includes all partitions of all integers, and (b) a tree that
includes all partitions of a given integer n, illustrated here for n = 8:

211111

(a) | (b)

Deduce the general rules underlying these constructions. What order of tree traversal
corresponds to lexicographic order of the partitions?

11. [M22] How many ways are there to pay one euro, using coins worth 1, 2, 5, 10,
20, 50, and/or 100 cents? What if you are allowed to use at most two of each coin?

» 12. [M21] (L. Euler, 1750.) Use generating functions to prove that the number of
ways to partition n into distinct parts is the number of ways to partition n into odd
parts. For example, 5=4+1=342; 5=34141=1414141+4+1.

[Note: The next two exercises use combinatorial techniques to prove extensions of
this famous theorem.)

» 13. [M22) (F. Franklin, 1882.) Find a one-to-one correspondence between partitions
of n that have exactly k parts repeated more than once and partitions of n that have
exactly k even parts. (The case k = 0 corresponds to Euler’s result.)

» 14, [M28]) (J. J. Sylvester, 1882.) Find a one-to-one correspondence between parti-
tions of n into distinct parts a1 > a2 > -+ > am that have exactly k “gaps” where
a; > aj+1 + 1, and partitions of n into odd parts that have exactly k + 1 different
values. (For example, when k = 0 this construction proves that the number of ways to
write n as a sum of consecutive integers is the number of odd divisors of n.)

15. [M20] (J. J. Sylvester.) Find a generating function for the number of partitions
that are self-conjugate (namely, partitions such that a = a”)

16. [M21] Find the generating function for partitions of trace k, and sum it on & to
obtain a nontrivial identity.



7.2.1.4 GENERATING ALL PARTITIONS 29

17. [M26] A joint partition of n is a pair of sequences (a,...,ar; b1,...,b,) of
positive integers for which we have
ay>-2ar, by>--->b, and a1+ ---+ar+b+---+by=n.

Thus it is an ordinary partition if s = 0, and a partition into distinct parts if r = 0.
a) Find a simple formula for the generating function ¥ u""*v°2", summed over all
joint partitions of n with r ordinary parts a; and s distinct parts b;.

b) Similarly, find a simple formula for ) | v*z™ when the sum is over all joint partitions
that have exactly r + s = t total parts, given the value of ¢.

c) What identity do you deduce?

» 18. [M23] (Doron Zeilberger.) Show that there is a one-to-one correspondence be-
tween pairs of integer sequences (a,,az,...,ar; b1,b2,...,b,) such that

a > a2 > > ar, b1 > by > -+ > by,
and pairs of integer sequences (¢1,¢2,...,Cr4s; d1,d2,...,dr4,) such that
c12ea2 2, 4 €{0,1} forl<j<rs,
related by the multiset equations
{a1,a3,...,a,} ={c; |dj =0} and {by,bs,...,b,}={c;+r+s—j|d; =1}

Consequently we obtain the interesting identity

Z Wiyt ot tartbito by _ Z ulydit ot ertodbert(t=1)ditodde_1
a2 2ar>0 €12 2ce >0
by > Sby >0 dy,...,de€{0,1}

19. [M21] (E. Heine, 1847.) Prove the four-parameter identity

il:—l) k

(1—wzz™)(1-wyz™) < k(m—l](m 2)... (z=2""Y(y-1)(y-2)...(y—2z*"")z
H (1-wz™)(1-wzyz™) z (1-2)(1-22)...(1—-2%)(1-wz2)(1—wz?)... (1—wz2*)

Hint: Carry out the sum over either k or ! in the formula

k1 ,,, (z —az)(z — az?)... (2 — az®) (2 — b2)(z — bz?) ... (2 — b2")
Zu (1-2)(1-2?)...(1=2F) (1-=-2)(1-22)...(1-2"

k>0

and consider the simplifications that occur when b = auz.

» 20. [M21] Approximately how long does it take to compute a table of the partition
numbers p(n) for 1 < n < N, using Euler’s recurrence (20)?
21. [M21] (L. Euler.) Let g(n) be the number of partitions into distinct parts. What
is a good way to compute g(n) if you already know the values of p(1), ..., p(n)?
22. [HM21] (L. Euler.) Let o(n) be the sum of all positive divisors of the positive
integer n. Thus, o(n) = n + 1 when n is prime, and o(n) can be significantly larger
than n when n is highly composite. Prove that, in spite of this rather chaotic behavior,
a(n) satisfies almost the same recurrence (20) as the partition numbers:

o(n) = o(n-1) + o(n-2) — o(n-5) ~ o(n—T7) + 0(n—12) + o(n—15) -

for n > 1, except that when a term on the right is ‘c(0)’ the value ‘n’ is used instead.
For example, o(11) = 1+ 11 = 0(10) + ¢(9) ~ 0(6) —0(4) = 18 +13 - 12 - T7;
0(12) =1+2+3+4+6+12 = 0(11)+0(10) - 0(7) —o(5) + 12 = 12+ 18 -8 — 6+ 12.
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23. [HM25] Use Jacobi's triple product identity (19) to prove another formula that
he discovered:

JJA -2 = 1-32+52° - 725 +9:° — .. = Z "on +1)2{"7 ).

k=1 n=0

24. [M26] (S. Ramanujan, 1919.) Let A(z) = []2,(1 - 2*)*

a) Prove that [z"] A(z) is a multiple of 5 when n mod 5 = 4.

b) Prove that [2”] A(z)B(z)" has the same property, if B is any power series with
integer coefficients.

c) Therefore p(n) is a multiple of 5 when nmod 5 = 4,

25. [HM27] Improve on (22) by using (a) Euler's summation formula and (b} Mellin
transforms to estimate In P(e™*). Hint: The dilogarithm function Liz(z) = z/1? +
£%/2® + 23/3% + ... satisfies Lis(z) + Li2(1 — ) = ¢(2) ~ (Inz) In(1 — z).

26. [HM22] In exercises 5.2.2-44 and 5.2.2-51 we studied two ways to prove that

z.e"““f" =% Vim-1)+0nM)  forall M > 0.

Show that Poisson’s summation formula gives a much stronger result.
27. [HM23] Evaluate (29) and complete the calculations leading to Theorem D.

28. [HM42]) (D. H. Lehmer.) Show that the Hardy—Ramanujan-Rademacher coeffi-
cients Ax(n) defined in (34) have the following remarkable properties:

a) If k is odd, then Azc(km + 4n + (k* — 1)/8) = Az(m) Ai(n).

b) If p is prime, p* > 2, and k L 2p, then

Aper(Km + p%n = (K* + 9 — 1)/24) = (=1)P =Y A4, (m) Ax(n).

In this formula k% + p?® — 1 is a multiple of 24 if p or k is divisible by 2 or 3:
otherwise division by 24 should be done modulo p®k.

c) If p is prime, |Ape(n)| < 2(P>2Ipe/2,

d) If p is prime, Ape(n) # 0 if and only if 1 — 24n is a quadratic residue modulo p
and either e = 1 or 2dnmod p # 1.

e) The probability that 4,(n) = 0, when k is divisible by exactly ¢ primes > 5 and
n is a random integer, is approximately 1 — 27%.

» 29, [M16] Generalizing (41), evaluate the sum Eu;'}az} Sap>1 %1 2 o

30. [M17] Find closed forms for the sums
n—km
(a) Y and (b)Y

m-—1

k>0 k>0

"l
m—k

(which are finite, because the terms being summed are zero when k is large).

31. [M24] (A. De Morgan, 1843.) Show that || = [n/2] and |3} = [(n® + 6)/12];
find a similar formula for |:|

32. [M15] Prove that |”| < p(n — m) for all m,n > 0. When does equality hold?

33. [HM20] Use the fact that there are exactly (;:U composttions of n into m parts,

Eq. 7.2.1.3-(g), to prove a lower bound on |"|. Then set m = [\/n ] to obtain an ele-
mentary lower bound on p(n).
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» 34. [HM21] Show that |*~™(™~1/2| is the number of partitions of n into m distinct
parts. Consequently

m=—1

’mt - m!?m—l)!(1+o(mT3)) when m < n'/3,

35. [HM21] In the Erdds-Lehner probability distribution (43), what value of z is
(a) most probable? (b) the median? (c) the mean? (d) What is the standard deviation?
36. [HM24] Prove the key estimate (47) that is needed in Theorem E.

37. [M22] Prove the inclusion-exclusion bracketing lemma (48), by analyzing how
many times a partition that has exactly q different parts exceeding m is counted in the
rth partial sum.

38. [M20] What is the generating function for the partitions of n that have Ex&(‘:ﬂ}i’
m parts, and largest part [?7

» 39. [M25] (F. Franklin.) Generalizing Theorem C, show that, for 0 < k < m,
_ zI+l) L {1 _ zH-k)

1
L
| ][l—z)(l-z’]...(l—z“‘)

is the number of partitions aja; ... of n into m or fewer parts with the property that
a1 < ak+1 + 1.

40. [M22] (A. Cauchy.) What is the generating function for partitions into m parts,
all distinct and less than (7

41. [HM42] Extend the Hardy-Ramanujan-Rademacher formula (32) to obtain a
convergent series for partitions of n into at most m parts, with no part exceeding .

42. [HM42] Find the limiting shape, analogous to (49), for random partitions of n
into at most #y/n parts, with no part exceeding ,/n, assuming that 8y > 1.

43. [M21] Given n and k, how many partitions of n have a; > a3 > -++ > ax?

» 44, [M22] How many partitions of n have their two smallest parts equal?
45. [HM21] Compute the asymptotic value of p(n—1)/p(n), with relative error O(n~?).
46. [M20] In the text’s analysis of Algorithm P, which is larger, T3(n) or T3 (n)?

» 47. [HM22] (A. Nijenhuis and H. S. Wilf, 1975.) The following simple algorithm,
based on a table of the partition numbers p(0), p(1), ..., p(n), generates a random
partition of n using the part-count representation ¢ ... cn of (8). Prove that it produces
each partition with equal probability.

N1. [Initialize.] Set m «+~nand ¢1...c. < 0...0.
N2. [Done?] Terminate if m = 0.
N3. [Generate.] Generate a random integer M in the range 0 < M < mp(m).

N4. [Choose parts.] Set s « 0. Then for j = 1, 2, ..., n and for k = 1, 2,
..y |m/7], repeatedly set s < s+ kp(m — jk) until s > M.

N5. [Update.] Set cx + ¢k + 7, m « m — jk, and return to N2. |
Hint: Step N4, which is based on the identity

m |m/3]

Z Z kp(m — gk) = mp(m),

j=1 k=1

chooses each particular pair of values (j, k) with probability kp(m — jk)/(mp(m)).
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48. [HM40] Analyze the running time of the algorithm in the previous exercise.

> 49. [HM26] (a) What is the generating function F(z) for the sum of the smallest parts
of all partitions of n? (The series begins z + 32* + 52° +92* +122° +...))
(b) Find the asymptotic value of [2"] F(z), with relative error O(n ™).

50. [HM33] Let ¢(m) = ¢m(2m) in the recurrence (56), (57).
a) Prove that em(m + k) =m — k + ¢(k) for 0 < k < m.
b) Consequently (58) holds for m < n < 2m if ¢(m) < 3p(m) for all m.
c) Show that ¢(m) — m is the sum of the second-smallest parts of all partitions of m.

d) Find a one-to-one correspondence between all partitions of n with second-smallest
part k and all partitions of numbers < n with smallest part k + 1.

e) Describe the generating function ) . c¢(m)z™.

f) Conclude that ¢(m) < 3p(m) for all m > 0.
51. [M46] Make a detailed analysis of Algorithm H.

» 52, [M21] What is the millionth partition generated by Algorithm P when n = 647
Hint: p(64) = 1741630 = 1000000 + | 3] + |5| + || + 5] + 5] + [5] + || + 7).
» 53. [M21] What is the millionth partition generated by Algorithm H when m = 32
and n = 100? Hint: 999999 = |19 + 58| + || + |4 + 3] + [%°] + 2.
» 54. [M30] The partition a = aiaz... is said to majorize the partition 8 = bib,...,
writtena > Bor 8 X a,ifa; +--+ax 2 b1+ -+ + b for all k > 0.
- a) True or false: & > 8 implies a > 8 (lexicographically).
b) True or false: a > 8 implies BT > aT.
c) Show that any two partitions of n have a greatest lower bound a A 8 such that
a > vy and B8 > v if and only if a A 8 > v. Explain how to compute a A 3.
d) Similarly, explain how to compute a least upper bound a V 8 such that v > a and
v > B if and only if ¥y > a V 3.
e) If a has [ parts and 3 has m parts, how many parts do @ A 8 and a V 8 have?
f) True or false: If a has distinct parts and 8 has distinct parts, then so do a A 3
and a V f.

» 55. [M27] Continuing the previous exercise, say that a covers 8 if & > 8, a # S,
and a > v > B implies v = a or v = 8. For example, Fig. 32 illustrates the covering
relations between partitions of the number 12.

a) Let us write a > B if @ = a1az... and B = byby... are partitions for which
by =ax — [k=1]+ [k=1+ 1] for all k > 1 and some ! > 1. Prove that a covers
if and only if a > B or BT b a”.

b) Show that there is an easy way to tell if a covers § by looking at the rim
representations of a and S.

c) Let n = ("?) + ("}) where nz > n; > 0. Show that no partition of n covers more
than ng — 2 partitions.

d) Say that the partition p is minimal if there is no partition A with u > A. Prove
that u is minimal if and only if #T has distinct parts.

e) Suppose @ = ap - oy b - b o and @ = ap > aj + -+ > a}s, where a; and
aj are minimal partitions. Prove that k = k’ and a; = a}:.

f) Explain how to compute the lexicographically smallest partition into distinct parts
that majorizes a given partition a.

g) Describe An, the lexicographically smallest partition of n into distinct parts. What
is the length of all paths n* =ag b a; » --- b AI?
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_ 32111111
Fig. 32. The majorization 3111111111 (2211111
lattice for partitions of 12. VPISNRINEN
See exercises 54-58.
( ) 21111111111
111111111111

h) What are the lengths of the longest and shortest paths of the form n' = ap, ai,
..., ap = 1", where a; covers a;j; for 0 < j <17

» 56. [M27) Design an algorithm to generate all partitions « such that A X a < u,
given partitions A and g with A < p.

Note: Such an algorithm has numerous applications. For example, to generate all
partitions that have m parts and no part exceeding [, we can let A be the smallest such
partition, namely [n/m]...|n/m] as in exercise 3, and let p be the largest, namely
((n=m+1)1™"1) A (Iln/4 (n mod l}). Similarly, according to a well-known theorem of
H. G. Landau [Bull. Math. Biophysics 15 (1953), 143-148], the partitions of () such

that
m |m/2) | . — 1 | Tm/2]
[EJ [ 2 J

are the possible “score vectors” of a round-robin tournament, namely the partitions
aj ...am such that the jth strongest player wins a; games.

< a < (m-1)(m-2)...21
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57. [M22| Suppose a matrix (a:;) of Os and 1s has row sums r; = 3 a;; and column
sums ¢; = ). a;j. Then A =riry... and = cicz... are partitions of n = ), - aij.
Prove that such a matrix exists if and only if A < uT.

58. [M29] (Symmetrical means.) Let @ = a;...am and 8 = by ...bn be partitions
of n. Prove that the inequality

1 Z a 1 E
1 am by bm
' zpl ti-i-mpm 2 ! lzpl ---zpm

holds for all nonnegative values of the variables (zi,...,Zmn), where the sums range over
all m! permutations of {1,...,m}, if and only if a > 8. (For example, this inequality
reduces to (y1 + -+ yn)/n > (y1...yn)"/" in the special case m = n, a = n0...0,
B=11...1,z; =y/")

59. [M22] The Gray path (59) is symmetrical in the sense that the reversed sequence
6, 51, ..., 111111 is the same as conjugate sequence (111111)7, (21111)7, ..., (6)7.
Find all Gray paths ai, ..., ap(,) that are symmetrical in this way.

60. [23] Complete the proof of Theorem S by modifying the definitions of L(m,n)
and M(m,n) in all places where L(4,6) is called in (62) and (63).

61. [26] Implement a partition-generation scheme based on Theorem S, always speci-
fying the two parts that have changed between visits.

62. [46] Prove or disprove: For all sufficiently large integers n and 3 < m < n such
that n mod m # 0, and for all partitions a of n with a; < m, there is a Gray path
for all partitions with parts < m, beginning at 1™ and ending at o, unless a = 1™ or
a=21""2

63. [47] For which partitions A and p is there a Gray code through all partitions a
such that A < a < u?

> 64. [32] (Binary partitions.) Design a loopless algorithm that visits all partitions of n
into powers of 2, where each step replaces 2% 4 2% by 2%+1 or vice versa.

65. [28] It is well known that every commutative group of m elements can be repre-
sented as a discrete torus T(m,,...,m,) with the addition operation of 7.2.1.3-(66),
where m = m; ... m, and m; is a multiple of m;4, for 1 < j < n. For example, when
m = 360 = 2° . 3% . 5! there are six such groups, corresponding to the factorizations
(m1,ma,ms) = (30,6,2), (60,6,1), (90,2,2), (120,3,1), (180,2,1), and (360, 1,1).

Explain how to generate all such factorizations systematically with an algorithm
that changes exactly two of the factors m; at each step.

» 86. {M25] (P-partitions.) Instead of insisting that a; > a; > -, suppose we want
to consider all nonnegative compositions of n that satisfy a given partial order. For

example, P. A. MacMahon observed that all solutions to the “up-down” inequalities
a4 < a3 > a3 < a; can be divided into five nonoverlapping types:

@) 2 a2 2 a3z > ag; Q) > Gz > a4 > a3;

@3> Q1 2G3 > G4; G2 > Q12> Gq > as;, az > a4 > 41 > Q3.

Each of these types is easily enumerated since, for example, az > a1 > a4 > a3 is
equivalent to az — 2 > a; — 1 > a4 — 1 > a3; the number of solutions with a3 > 0 and
a)+aa+asz+a4 = n is the number of partitions of n—1—2—0—1 into at most four parts.

Explain how to solve a general problem of this kind: Given any partial order
relation < on m elements, consider all m-tuples a; . ..am with the property that a; > ax
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when j < k. Assuming that the subscripts have been chosen so that j < k implies j < k,
show that all of the desired m-tuples fall into exactly N classes, one for each of the out-
puts of the topological sorting algorithm 7.2.1.2V. What is the generating function for
all such a; ... a, that are nonnegative and sum to n? How could you generate them all?

87. [M25] (P. A. MacMahon, 1886.) A perfect partition of n is a multiset that has

exactly n+1 submultisets, and these multisets are partitions of the integers 0, 1, ..., n.

For example, the multisets {1,1,1,1,1}, {2,2,1}, and {3,1,1} are perfect partitions of 5.
Explain how to construct the perfect partitions of n that have fewest elements.

68. [M23] What partition of n into m parts has the largest product a; ...am, when
(a) m is given; (b) m is arbitrary?

69. [M30] Find all n < 10° such that the equation z; + z2 + - + zpn = 7122...2Zn
has only one solution in positive integers ; > z3 > -+ > z,. (There is, for example,
only one solution whenn = 2, 3, or 4; but 5+2+14+14+1=5-2:1.1.1 and
3+34+1+1+41=3-3-1-1-1and2+2+4+2+1+1=2-2-2-1-1.)
70. [M30] (“Bulgarian solitaire.”) Take n cards and divide them arbitrarily into one
or more piles. Then repeatedly remove one card from each pile and form a new pile.
Show that if n = 1+ 2+ --- +m, this process always reaches a self-repeating state
with piles of sizes {m,m — 1,...,1}. For example, if n = 10 and if we start with piles
whose sizes are {3, 3,2, 2}, we get the sequence of partitions

3322 — 42211 — 5311 — 442 — 3331 — 4222 — 43111 - 532 — 4321 -+ 4321 — - - -,

What cycles of states are possible for other values of n?

71. [M46] Continuing the previous problem, what is the maximum number of steps
that can occur before n-card Bulgarian solitaire reaches a cyclic state?

72. [M25] Suppose we write down all partitions of n, for example

6, 51, 42, 411, 33, 321, 3111, 222, 2211, 21111, 111111
when n = 6, and change each jth occurrence of k to j:

1, 11, 11, 112, 12, 111, 1123, 123, 1212, 11234, 123456.

a) Prove that this operation yields a permutation of the individual elements.
b) How many times does the element k appear altogether?

7.2.1.5. Generating all set partitions. Now let’s shift gears and concentrate
on a rather different kind of partition. The partitions of a set are the ways
to regard that set as a union of nonempty, disjoint subsets called blocks. For
example, we listed the five essentially different partitions of {1,2,3} at the
beginning of the previous section, in 7.2.1.4-(2) and 7.2.1.4—(4). Those five
partitions can also be written more compactly in the form

123, 123, 13[2, 1]23, 12/3, (1)

using a vertical line to separate one block from another. In this list the elements
of each block could have been written in any order, and so could the blocks
themselves, because ‘132’ and ‘31)2’ and ‘2|13’ and ‘2|31’ all represent the same
partition. But we can standardize the representation by agreeing, for example,
to list the elements of each block in increasing order, and to arrange the blocks in
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increasing order of their smallest elements. With this convention the partitions
of {1,2,3,4} are

1234, 1234, 124|3, 12|34, 12|3|4, 134]2, 13|24, 13|2/4,

14123, 1234, 1|2314, 14]2]3, 1]243, 1|2[34, 1]2/3/4, 2)

obtained by placing 4 among the blocks of (1) in all possible ways.

Set partitions arise in many different contexts. Political scientists and
economists, for example, often see them as “coalitions”; computer system de-
signers may consider them to be “cache-hit patterns” for memory accesses;
poets know them as “rhyme schemes” (see exercises 34-37). We saw in Section
2.3.3 that any equivalence relation between objects — namely any binary relation
that is reflexive, symmetric, and transitive — defines a partition of those objects
into so-called “equivalence classes.” Conversely, every set partition defines an
equivalence relation: If I7 is a partition of {1,2,...,n} we can write

7 = k (modulo IT) (3)

whenever j and k belong to the same block of IT.

One of the most convenient ways to represent a set partition inside a com-
puter is to encode it as a restricted growth string, namely as a string a,a;...a,
of nonnegative integers in which we have

a; =0 and ﬂrj-}.lﬂl'l‘max(ﬂlw--:aj) for1<j<n. (4)

The idea is to set a; = ai if and only if j = k, and to choose the smallest
available number for a; whenever j is smallest in its block. For example, the
restricted growth strings for the fifteen partitions in (2) are respectively

0000, 0001, 0010, 0011, 0012, 0100, 0101, 0102,

0110, 0111, 0112, 0120, 0121, 0122, 0123. (5)

This convention suggests the following simple generation scheme, due to George
Hutchinson [CACM 6 (1963), 613-614):

Algorithm H (Restricted growth strings in lezicographic order). Given n > 2,
this algorithm generates all partitions of {1,2,...,n} by visiting all strings
ajaz...a, that satisfy the restricted growth condition (4). We maintain an
auxiliary array b, ...b,, where b;41 = 1+ max(a,,...,a;); the value of b, is
actually kept in a separate variable, m, for efficiency.

H1. [Initialize.| Set a;...ap < 0...0,b1...bp_y + 1...1,and m « 1.

H2. [Visit.] Visit the restricted growth string a;...a,, which represents a
partition into m + [a, =m] blocks. Then go to H4 if a, = m.

H3. [Increase a,,.] Set a, + a, + 1 and return to H2.
H4. [Find j.] Set j + n — 1; then, while a; = b;, set j + j ~ L.
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HS5. [Increase a;.] Terminate if j = 1. Otherwise set a; + a; + 1.

H6. (Zero out a;41...a,.] Set m < bj + [a; =b,] and j « 7 + 1. Then, while
J <n,set a; « 0, b; <~ m, and j « j + 1. Finally set a,, < 0 and go back
to H2. |

Exercise 47 proves that steps H4-H6 are rarely necessary, and that the loops
in H4 and H6 are almost always short. A linked-list variant of this algorithm
appears in exercise 2.

Gray codes for set partitions. One way to pass quickly through all set
partitions is to change just one digit of the restricted growth string a; ...a, at
each step, because a change to a; simply means that element j moves from one
block to another. An elegant way to arrange such a list was proposed by Gideon
Ehrlich [JACM 20 (1973), 507-508]: We can successively append the digits

O,0m m-1,...,1 or 1, ..., m—=1,m, 0 (6)

to each string a;...a,—; in the list for partitions of n — 1 elements, where
m = 1+max(ay,...,a,~1), alternating between the two cases. Thus the list ‘00,
01’ for n = 2 becomes ‘000, 001, 011, 012, 010’ for n = 3; and that list becomes

0000, 0001, 0011, 0012, 0010, 0110, 0112, 0111,

0121, 0122, 0123, 0120, 0100, 0102, 0101 (7)

when we extend it to the case n = 4. Exercise 14 shows that Ehrlich’s scheme
leads to a simple algorithm that achieves this Gray-code order without doing
much more work than Algorithm H.

Suppose, however, that we aren’t interested in all of the partitions; we might
want only the ones that have exactly m blocks. Can we run through this smaller
collection of restricted growth strings, still changing only one digit at a time?
Yes; a very pretty way to generate such a list has been discovered by Frank
Ruskey [Lecture Notes in Comp. Sci. 762 (1993), 205-206]. He defined two
such sequences, A,,, and A,,,, both of which start with the lexicographically
smallest m-block string 0"~™01...(m~1). The difference between them, if
n > m + 1, is that A,,, ends with 01...(m-1)0""™ while A,,,, ends with
0"~™-101...(m—1)0. Here are Ruskey’s recursive rules, when 1 < m < n:

(A_ya(m=1), AR (m~-1),..., AR 1, A_ 0, if m is even;
A = 4 8
m(n+1) h A‘Em_l]ﬂ(m~1),Amﬂ(m—1), AR 1,A_ 0, if m is odd; (8)

s R ' . .
! — Aim—l]n[m_l)! Amn(m—l)! Ty Amnli Amnﬁr if m is even; (9)

m(n+1) .. A{m_l}ﬂ(m_1),Agﬂ(m-1), A 1, AR 0, if m is odd.

Of course the base cases are simply one-element lists,

A, = A, =1{0"} and Apn ={01...(n-1)}. (10)
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With these definitions the {3} = 25 partitions of {1,2,3,4,5} into three blocks
are
00012, 00112, 01112, 01012, 01002, 01102, 00102,
00122, 01122, 01022, 01222, 01212, 01202,
01201, 01211, 01221, 01021, 01121, 00121,
00120, 01120, 01020, 01220, 01210, 01200.

(See exercise 17 for an efficient implementation.)

In Ehrlich’s scheme (7) the rightmost digits of a; ...a, vary most rapidly,
but in Ruskey’'s scheme most of the changes occur near the left. In both cases,
however, each step affects just one digit a;, and the changes are quite simple:
Either a; changes by +1, or it jumps between the two extreme values 0 and
1+ max(ay,...,a;j-1). Under the same constraints, the sequence A}, A}, ...,

Ay, runs through all partitions, in increasing order of the number of blocks.

(11)

The number of set partitions. We've seen that there are 5 partitions of
{1,2,3} and 15 of {1,2,3,4}. A quick way to compute these counts was dis-
covered by C. 8. Peirce, who presented the following triangle of numbers in the
American Journal of Mathematics 3 (1880), page 48:

1
2 1
5 3 2

15 10 7 5 (12)

52 37 2T 20 15
203 151 114 B7 67 52

Here the entries @p1, @2, ..., @Wan of the nth row obey the simple recurrence

and wy; = 1. Peirce’s triangle has many remarkable properties, some of which
are surveyed in exercises 26-31. For example, @y, is the number of partitions
of {1,2,...,n} in which k is the smallest of its block.

The entries on the diagonal and in the first column of Peirce’s triangle, which
tell us the total number of set partitions, are commonly known as Bell numbers,
because E. T. Bell wrote several influential papers about them [AMM 41 (1934),
411-419; Annals of Math. 35 (1934), 258-277; 39 (1938), 539-557]. We shall
denote Bell numbers by w,,, following the lead of Louis Comtet, in order to avoid
confusion with the Bernoulli numbers B,,. The first few cases are

n=012345 6 7 8 9 10 11 12
wp,=11 2 5 15 52 203 B77 4140 21147 115975 678570 4213597

Notice that this sequence grows rapidly, but not as fast as n!; we will 'prove below
that w, = 8(n/logn)".
The Bell numbers @,, = @y, for n > 0 must satisfy the recurrence formula

n n n
@Wntl = @Wnt (l)wn-l*(z)ﬁ'n—z-F“' = ;(k)mn-h (14)
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because every partition of {1,...,n + 1} is obtained by choosing k¥ elements of
{1,...,n} to put in the block containing n+1 and by partitioning the remaining
elements in ©,, _x ways, for some k. This recu-rence, found by Yoshisuke Matsu-
naga in the 18th century (see Section 7.2.1.7), leads to a nice generating function,

_ = z" . et=1
H(z) - Zﬂwn;ﬁ' = € 1 (15)
discovered by W. A. Whitworth [Choice and Chance, 3rd edition (1878), 3.XXIV).
For if we multiply both sides of (14) by 2"/n! and sum on n we get

b z" =, 2k s z™
() = oy = (L 77) (X onig) =1
2 ! | !

k=0 m=0
and (15) is the solution to this differential equation with I7(0) = 1.

The numbers w, had been studied for many years because of their curious
properties related to this formula, long before Whitworth pointed out their
combinatorial connection with set partitions. For example, we have

oonl e n!nme’"’ 1 v k"
wp = — [z e --_;mkz_nm_ o (26)

€ €
k=0

[Mat. Sbornik 3 (1868), 62; 4 (1869), 39; G. Dobiriski, Archiv der Math. und
Physik 61 (1877), 333-336; 63 (1879), 108-110). Christian Kramp discussed
the expansion of e¢” in Der polynomische Lehrsatz, ed. by C. F. Hindenburg
(Leipzig: 1796), 112-113; he mentioned two ways to compute the coefficients,
namely either to use (14) or to use a summation of p(n) terms, one for each
ordinary partition of n. (See Arbogast’s formula, exercise 1.2.5-21. Kramp,
who came close to discovering that formula, seemed to prefer his partition-based
method, not realizing that it would require more than polynomial time as n got
larger and larger; and he computed 116015, not 115975, for the coefficient of z1°.)

* Asymptotic estimates. We can learn how fast w, grows by using one of the
most basic principles of complex residue theory: If the power series E:O:u apz*
converges whenever |z| < r, then

1 ap+arz+ag2t+---
zP

dz, (17)

if the integral is taken along a simple closed path that goes counterclockwise
around the origin and stays inside the circle |z| = r. Let f(z) = Y 1o ,ax2*™"
be the integrand. We're free to choose any such path, but special techniques
often apply when the path goes through a point zo at which the derivative f’(2q)
1s zero, because we have

an-1 =

Fla+ee) = f(z) + E20 2620 1 (e (28)

in the vicinity of such a point. If, for example, f(z9) and f”(z) are real and
positive, say f(zp) = u and f"(zp) = 2v, this formula says that the value of
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Fig. 33. The behavior of an analytic
function near a saddle point.

1!.:1+E

e _zp
Z0—1€

f(zo £ €) is approximately u + ve? while f(zo =+ i€) is approximately u — ve?. If z
moves from zg — i€ to 2zg + i€, the value of f(z) rises to a maximum value u, then
falls again; but the larger value u+ve? occurs both to the left and to the right of
this path. In other words, a mountaineer who goes hiking on the complex plane,
when the altitude at point z is Rf(z), encounters a “pass” at zp; the terrain
looks like a saddle at that point. The overall integral of f(z) will be the same
if taken around any path, but a path that doesn’t go through the pass won't be
as nice because it will have to cancel out some higher values of f(z) that could
have been avoided. Therefore we tend to get best results by choosing a path that
goes through 2o, in the direction of increasing imaginary part. This important
technique, due to P. Debye [Math. Annalen 67 (1909), 535-558), is called the
“saddle point method.”
Let’s get familiar with the saddle point method by starting with an example
for which we already know the answer:
1 1 e*

(n—1)!  2mi J zn az. (19)

Our goal is to find a good approximation for the value of the integral on the right
when n is large. It will be convenient to deal with f(z) = e?/2" by writing it as
e9(2) where g(z) = z—nIn z; then the saddle point occurs where g'(20) = 1-n/2
is zero, namely at 29 = n. If 2 = n + it we have

©_ (K (n
o(z) = g(m) + Y 1 in)

=nonbn- ot T T T
because g(¥)(z) = (—1)¥(k — 1)!n/z* when k > 2. Let’s integrate f(z) on a
rectangular path from n — ¢m to n + im to —n +1im to —n —im to n —wm:

1 e* | R . 1 -n .
—— —dz—ﬁﬁmf(ﬂ+it)dt+ﬁ[‘ f(t+1m)dt

211 zn

1" imydt.

1 —1m
— — it) dt
+2ﬂfm fentidit oo |
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Clearly |f(z)| < 27" f(n) on the last three sides of this path if we choose m = 2n,
because |e*| = e®* and |z| > max(Rz, 3z); so we're left with
1 z 1 m

e : ne™
A Je o, L jantit) g ( )
mi P 7% T o + O\ gnpm

Now we fall back on a techmque tha]: we've used several times before-—
for example to derive Eq. 5.1.4~(53): If f(t) is a good approximation to f (t)
when ¢ € A, and if the sums .\ 4 f(t) and } e cn 4 f(t) are both small, then

Y tec f(t) is a good approximation to },.p f(t). The same idea applies to
integrals as well as sums. [This general method, introduced by Laplace in 1782,
is often called “trading tails”; see CMath §9.4.] If |t| < n'/2%¢ we have

. 2 it?
Eg{ﬂ"'i"t) — ,Exp(g( ) [ + L + . .)

e” ( 2 g3 ¢t

_ ¢ O(n3-3/2 )
n" KP\Ton T3z T 4nd +0(n )
£2/(2n) it® t° 9¢—3/2
=S e 1 - e=3/2)),
an© ( 32t e e O ])

And when |t| > n!/?*¢ we have

n

e
: . e n _ en—n /2
|Eﬂ'[ﬂ+tt]| < lf(n—f—inlﬂ'i'ﬁ)l — Eexp("ﬁ ln(l + n2¢ 1)) — O(T)
Furthermore the incomplete gamma function

oo 2
f ot/ (2n) gk gy — o(k=1)/2,)(k+1)/2 I‘(k + 1’ n E) — OnOWe=n*/2)
nl/2+e 2 2

is negligible. Thus we can trade tails and obtain the approximation

1 e* e” o t2/(2n) it t4 t° 9e—3/2
= $ 4= -t/ (2n (1 _ = )
omi ) zh . 2mnn [ me 302 T 43 T 18 +0(n ))dt

e” 1 1
_ In+ b7 - —Is+0 9e—3/2 )
2rn" ( ot 3n2 > + 4113 a3 18n4 ° +0(n )

where [ = ff;e‘*zf (2n)¢k dt. Of course I = 0 when k is odd. Otherwise we
can evaluate I by using the well-known fact that

/c-o —at? 2l gy _ r((20+ 1)/2) H (25— 1) (20)

a(2l+1)/2 2a)(2:+1);2

=1
when a > 0; see exercise 39. Putting everything together gives us, for all € > 0,
the asymptotic estimate

3 15

1 _ e" 9e—3/2
oD - Vo2 (14+0+ 4 ~ g5n +Olm )i @)

this result agrees perfectly with Stirling’s approximation, which we derived by
quite different methods in 1.2.11.2-(19). Further terms in the expansion of
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g(n + it) would allow us to prove that the true error in (21) is only O(n~2),
because the same procedure yields an asymptotic series of the general form
e/ (V2rn™~Y2) (1 4+ e1/n+c2/n? + -+ em /2™ + O(n~™"1)) for all m.

Our derivation of this result has glossed over an important technicality: The
function In z is not single-valued along the path of integration, because it grows
by 2ni when we loop around the origin. Indeed, this fact underlies the basic
mechanism that makes the residue theorem work. But our reasoning was valid
because the ambiguity of the logarithm does not affect the integrand f(z) =
e*/z"™ when n is an integer. Furthermore, if n were not an integer, we could
have adapted the argument and kept it rigorous by choosing to carry out the
integral (19) along a path that starts at —oo, circles the origin counterclockwise
and returns to —oco. That would have given us Hankel's integral for the gamma
function, Eq. 1.2.5-(17); we could thereby have derived the asymptotic formula

1 1 e’ e* ( 1

T~ mf =%~ Jagiz\' " 122

valid for all real z as z — o0.

So the saddle point method seems to work — although it isn’t the simplest
way to get this particular result. Let’s apply it now to deduce the approximate
size of the Bell numbers:

+ O(a:“E)), (22)

mn—l _ 1
(n—1)!  2mie

j&eg{” dz, g9(z) =e* —nlnz. (23)
A saddle point now occurs at the point 2o = £ > 0, where

et = n. (24)

(We should actually write £(n) to indicate that £ depends on n; but that would
clutter up the formulas below.) Let’s assume for the moment that a little bird
has told us the value of £. Then we want to integrate on a path where z = £ +it,
and we have

(@) €+1  (i)*€2 -2  (it)* €% + 3! +)

9(‘5”'5):'35*“(1“6_ 2 e 3 g PR

By integrating on a suitable rectangular path, we can prove as above that the
integral in (23) is well approximated by
e=1/2

Eg{f]*ﬂﬂztz'-ﬂiﬂstz-f*ﬂﬂ,‘ig-{--" di

—ne-1/2

n

k=1 (—1)*(k-1)!
ay = 3 +(k! §)k( ) i (25)

see exercise 43. Noting that axt* is O(n*¢~*/2) inside this integral, we obtain an
asymptotic expansion of the form

Wn-1 =

E‘E‘l(n - 1)! by b bem log n\™m*1
En_1¢zwn(5+1)(1+ wm et ro(S) ) @)

n n? nm n
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where (£ + 1)%b; is a polynomial of degree 4k in £. (See exercise 44.) For
example,
26* —36%-206% 186 +2
N 24(£+1)° ’
4£8 —156£7 —695£° —696£° + 109264 +2916£3 4197262 —72¢ +4
1152(£+1)8 '

Stirling’s approximation (21) can be used in (26) to prove that

@n-s =exp(n(€ -1+ 7) ~€- i +1) -1~ =+ O(1B2Y); (ag)

by = (27)

by = (28)

£ 12n n
and exercise 45 proves the similar formula
1y 1 £ log n\?
n = —14=)-=1 -1-—= — ).
w exp(n(cf + E) 5 n({+1)-1 12n+0( - ) ) (30)

Consequently we have w,, /w,_; ~ e* = n/¢. More precisely,

Dn-1 _ £(1+O(l)) (31)

Wn T n

But what is the asymptotic value of £? The definition (24) implies that
§=Inn~In{=Inn-In(lnn - Iné)

=lnn~lnlnn+0(lﬂglugn); (32)
logn

and we can go on in this vein, as shown in exercise 49. But the asymptotic
serles for £ developed in this way never gives better accuracy than O(1/(logn)™)
for larger and larger m; so it is hugely inaccurate when multiplied by n in
formula (29) for @, _, or formula (30) for w,.

Thus if we want to use (2g) or (30) to calculate good numerical approxima-
tions to Bell numbers, our best strategy is to start by computing a good numerical
value for , without using a slowly convergent series. Newton’s rootfinding
method, discussed in the remarks preceding Algorithm 4.7N, yields the efficient
iterative scheme

(14 6o~ Ing), (33)

which converges rapidly to the correct value. For example, when n = 100 the
fifth iterate
& = 3.38563 01402 90050 18488 82443 64529 72686 74917~ (34)

is already correct to 40 decimal places. Using this value in (29) gives us successive
approximations

(1.6176088053...,1.6187421339...,1.6187065391...,1.6187060254...) x 10'**

when we take terms up to by, by, bg, b3 into account; the true value of wgg is the
115-digit integer 16187060274460...20741.

‘Eﬂ = hlﬂr, Ek+l -
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5 x 10114 :
]
. - 100
Fig. 34. The Stirling numbers {'*°}
are greatest near m = 28 and m = 29.
m 0 Ilﬂ Eh EIU 41l] 5}] ﬁ;} TTU 3‘0 910 léﬂ

Now that we know the number of set partitions w,, let’s try to figure out
how many of them have exactly m blocks. It turns out that nearly all partitions
of {1,...,n} have roughly n/€ = e blocks, with about £ elements per block.
For example, Fig. 34 shows a histogram of the numbers {:1} when n = 100 and
e ~ 29.54.

We can investigate the size of {:1} by applying the saddle point method to
formula 1.2.9—(23), which states that

n n ., m n! 1 Infe*—1)—
— —1 — min{e*—1)—(n+1}Inz _
{m} m/! 2"} (e ) m! 2m ¢ : dz (35)

Let @ = (n+ 1)/m. The function g(z) = a!In(e* — 1) — In z has a saddle point
at 0 > 0 when

a
1—e-7 = Q. (36}
Notice that a > 1 for 1 < m < n. This special value o is given by
o=a-f, B=T(ae ), (37)

where T is the tree function of Eq. 2.3.4.4—(30). Indeed, 3 is the value between
0 and 1 for which we have

Be P = ae™* (38)

the function ze % increases from 0 to e~! when z increases from 0 to 1, then it
decreases to 0 again. Therefore § is uniquely defined, and we have

e’ = —. (39)

All such pairs a and 3 are obtainable by using the inverse formulas

oe’ o
= ' — ,'I 0
@ = —— B =1 (40)

for example, the values a« = In4 and § = In 2 correspond to o = In 2.

We can show as above that the integral in (35) is asymptotically equivalent to
an integral of e{"+1)9(2) dz over the path z = o +it. (See exercise 58.) Exercise 56
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proves that the Taylor series about z = o,

2(1 _ i it)*
oo +it) = o(o) - LS 5 B g, (41)
k=3 )

has the property that
g%® ()| < 2(k - 1)!(1-B)/o*  for all k > 0. (42)

Therefore we can conveniently remove a factor of N = (n + 1)(1 — ) from the
power series (n + 1)g(z), and the saddle point method leads to the formula

()= BT h mt e o)) @)

as N — oo, where (1 — 8)%*b; is a polynomial in a and 8. (The quantity
(@ — B)""™B™ in the denominator comes from the fact that (e — 1)™/o™ =
(a/B —1)"/(a = B)", by (37) and (39).) For example,

y, _ 6-F°—daf’—a?8 52— 2 - ap)’
A TC ) R 7 (- I (44)

Exercise 57 proves that N — oo if and only if n — m — 00. An asymptotic ex-
pansion for {"} similar to (43), but somewhat more complicated, was first
obtained by Leo Moser and Max Wyman, Duke Math. J. 25 (1957), 29-43.

Formula (43) looks a bit scary because it is designed to apply over the
entire range of block counts m. Significant simplifications are possible when m
is relatively small or relatively large (see exercises 60 and 61); but the simplified
formulas don’t give accurate results in the important cases when {"} is largest.
Let’s look at those crucial cases more closely now, so that we can account for
the sharp peak illustrated in Fig. 34.

Let £e¢ = n as in (24), and suppose m = exp(£ + r/v/n) = ne™/Vh/¢; we
will assume that |r| < n¢, so that m is near e¢. The leading term of (43) can be
rewritten

n! 1
m! (@ — g)r~mB™ /2n(n + 1)(1 - B)
m" (ﬂ.-!-l)! En'-}*l B m-n E—ﬁm
m! (n + 1)n+l s/2ﬂr(n+1)( - ‘) s W

and Stirling’s approximation for (n + 1)! is evidently ripe for cancellation in the
midst of this expression. With the help of computer algebra we find

m” i1{3:-:1:!(11({— 1+1) - %(£+r2+f)

X

m! \/ﬁ £ §
ro o oy 1 e—1\ ).
_(§+E+£)ﬁ+o(n4 l)),



72 COMBINATORIAL SEARCHING (F3) 7.2.1.5

and the relevant quantities related to a and 3 are

r&?
et O
2
e Pm = exp(—zf - fj_ﬁ - 0(53112"1));
m—-n r 2 _
(l—g) :Exp(§~l+ ¢ \/é 1 +O[£3n2‘"1}).

Therefore the overall result is

{e£+?:fﬁ} = #Exp(n(ﬁ -1+ %) - g -1

- 5_+}_(T 36(26 + 3) + (£ + 2)1?
2 6(6+ 1)v/n

The squared expression on the last line is zero when

) +oEn* ). (49

_ £(2€ +3) 2,-3/2).
BN

thus the maximum occurs when the number of blocks is

_on 342 (¢
™= 2+2§+O(n)' (47)

By comparing (47) to (30) we see that the largest Stirling number {"} for a
given value of n is approximately equal to {w, /v 2mn.

The saddle point method applies to problems that are considerably more
difficult than the ones we have considered here. Excellent expositions of advanced
techniques can be found in several books: N. G. de Bruijn, Asymptotic Methods
in Analysis (1958), Chapters 5 and 6; F. W. J. Olver, Asymptotics and Special
Functions (1974), Chapter 4; R. Wong, Asymptotic Approximations of Integrals
(2001), Chapters 2 and 7.

*Random set partitions. The sizes of blocks in a partition of {1,...,n}
constitute by themselves an ordinary partition of the number n. Therefore
we might wonder what sort of partition they are likely to be. Figure 30 in
Section 7.2.1.4 showed the result of superimposing the Ferrers diagrams of all
p(25) = 1958 partitions of 25; those partitions tended to follow the symmetrical
curve of Eq. 7.2.1.4-(49). By contrast, Fig. 35 shows what happens when we
superimpose the corresponding diagrams of all wqs ~ 4.6386 x 10'® partitions
of the set {1,...,25}. Evidently the “shape” of a random set partition is quite
different from the shape of a random integer partition.

This change is due to the fact that some integer partitions occur only a few
times as block sizes of set partitions, while others are extremely common. For
example, the partition n = 1+ 1+ --- + 1 arises in only one way, but if n is
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Fig. 35. The shape of a random
set partition when n = 25.

even the partitionn=2+2+---+2 arisesin (n —1)(n—3)...(1) ways. When
n = 25, the integer partition

25 = 4444343+34+24+2+24+1+1

actually occurs in more than 2% of all possible set partitions. (This particular
partition turns out to be most common in the case n = 25. The answer to
exercise 1.2.5-21 explains that exactly

n!

cpl1ler gpl2lc2 | e Inlen (48)

set partitions correspond to the integer partitionn =c¢;-1+¢3:24 - +c¢, ' n.)
We can easily determine the average number of k-blocks in a random par-

tition of {1,...,n}: If we write out all w, of the possibilities, every particular

k-element block occurs exactly w,,_; times. Therefore the average number is

()=t (49)

An extension of Eq. (31) above, proved in exercise 64, shows moreover that

Dok () (14 BEELEED o)) itk<ars, (0

Wn n 2(6+1)%n n2
where £ is defined in (24). Therefore if, say, k < n*, formula (49) simplifies to
n¥ 3 . 1 £k 2e—1
w (5) (1+0(3)) = g a+om*). (51)

There are, on average, about ¢ blocks of size 1, and £2/2! blocks of size 2, etc.

The variance of these quantities is small (see exercise 65), and it turns out
that a random partition behaves essentially as if the number of k-blocks were
a Poisson deviate with mean ¢*/k!. The smooth curve shown in Fig. 35 runs
through the points (f(k), k) in Ferrers-like coordinates, where

f(k) = €Y (k4 1)1+ 6547/ (k+2)! + £5/(k +3)! +--- (52)
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1s the approximate distance from the top line corresponding to block size k > 0.
(This curve becomes more nearly vertical when n is larger.)

The largest block tends to contain approximately e{ elements. Furthermore,
the probability that the block containing element 1 has size less than £ 4+ a/¢
approaches the probability that a normal deviate is less than a. [See John
Haigh, J. Combinatorial Theory A13 (1972), 287-295; V. N. Sachkov, Prob-
abilistic Methods in Combinatorial Analysis (1997), Chapter 4, translated from
a Russian book published in 1978; Yu. Yakubovich, J. Mathematical Sciences 87
(1997), 41244137, translated from a Russian paper published in 1995; B. Pittel,
J. Combinatorial Theory AT9 (1997), 326-359.]

A nice way to generate random partitions of {1,2,...,n} was introduced by
A. J. Stam in the Journal of Combinatorial Theory A35 (1983), 231-240: Let
M be a random integer that takes the value m with probability

mﬂ
Pm = ; (53)

em!w,

these probabilities sum to 1 because of (16). Once M has been chosen, generate
a random n-tuple X; X, ... X,,, where each X is uniformly and independenily
distributed between 0 and M — 1. Then let i = j in the partition if and only if
X; = X;. This procedure works because each k-block partition is obtained with
probability 3° .. (m¥/m™)p,, = 1/w,.

- For example, if n = 25 we have

Pg ~ .00000372
ps ~ 00019696
pr =~ .02110279
ps ~ 07431024

pg =~ 15689865
P12 &~ .15794784
P13 ~ 08987171

P1s ~ 04093663
P1s ~ .00480507
p17 ~ .00128669
p1s & 00029839

p1s ~ 00006068
pao & 00001094
p21 ~ 00000176
pa2 & .00000026
pas ~ .00000003

and the other probabilities are negligible. So we can usually get a random
partition of 25 elements by looking at a random 25-digit integer in radix 9, 10,
11, or 12. The number M can be generated using 3.4.1-(3); it tends to be
approximately n/€ = e® (see exercise 67).

¥Partitions of a multiset. The partitions of an integer and the partitions of
a set are just the extreme cases of a far more general problem, the partitions of
a multiset. Indeed, the partitions of n are essentially the same as the partitions
of {1,1,...,1}, where there are n 1s.
From this standpoint there are essentially p(n) different multisets with n el-
ements. For example, five different cases of multiset partitions arise when n = 4:

1234, 1234, 124|3, 12|34, 12(3|4, 134]2, 13|24, 13]2]4,
14|23, 14|2|3, 1]234, 1|23/4, 1]24/3, 1]2|34, 1]2]3/4;
1123, 1123, 113|2, 11|23, 11]23, 123)1, 12/13, 12[1|3, 13|1]2, 1]1]23, 1/1/2|3;
1122, 112)2, 11|22, 11)2]2, 1221, 12]12, 12]1]2, 1]1]22, 1]1]2|2;
1112, 1112, 112|1, 11]12, 11}1}2, 12|1[1, 1|1]1|2;
1111, 1111, 1111, 11§1|1, 1|1j1[1. (54)



7.2.1.5 GENERATING ALL SET PARTITIONS 79

When the multiset contains m distinct elements, with n; of one kind, ny of
another, ..., and n,, of the last, we write p(ny,ng,...,ny,) for the total number
of partitions. Thus the examples in (54) show that

p(1,1,1,1) =15, p(2,1,1)=11, p(2,2)=9, p3,1)=7 p(4)=5. (55

Partitions with m = 2 are often called “bipartitions”; those with m = 3 are
“tripartitions”; and in general these combinatorial objects are known as multi-
partitions. The study of multipartitions was inaugurated long ago by P. A.
MacMahon [Philosophical Transactions 181 (1890), 481-636; 217 (1917), 81-
113; Proc. Cambridge Philos. Soc. 22 (1925), 951-963]; but the subject is so vast
that many unsolved problems remain. In the remainder of this section and in
the exercises below we shall take a glimpse at some of the most interesting and
instructive aspects of the theory that have been discovered so far.

In the first place it is important to notice that multipartitions are essentially
the partitions of vectors with nonnegative integer components, namely the ways
to decompose such a vector as a sum of such vectors. For example, the nine
partitions of {1, 1,2,2} listed in (54) are the same as the nine partitions of the
bipartite column vector 3, namely

2 20 20 200

11 1
29 11 02 011> 20 1

1, 101> 002> 0011- (56)
(We drop the + signs for brevity, as in the case of one-dimensional integer
partitions.) Each partition can be written in canonical form if we list its parts
in nonincreasing lexicographic order.

A simple algorithm suffices to generate the partitions of any given multiset.
In the following procedure we represent partitions on a stack that contains triples
of elements (c,u,v), where ¢ denotes a component number, u > 0 denotes the
yet-unpartitioned amount remaining in component ¢, and v < u denotes the
c component of the current part. Triples are actually kept in three arrays
(co,C1y-..), (ug,u1,...), and (vg,vy,...) for convenience, and a “stack frame”
array (fo, f1,...) is also maintained so that the (I + 1)st vector of the partition
consists of elements f; through f;,; — 1 in the ¢, u, and v arrays. For example,

the following arrays would represent the bipartition 3221199

1
0

1

j10 1,2 3/4(5 6|7 8|9]10

¢ | 1 2!1 2 1 201 2|22

uj |9 9,6 8 4,2 6 1 5|4]1

v; |3 1,2 2 2 1 1|1 1 3|1 (57)
o ™ T r~ Do |

Pl A IIEII I I | |
KR R 3 LIRS

Algorithm M (Multipartitions in decreasing lericographic order). Given a
multiset {n; - 1,...,n, - m}, this algorithm visits all of its partitions using
arrays fofi...fn, CoC1.--Cn, UoUp...%n, and vyv;...v, as described above,
where n = ny + -+ + n,,. We assume that m > 0 and n,,...,n, > 0.
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M1. [Initialize.] Set ¢; « j+ 1 and u; < v; « nj4; for 0 < j < m; also set
fo+—a+ < 0and f; « b « m. (In the following steps, the current
stack frame runs from a to b — 1, inclusive.)

M2, (Subtract v from u.] (At this point we want to find all partitions of the
vector u in the current frame, into parts that are lexicographically < v.
First we will use v itself.) Set j + a and k¥ + b. Then while 7 < b do the
following: Set uy < u; —v;, and if ux > v; set ¢,  ¢j, vx — v, k — k+1,
J + j+ 1. But if uy is less than v; after it has been decreased, the action
changes: First set cx « ¢j, vx ¢ ug, and k « k + 1 if u; was nonzero;
then set j « j + 1. While j < b, set ux « u; — vj, cx ¢ ¢j, vk ¢ ux, and
k + k+1if u; # v;; then again j « j + 1, until j = b.

M3. [Push if nonzero.] If k > b, set a <+ b, b+ k, l « 1l + 1, fi41 + b, and
return to M2.

M4. [Visit a partition.] Visit the partition represented by the ! + 1 vectors
currently in the stack. (For 0 < k <[, the vector has v; in component c;,

for fi <J < fes1.)

MS5. [Decrease v.] Set j « b—1, and if v; = 0 set j « j — 1 until v; > 0. Then
if j = a and v; = 1, go to M6. Otherwise set v; « v; — 1, and v « uy for
J < k < b. Return to M2.

MB6. [Backtrack.] Terminate if { = 0. Otherwise set | « | — 1, b + a, a + f,
and return to M5. |

The key to this algorithm is step M2, which decreases the current residual vector,
u, by the largest permissible part, v; that step also decreases v, if necessary, to
the lexicographically largest vector < v that is less than or equal to the new
residual amount in every component.

Let us conclude this section by discussing an amusing connection between
multipartitions and the least-significant-digit-first procedure for radix sorting
(Algorithm 5.2.5R). The idea is best understood by considering an example. See
Table 1, where Step (0) shows nine 4-partite column vectors in lexicographic
order. Serial numbers ()-(@ have been attached at the bottom for identifica-
tion. Step (1) performs a stable sort of the vectors, bringing their fourth (least
significant) entries into decreasing order; similarly, Steps (2), (3), and (4) do a
stable sort on the third, second, and top rows. The theory of radix sorting tells
us that the original lexicographic order is thereby restored.

Suppose the serial number sequences after these stable sorting operations are
respectively a4, azay, azazay, and ojasasay, where the a’s are permutations;
Table 1 shows the values of ay4, a3, a2, and a; in parentheses. And now comes
the point: Wherever the permutation a; has a descent, the numbers in row j
after sorting must also have a descent, because the sorting is stable. (These
descents are indicated by caret marks in the table.) For example, where a3 has
8 followed by 7, we have 5 followed by 3 in row 3. Therefore the entries a; ...ag in
row 3 after Step (2) are not an arbitrary partition of their sum; they must satisfy

ay 2 az 2 a3 > a4 > as > ag > ay > ag > ag. (58)
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Table 1
RADIX SORTING AND MULTIPARTITIONS

Step (0): Original partition Step (1): Sort row 4 Step (2): Sort row 3
655432100 06 4350521 065251430
321045642 230424156 232516044
663115207 76116035 2 766532110
421331125 °0,433,22,111 542111332
DREOEGOO®® OIOIOIOIOIGIOIG]Y, @OP0ORODA®®
as=(9,145,28367) az=(12528,79,346¢6)
Step (3): Sort row 2 Step (4): Sort row 1
1230603554 6 554,3,2,100
6,5 4 4,3,2210 321045642
251067631 663115207
113245213 4213311235
QOERLOOB®® VREOOE®O®®
a;=(6,489,2,1357) a1r=(5789,3,2,146)

But the numbers (a; ~2, a3—2, a3 —2, as—2, as—1, ag—1, a7, ag, ag) do form an
essentially arbitrary partition of the original sum, minus (4 + 6). The amount of
decrease, 4 + 6, is the sum of the indices where descents occur; this number is
what we called ind a3, the “index” of a3, in Section 5.1.1. |
Thus we see that any given partition of an m-partite number into at most r
parts, with extra zeros added so that the number of columns is exactly r, can
be encoded as a sequence of permutations a;j, ..., a, of {1,...,7} such that
the product a; ...an, is the identity, together with a sequence of ordinary one-
dimensional partitions of the numbers (n; — inda,, ..., n,, — inda,,) into at
most r parts. For example, the vectors in Table 1 represent a partition of
(26,27,31,22) into 9 parts; the permutations oy, ..., a4 appear-in the table,
and we have (ind ay,...,ind ag) = (15,10, 10, 11); the partitions are respectively

26—15 = (322111100),  27-10 = (332222210),
31-10 = (544321110),  22—11 = (221111111).

Conversely, any such permutations and partitions will yield a multipartition
of (ny,...,ny). If r and m are small, it can be helpful to consider these
ri™=1 sequences of one-dimensional partitions when listing or reasoning about
multipartitions, especially in the bipartite case. [This construction is due to
Basil Gordon, J. London Math. Soc. 38 (1963), 459-464.]

A good summary of early work on multipartitions, including studies of
partitions into distinct parts and/or strictly positive parts, appears in a paper
by M. S. Cheema and T. S. Motzkin, Proc. Symp. Pure Math. 19 (Amer. Math.
Soc., 1971), 39-70.

EXERCISES

1. [20] (G. Hutchinson.) Show that a simple modification to Algorithm H will
generate all partitions of {1,...,n} into at most r blocks, given n and r > 2.
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» 2. [22] When set partitions are used in practice, we often want to link the elements
of each block together. Thus it is convenient to have an array of links Iy ...l and an
array of headers h; ... h; so that the elements of the jth block of a t-block partition
are 14 > -+- > 1), where

i1=hj, ?:2:"-{1'.11 sy ik=Ii5_11 mld 'i'lik =0.

For example, the representation of 137|25/489|6 would have t = 4, I, ...lg = 001020348,
a.nd h1...h4 = ?59‘6.

Design a variant of Algorithm H that generates partitions using this representation.
3. [M23] What is the millionth partition of {1,...,12} generated by Algorithm H?

» 4. [21] If zy...z, is any string, let p(z1...z,) be the restricted growth string that
corresponds to the equivalence relation j = k <= z; = z;. Classify each of the
five-letter English words in the Stanford GraphBase by applying this p function; for
example, p(tooth) = 01102. How many of the 52 set partitions of five elements are rep-
resentable by English words in this way? What’s the most common word of each type?

5. [22] Guess the next elements of the following two sequences: (a) 0, 1, 1, 1, 12, 12,
12, 12, 12, 12, 100, 121, 122, 123, 123, ...; (b) 0, 1, 12, 100, 112, 121, 122, 123, ....

» 6. [25] Suggest an algorithm to generate all partitions of {1,...,n} in which there
are exactly c1 blocks of size 1, ¢z blocks of size 2, etc.

7. [M20] How many permutations a;...an of {1,...,n} have the property that
ak-1 > ax > a; implies 57 > k7

8. [20] Suggest a way to generate all permutations of {I,...,n} that have exactly
m left-to-right minima.

9. [M20] How many restricted growth strings a; . ..an contain exactly k; occurrences
of 7, given the integers ko, k1, ..., kn-17

10. [25] A semilabeled tree is an oriented tree in which the leaves are labeled with the
integers {1,...,k}, but the other nodes are unlabeled. Thus there are 15 semilabeled
trees with 5 vertices:

LARANNEALADD A D

23 13

Find a one-to-one correspondence between partitions of {1,...,n} and semilabeled
trees with n 4+ 1 vertices.

» 11. [28] We observed in Section 7.2.1.2 that Dudeney’s famous problem send+more =
money is a “pure” alphametic, namely an alphametic with a unique solution. His puzzle
corresponds to a set partition on 13 digit positions, for which the restricted growth
string p(sendmoremoney) is 0123456145217; and we might wonder how lucky he had to
be in order to come up with such a construction. How many restricted growth strings of
length 13 define pure alphametics of the form ajazasas + asasaras = agaipoaiaizais?

12. [M31] (The partition lattice.) If IT and IT' are partitions of the same set, we write
I < IT' if z = y (modulo IT) whenever £ = y (modulo IT'). In other words, IT < IT’
means that [T’ is a “refinement” of I, obtained by partitioning zero or more of the
latter's blocks; and IT is a “crudification” or coalescence of IT', obtained by merging
zero or more blocks together. This partial ordering is easily seen to be a lattice, with
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IT V IT' the greatest common refinement of IT and IT', and with /T A IT ' their least
common coalescence. For example, the lattice of partitions of {1,2, 3,4} is

if we represent partitions by restricted growth strings ajazasas; upward paths in this
diagram take each partition into its refinements. Partitions with ¢ blocks appear on
level t from the bottom, and their descendants form the partition lattice of {1,...,t}.

!
e

b) Explain how to compute IT A IT', given a, ...a, and @} ...a,.

¢) When does IT’ cover IT in this lattice? (See exercise 7.2.1.4-55.)

d) If IT has t blocks of sizes s1, ..., s;, how many partitions does it cover?
e) If IT has t blocks of sizes s, ..., 8¢, how many partitions cover it?

f) True or false: If IT vV IT' covers II, then II' covers IT A IT'.

g) True or false: If IT' covers IT A IT', then IT V IT' covers II.

h) Let b(IT) denote the number of blocks of II. Prove that

a) Explain how to compute IT v II', given a, ...a, and a ...a

b(IT) + b(IT") < b(IT Vv IT') + b(IT A IT').

13. [M28) (Stephen C. Milne, 1977.) If A is a set of partitions of {1,...,n}, its
shadow OA is the set of all partitions IT' such that IT covers II’ for some IT € A. (We
considered the analogous concept for the subset lattice in 7.2.1.3—(54).)

Let IT,, [Tz, ... be the partitions of {1,...,n} into t blocks, in lexicographic order
of their restricted growth strings; and let I1y, 13, ... be the (t — 1)-block partitions,
also in lexicographic order. Prove that there is a function fn¢(/N) such that

O(h,..., Iy} = {1}, .., MM}, xy} for0<N<{%}

Hint: The diagram in exercise 12 shows that (f43(0),..., fs3(6)) = (0,3,5,7,7,7,7).
14. [23'] Design an algorithm to generate set partitions in Gray-code order like (7).
15. [M21] What is the final partition generated by the algorithm of exercise 147
16. [16] The list (11) is Ruskey’s Azs; what is Asg?

17. (26] Implement Ruskey’s Gray code (8) for all m-block partitions of {1,...,n}.

18. [M46] For which n is it possible to generate all restricted growth strings a1 ...an
in such a way that some a; changes by +1 at each step?

19. [28] Prove that there’s a Gray code for restricted growth strings in which, at each
step, some a; changes by either =1 or £2, when (a) we want to generate all @, strings
ai ...an; or (b) we want to generate only the {” } cases with max(ai,...,an) =m—1.
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20. [17] If IT is a partition of {1,...,n}, its conjugate IT” is defined by the rule
j=k (modulo I*) <<= n+1-j=n+1-k (modulo I).

Suppose II has the restricted growth string 001010202013; what is the restricted growth
string of I17?

21. [M27] How many partitions of {1,...,n} are self-conjugate?

22. [M23] If X is a random variable with a given distribution, the expected value of
X" is called the nth moment of that distribution. What is the nth moment when X is

(a) a Poisson deviate with mean 1 (Eq. 3.4.1-(40))? (b) the number of fixed points of
a random permutation of {1,...,m}, when m > n (Eq. 1.3.3-(27))?
23. [HM30) If f(z) = ¥ axz” is a polynomial, let f(w) stand for 5 axwx.
a) Prove the symbolic formula f(w + 1) = wf(w). (For example, if f(z) is the
polynomial £, this formula states that w, + 2w, + @g = ws.)
b) Similarly, prove that f(w + k) = w*® f(w) for all positive integers k.
c) If p is prime, prove that wp4p = @, + wWn41 (modulo p). Hint: Show first that
P = aP — z.
d) Consequently @wn+n = @wn (modulo p) when N = pP ' +pP 2 + ...+ p+ 1.
24. [HM35] Continuing the previous exercise, prove that the Bell numbers satisfy the
periodic law @, ye—1 5 = @n (modulo p°), if p is an odd prime. Hint: Show that

P- = ge(2)+1 (modulo p%, p* g1 (2), ..., and pge_1(z)), where g;(z) = (2P -z—1)".

&r

26. [M27] Prove that w,/wn-1 € Wnt1/Wn < @Wa/wWn-1 + 1.

» 26. [M22] According to the recurrence equations (13), the numbers wnx in Peirce’s
triangle count the paths from @k to @D in the infinite directed graph

Explain why each path from @D to QD corresponds to a partition of {1,...,n}.

» 27. [M35] A “vacillating tableau loop” of order n is a sequence of integer partitions
Ak = Qk10x20k3 ... With ax1 > ax2 > ags > - for 0 < k < 2n, such that A\g = d2n = €0
and Ay = Ar_1 + (—I)ke:i for 1 < k < 2n and for some t; with 0 < tx < n; here
e: denotes the unit vector 010" " when 0 < ¢ < n, and eg is all zeros.

a) List all the vacillating tableau loops of order 4. [Hint: There are 15 altogether.]
b) Prove that exactly w,x vacillating tableau loops of order n have t;;_; = 0.

» 28. [M25] (Generalized rook polynomials.) Consider an arrangement of a1 + -+ am
square cells in rows and columns, where row k contains cells in columns 1, ..., a.
Place zero or more “rooks” into the cells, with at most one rook in each row and at
most one in each column. An empty cell is called “free” if there is no rook to its right
and no rook below. For example, Fig. 35 shows two such placements, one with four
rooks in rows of lengths (3,1,4,1,5,9,2,6,5), and another with nine on a 9 X 9 square
board. Rooks are indicated by solid circles; hollow circles have been placed above and
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to the left of each rook, thereby leaving the free cells blank.

olo olo|o|o|ofo|e|o|o

O O|0O|®|0|0|0 Q1o

ole| lo ololololo|e] |o]o

L] Qloi0 O (]

Tolo] DDG:DQD.E Fig. 35. Rook placements

ojo|oje]o ole o o and free cells.
olo|lo|ojolololo]e

ololo]ole . o

i olololole

Let R(ay,...,am) be the polynomial in z and y obtained by summing ="y’ over all
legal rook placements, where r is the number of rooks and f is the number of free cells:
for example, the left-hand placement in Fig. 35 contributes z*y'? to the polynomial
R(3,1,4,1,5,9,2,86,5).

a) Prove that we have R(ai,...,am) = R(ai,...,aj-1,8;+1,84,@j42,...,am); in
other words, the order of the row lengths is irrelevant, and we can assume that
a1 2+ 2 am as in a Ferrers diagram like 7.2.1.4-(13).

b) Ifa; > -+ > @m and if b1...bn = (a1...a:,)7 is the conjugate partition, prove
that R(a1,...,am) = R(b1,...,by).

c) Find a recurrence for evaluating R(ai,...,an) and use it to compute R(3,2,1).

d) Generalize Peirce’s triangle (12) by changing the addition rule (13) to

@nk(Z,y) = T@n-1)k(T,Y) + YTnk+1) (2, ¥), 1<k <n.

Thus w21 (z,y) = z+y, wa2(z,y) = s+zy+y?, wa(z,y) = 22+ 2zy+zy° +°, ete.
Prove that the resulting quantity wnk(z, y) is the rook polynomial R(a1,...,an-1)
where a; =n — j - [j <k].

e) The polynomial w,1(z,y) in part (d) can be regarded as a generalized Bell number
wn(z,y), representing paths from (nl) to (1) in the digraph of exercise 26 that have
a given number of “z steps” to the northeast and a given number of “y steps” to
the east. Prove that

W!‘(m, y) — Z ‘rn'_l-"mnx.{al,...1ﬂ“}yal+.,.+un

ﬂ-‘l rlqﬂ-ﬂ

summed over all restricted growth strings a, ...a, of length n.

29. [M26] Continuing the previous exercise, let R.(a,,...,am) = [2"]| R(a1,...,am)
be the polynomial in y that enumerates free cells when r rooks are placed.
a) Show that the number of ways to place n rooks on an n x n board, leaving f cells
free, is the number of permutations of {1,...,n} that have f inversions. Thus, by
Eq. 5.1.1-(8) and exercise 5.1.2-16, we have

n

e, =
Ro(ny...,n) = nly = [[A@+y+---+3*).
k=1

m

e,
b) What is R.(n,...,n), the generating function for r rooks on an m x n board?
c) If a; > -+ > am and ¢ is a nonnegative integer, prove the general formula

m a;+m—j+t

1-y o=ty
1= = X gy Rerlonom).

i=1
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[Note: The quantity ¢l /(t—k)!y = [T5=g((1-y"~7)/(1-y)) is zero when k > t > 0.
Thus, for example, when t = 0 the right-hand side reduces to Rm(a1,....am). We
can compute R, Rm-1, ..., Ho by successively settingt =0,1, ..., m/]
dlfay >a; > -+ > ap > 0and a} > ay > -+ > ap, > 0, show that we
have R{a,,a;...,a,) = R(a},a3,...,ay,) if and only if the associated multisets
{ay+m,az+m—1,...,a,+1} and {aj+m,a4+m=1,...,a,,+1} are the same.

30. [HM30] The generalized Stirling number { :I}q is defined by the recurrence

{ﬂii}q = {1+q+--~+qm-1]{:1}q+{mril}q; {i}qr = fmo.

Thus {},}, is a polynomialin ¢; and { .}, is the ordinary Stirling number { }, because
it satisfies the recurrence relation in Eq. 1.2.6-(46).

a) Prove that the generalized Bell number w,(z,y) = R(n—1,...,1) of exercise 28(e)
has the explicit form

@n(z,y) = i m"*“y(?]{:l}y-

mi=(

b) Show that generalized Stirling numbers also obey the recurrence

RESRT AR 4 R (Lo () R Y (S5
':ir{m-+-1.,_';"{m,;‘l'1'-'l m ,,+ -;(k)q m g
¢) Find generating functions for { ;}q? generalizing 1.2.9-(23) and 1.2.9-(28).

31. [HM23] Generalizing (15), show that the elements of Peirce's triangle have a
simple generating function, if we compute the sum

-k k-1

w™” z
g“’“" m—-K! k=1

32. [M22] Let 4, be the number of restricted growth strings a; ...a. for which the
sum a; + - -- + an i5 even minus the number for which a; + - -+ + an is odd. Prove that

8o =(1,0,-1,-1,0,1) when nmod6=(1,23,4,5,0).
Hint: See exercise 28(e).
33. [M21] How many partitions of {1,2,...,n} have 122, 2#3, ..., k—1# k7

34. [14] Many poetic forms involve rhyme schemes, which are partitions of the lines
of a stanza with the property that j = k if and only if line j rhymes with line k. For
example, a “limerick” is generally a 5-line poem with certain rhythmic constraints and
with a rhyme scheme described by the restricted growth string 00110.

What rhyme schemes were used in the classical sonnets by (a) Guittone d'Arezzo
(c. 1270)7 (b) Petrarch (c. 1350)7 (c) Spenser (1595)? (d) Shakespeare (1609)?
(e) Elizabeth Barrett Browning (1850)7
35. [M21] Let =, be the number of schemes for n-line poems that are “completely
rhymed,” in the sense that every line rhymes with at least one other. Thus we have
(wp, @y, @a, ...) ={1,0,1, 1,4, 11, 41, ... ). Give a combinatorial proof of the fact
that ‘W:l + W:,J,.l = Whn.

36. [M22] Continuing exercise 35, what is the generating function }__ wy,z"/n!?
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37. [M18] Alexander Pushkin adopted an elaborate structure in his poetic novel
Fugene Onegin (1833), based not only on “masculine” rhymes in which the sounds of
accented final syllables agree with each other (pain—gain, form-warm, pun—fun, bucks-
crux), but also on “feminine” rhymes in which one or two unstressed syllables also par-
ticipate (humor—-tumor, tetrameter-pentameter, lecture—conjecture, iguana-piranha).
Every stanza of Eugene Onegin is a sonnet with the strict scheme 01012233455477,
where the rhyme is feminine or masculine according as the digit is even or odd. Several
modern translators of Pushkin’s novel have also succeeded in retaining the same form
in English and German.

How do | justify this stanza? / These feminine rhymes? My wrinkled muse?
This whole passé extravaganza? / How can | (careless of time) use

The dusty bread molds of Onegin / in the brave bakery of Reagan?

The loaves will surely fail to rise / Or eise go stale before my eyes.

The truth is, I can't justify it. / But as no shroud of critical terms

Can save my corpse from boring worms, / | may as well have fun and try it.
If it works, good; and if not, well, / A theory won't postpone its knell.

— VIKRAM SETH, The Golden Gate (1986)

A 14-line poem might have any of w;q = 24,011,157 complete rhyme schemes,
according to exercise 35. But how many schemes are possible if we are allowed to
specify, for each block, whether its rhyme is to be feminine or masculine?

» 38. [M30] Let ox be the cyclic permutation (1,2,...,k). The object of this exercise
is to study the sequences kik:...kn, called o-cycles, for which o, 0%, ... 0k, is the

identity permutation. For example, when n = 4 there are exactly 15 o-cycles, namely

1111,1122,1212,1221,1333, 2112, 2121, 2211, 2222, 2323, 3133, 3232, 3313, 3331, 4444,

a) Find a one-to-one correspondence between partitions of {1,2,...,n} and o-cycles
of length n.

b) How many o-cycles of length n have 1 <k, ..., kn < m, given m and n?

c) How many o-cycles of length n have k; = j, given ¢, j, and n?

d) How many og-cycles of length n have ki, ..., k, > 27

e) How many partitions of {1,...,n} have 1 £2,2#3,...,n—13%n,and n # 17
39. [HM16] Evaluate [;° e """ t9dt when p and q are nonnegative integers. Hint:
See exercise 1.2.5-20.

40. [HM20) Suppose the saddle point method is used to estimate [c"~']e®*. The
text's derivation of (21) from (19) deals with the case ¢ = 1; how should that derivation
change if ¢ is an arbitrary positive constant?

41. [HM21] Solve the previous exercise when ¢ = —1.

42. [HM23] Use the saddle point method to estimate [z"?) e’ with relative error
O(1/n?%).
43. [HM22] Justify replacing the integral in (23) by (25).
44. [HM22) Explain how to compute b, b2, ... in (26) from a2, a3, .. . in (25).
» 45. [HM23] Show that, in addition to (26), we also have the expansion

EE-—].] [ b: I
e (BB e o L)
Env'gﬂn({.i.l) n n n nmt+

where b} = —(26% + 9€% + 16€2 + 6€ + 2)/(24(¢ + 1)°).
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46. [HM25] Estimate the value of @y, in Peirce’s triangle when n — oo.
47. [M21] Analyze the running time of Algorithm H.

48. [HM25] If n is not an integer, the integral in (23) can be taken over a Hankel
contour to define a generalized Bell number w; for all real z > 0. Show that, as in (16),

1 o= k*
=l
k=0
» 49. [HM35]) Prove that, for large n, the number ¢ defined in Eq. (24) is equal to

+ k ,8" 1 Inlnn
Inn — J ] -1 - |
nn lnhnrl'.+JIL"T_;1‘:I [j+1 g o . B —

» 50. [HM21] If £(n)e*™ = n and €(n) > 0, how does £(n + k) relate to £(n)?

51. [HM27] Use the saddle point method to estimate t, = n![z"] e*+7! 2 the number
of tnvolutions on n elements (aka partitions of {1,...,n} into blocks of sizes < 2).

52. [HM22] The cumulants of a probability distribution are defined in Eq. 1.2.10-
(23). Wha.t are the cumulants, when the probability that a random integer equals k is

(a) el—<*w¥/k1? (b )Y, {?} ee ! -1-j/k!?

» 53. [HM30] Let G(z) = 352, pxz" be the generating function for a discrete prob-
ability distribution, converging for |z| < 1 + §; thus the coefficients p. are non-
negative, G(1) = 1, and the mean and variance are respectively 4 = G'(1) and
o’ =G"(1)+G'(1) - G'(1)%. If Xy, ..., X, are independent random variables having
this distribution, the probability that X, + --- + X, = m is [2™] G(2)", and we often
want to estimate this probability when m is near the mean value un.

Assume that pp # 0 and that no integer d > 1 is a common divisor of all
subscripts k with px # 0; this assumption means that m does not have to satisfy
any special congruence conditions mod d when n is large. Prove that

[ #n+r] G( ) E-rj“’{z"zﬂ} 0 1
P ) = —+ (—) as n — 00,
oV 2mn n

when pn + r is an integer. Hint: Integrate G(z)"/2*™*" on the circle |z| = 1.
54. [HM20] If o and B are defined by (40), show that their arithmetic and geometric
means are respectively %E = scoth s and vaof = scsch s, where s = /2.
55. [HM20] Suggest a good way to compute the number 3 needed in (43).
» 56. [HM26) Let g(z) =a'In(e* ~1)—lnzand 0 = a — ,B as in (37).
a) Prove that (—o)"*t1g"**Y(p) = n! - Y oo (“) * where the Eulerian num-
bers (}) are defined in Section 5.1.3.
b) Prove that £n! < 3°1_ (1)a*8""* < n!for all ¢ > 0. Hint: See exercise 5.1.3-25.
c) Now verify the inequality (42).
57. [HMZ22) In the notation of (43), prove that (a) n4+1—m < 2N; (b) N < 2(n+1—-m).
58. [HM31] Complete the proof of (43) as follows.
a) Show that for all 0 > 0 there is a number 7 > 20 such that  is a multiple of 27
and |e?**" — 1|/|o + it| is monotone decreasing for 0 < t < 7.
b) Prove that [’ _exp((n+ 1)g(o + it)) dt leads to (43).
c) Show that the corresponding integrals over the straight-line paths z = t £ ir for
~n<t<oand z=-ntit for —7 <t < 7 are negligible.
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» 59. [HM23] What does (43) predict for the approximate value of {*}?
60. [HM25] (a) Show that the partial sums in the identity

ny _m"_ (m-1)" (m-2~ .m0
{m} = o Tamozy TN o

alternately overestimate and underestimate the final value. (b) Conclude that

{n} = EL(l—rii'{ﬂe'""}] when m < n'~¢.
m m!

(c) Derive a similar result from (43).
61. [HM26) Prove that if m = n — r where r < n° and € < n'/%, Eq. (43) yields

(2.} = F(trourno(}))

62. [HM40] Prove rigorously that if {e* = n, the maximum {" } occurs either when
m = e — 1] or when m = [e* - 1].

» 63. [M35] (J.Pitman.) Prove that there is an elementary way to locate the maximum
Stirling numbers, and many similar quantities, as follows: Suppose 0 < p; < 1.

a) Let f(2) = (1+p1(2-1))...(1+pn(1-2)) and ax = [2*] f(z); thus aj is the proba-
bility that k heads turn up after n independent coin flips with the respective prob-
abilities p1, ..., pn. Prove that ax_; < ax whenever k < pu=p1+ - +pn,ax #0.

b) Similarly, prove that ax4+1 < ax whenever k > u and ax # 0.

c) If f(z) = ao + a1z + -+ + anz™ is any nonzero polynomial with nonnegative
coefficients and with n real roots, prove that ax—-; < ax when k < p and ag4+1 < ax
when k > p, where u = f'(1)/f(1). Therefore if a,, = max(aq,...,an) we must
have either m = [p| or m = [u].

d) Under the hypotheses of (c), and with a; = 0 when 7 < 0 or j > n, show that
there are indices s < t, such that axy1 — ax < ar —ax_; ifand only if s < k < ¢,
(Thus, a histogram of the sequence (ag,ay,...,a,) is always “bell-shaped.”)

e) What do these results tell us about Stirling numbers?

64. [HM21] Prove the approximate ratio (50), using (30) and exercise 50.

» 85. [HM22] What is the variance of the number of blocks of size k in a random
partition of {1,...,n}?
66. [M46] What partition of n leads to the most partitions of {1,...,n}?
67. [HM20] What are the mean and variance of M in Stam’s method (53)7
68. [20] How large can the stack get in Algorithm M, when it is generating all
p(ni,...,nm) partitions of {n; - 1,...,npm - m}?

» 69. [21] Modify Algorithm M so that it produces only partitions into at most r parts.
» 70. [M22] Analyze the number of r-block partitions possible in the n-element multi-
sets (a) {0,...,0,1}; (b) {1,2,...,n = 1,n — 1}. What is the total, summed over r7?

71. [M20] How many partitions of {n; - 1,...,nm - m} have exactly 2 parts?
72. [M26] Can p(n,n) be evaluated in polynomial time?

> 73. [M32] Can p(2,...,2) be evaluated in polynomial time when there are n 2s?
74. [M46] Can p(n,...,n) be evaluated in polynomial time when there are n ns?
75. [HM41] Find the asymptotic value of p(n,n).
76. [HM36] Find the asymptotic value of p(2,...,2) when there are n 2s.
77. [HM46] Find the asymptotic value of p(n,...,n) when there are n ns.
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78. [20] What partition of (15,10, 10,11) leads to the permutations ay, a2, a3, and
a4 shown in Table 17

79. [22] A sequence ui, u2, us, ... is called universal for partitions of {1,...,n} if
its subsequences (um+1,Um+2,---,%Um+n) for 0 € m < wn represent all possible set
partitions under the convention “j = k if and only if um+; = um+x.” For example,
(0,0,0,1,0,2,2) is a universal sequence for partitions of {1, 2, 3}.

Write a program to find all universal sequences for partitions of {1,2,3,4} with
the properties that (i) u1 = u2 = us = us = 0; (ii) the sequence has restricted growth;
(iii) 0 < u; < 3; and (iv) w16 = w17 = u1s = 0 (hence the sequence is essentially cyclic).
80. [M28] Prove that universal cycles for partitions of {1,2,... ,n} exist in the sense
of the previous exercise whenever n > 4.

81. [29] Find a way to arrange an ordinary deck of 52 playing cards so that the fol-
lowing trick is possible: Five players each cut the deck (applying a cyclic permutation)
as often as they like. Then each player takes a card from the top. A magician tells
them to look at their cards and to form affinity groups, joining with others who hold
the same suit: Everybody with clubs gets together, everybody with diamonds forms
another group, and so on. (The Jack of Spades is, however, considered to be a “joker”;
its holder, if any, should remain aloof.)

Observing the affinity groups, but not being told any of the suits, the magician
can name all five cards, if the cards were suitably arranged in the first place.

82. [22] In how many ways can the following 15 dominoes, optionally rotated, be
partitioned into three sets of five having the same sum when regarded as fractions?
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SECTION 7.2.1.3

1. Given a multiset, form the sequence e;...e2e; from right to left by listing the
distinct elements first, then those that appear twice, then those that appear thrice,
etc. Let usset e_; + 8—j for 0 < j < s = n—t, so that every element ¢; for 1 < j <t
is equal to some element to its right in the sequence e¢...ej€eq...e—,. If the first such
element is ec,-,, we obtain a solution to (3). Conversely, every solution to (3) yields a
unique multiset {e1,...,e¢}, because ¢; < s+ jfor1<j<t.

[A similar correspondence was proposed by E. Catalan: If 0 <e; <-+- < e < 3, let

{e1,...,ee} = {e1,...,ee}U{s+j|1<j<tandej=c¢ej}

See Mémoires de la Soc. roy. des Sciences de Liége (2) 12 (1885), Mélanges Math., 3.}
2. Start at the bottom left corner; then go up for each 0, go right for each 1. The

result is

3. In this algorithm, variable r is the least positive index such that ¢» > 0.
F1. [Initialize.] Set ¢; « 0 for 1 < j <, and go + s. (We assume that st > 0.)
F2. [Visit.] Visit the composition g; ...go. Go to F4 if go = 0.
F3. [Easy case.] Set go +~ go — 1, 7 « 1, and go to F5.
F'4. [Tricky case.] Terminate if r = ¢. Otherwise set go + ¢,—1,¢, « 0,7 « r+1.
F5. [Increase gr.] Set gr + ¢- + 1 and return to F2. |

[See CACM 11 (1968), 430; 12 (1969), 187. The task of generating such compositions
in decreasing lexicographic order is more difficult.]

4. We can reverse the roles of 0 and 1 in (14), so that 09¢109-11...10710% =
1" 01"=-10...01701™, This gives 0'10°10%10%10*10°10°10°10°10°10"10°10'10° =
1°01201°01'01°01'01°01°01°01%01%01'. Lexicographic order of anp-;...a@1ap corre-
sponds to lexicographic order of r, ... 1170,

Incidentally, there’s also a multiset connection: {d:,...,d1} = {rs-s,...,70-0}.
For example, {10, 10,8,6,2,2,2,2,2,2,1,1,0} = {0-11,2-10,0-9,1-8,0-7,1-6,0-5,
0-4,0-3,6-2,2-1,1-0}.

5. (a) Set z; = ¢;—[(j—1)/2] in each t-combination of n+[t/2]. (b) Set z; = c;+j+1
in each t-combination of n — ¢ — 2.

(A similar approach finds all solutions (z¢, . ..,z1) to the inequalities ;41 > z;+4;
for 0 < j < t, given the values of x4, (d:,...,61), and zo.)

6. Assume that t > 0. We get to T3 when ¢; > 0; to T5 when ¢z =¢;1 +1 > 1; to T4
for2< j<t+1whenc; =c1+j—12>j. Sothe counts are: T1, 1; T2, (}); T3, ("71);

n— - n—t— _ fn—1%. n=24%, n-1 n—2
T4, (1—1:) + (t—;?) +oo ( nt 1) = (t-—l)" Ts, (t—l)‘ Té, (:-1) + (t—l) - L
7. A procedure slightly simpler than Algorithm T suffices: Assume that s < n.
S1. [Initialize.] Set b; + j+n—s—1for 1 < j < s; then set j + 1.
S2. [Visit.] Visit the combination b, . ..b2b:. Terminate if j > s.
S3. [Decrease b;.] Set b; « b; — 1. If b; < j, set j < j + 1 and return to S2.

S4. [Reset bj—1...b1.] While 5 > 1, set bj_; ¢ b; — 1, j « j — 1, and repeat until
j=1. GotoS2. |
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(See S. Dvoidk, Comp. J. 33 (1990), 188. Notice that if zx =n — b for 1 < k < s,
this algorithm runs through all combinations z, ...z, of {1,2,...,n} with 1 < z, <
-+ < g7 < z1 < m, in increasing lexicographic order.)
8. Al. [Initialize.] Set an...a0 + 0°*'1%, ¢ + t,r + 0. (We assume that 0 < t < n.)
A2. [Visit.] Visit the combination a¢n—;...a1a0. Go to Adif ¢ =0.
A3. [Replace ...01? by ...10197] Set aq + 1, @g_y + 0, ¢ « g — 1; then if
g =0, set r + 1. Return to A2.
A4. [Shift block of 1s.] Set a, + 0 and r + r + 1. Then if a, = 1, set ag + 1,
q + ¢+ 1, and repeat step A4.
Ab5. [Carry to left.] Terminate if r = n; otherwise set a, + 1.
A6. [0dd?] If ¢ > 0, set r + 0. Return to A2. |

In step A2, ¢ and r point respectively to the rightmost 0 and lin ap-1. . Steps
AL, ..., A6 are executed with frequency 1, (}), (32/), (3) - 1, (*;), (“"1) -—1

9. (a) The first (") strings begin with 0 and have 24(,_,,; bit changes; the other
(*~.) begin with 1 and have 2A4(t-1). And v(01°0°7" @ 10°1'"') = 2 min(s, t).
(b) Solution 1 (direct): Let By = A, + min(s,t) + 1. Then

Bat = B(s-1)¢ + Bse-1) + [s=1t] when st > 0; B,, =1 when st =0.
Consequently By, = St (**152%) If 5 < ¢ this is < Y_, (*H2F) = (*H+) =
(V= <207

g

Solution 2 (indirect): The algorithm in answer 8 makes 2(z + y) bit changes when
steps (A3, A4) are executed (z,y) times. Thus Ay < (7)) + (7) — 1 < 2(7).
[The comment in answer 7.2.1.1-3 therefore applies to combinations as well. ]

10. Each scenario corresponds to a (4,4)-combination bgbzbyb; or cqcscacy in which
A wins games {8 —b4,8—b3,8—b2,8—b,} and N wins games {8—c4,8—c3,8—-c2,8—c1},
because we can assume that the losing team wins the remaining games in a series of 8.
(Equivalently, we can generate all permutations of {A,A,A,A,N,N,N,N} and omit
the trailing run of As or Ns.) The American League wins if and only if b; # 0, if and
only if ¢; = 0. The formula () + (?) + (?) + (°!) assigns a unique integer between
0 and 69 to each scenario.

For example, ANANAA < a7...a1a0 = 01010011 <= bgbsbb; = 7532 <=
cscsczcr = 6410, and this is the scenario of rank (§) + (¢ g+ G+ =19in
lexicographic order. (Notice that the term [C-‘) will be zero if and only if it corresponds

to a trailing N.)

11. AAAA (9 times), NNNN (8), and ANAAA (7) were most common. Exactly 27
of the 70 failed to occur, including all four beginning with NNNA. (We disregard the
games that were tied because of darkness, in 1907, 1912, and 1922. The case ANNAAA
should perhaps be excluded too, because it occurred only in 1920 as part of ANNAAAA
in a best-of-nine series. The scenario NNAAANN occurred for the first time in 2001.)

. (a) Let V; be the subspare {an-1...a0 € V | ax = 0 for 0 < k < j}, so that
{{] 0} =V, C Vo1 C--C W =V. Then {c1y..yet} = {c| Vo # Vesa}, and ax is
the unique element an 1 ...aq of V with ac; =[j=k]for1 <j <t

Incidentally, the { X n matrix corresponding to a canonical basis is said to be in
reduced row-echelon form. It can be found by a standard “triangulation” algorithm
(see exercise 4.6.1-19 and Algorithm 4.6.2N).
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(b) The 2-nomial coefficient (}), = 2(";"), + (}7;), of exercise 1.2.6-58 has the

t

_ right properties, because 2° (“‘;1)2 binary vector spaces have et <n—1and (7)) 2 have

¢t = n— 1. [In general the number of canonical bases with r asterisks is the number of

partitions of 7 into at most ¢ parts, with no part exceeding n — ¢, and this is [z"] (})

by Eq. 7.2.1.4-(51). See D. E. Knuth, J. Combinatorial Theory 10 (1971), 178-180.]
(c) The following algorithm assumes that n > t > 0 and that a;41); = 0 for

t<j<n

V1. [Initialize.] Set ax; + [j=k — 1]for 1 < k <tand 0 < j < n. Also set q + t,

r « 0.

V2. [Visit.] (At this point we have a(k—1) = 1 for 1 < k < ¢, a(g41)g = 0, and
air = 1.) Visit the canonical basis (ay(n_1)...@11810,...,8¢(n-1) - --@t18:0).
Goto V4 if g > 0.

V3. [Find block of 1s.] Set ¢ « 1, 2, ..., until a(g41)(g+r) = 0. Terminate if
g+r=n.

V4. [Add 1 to column g+7.] Set k « 1. If ag(g4r) = 1, set ag(g4r) + 0, k «— k+1,
and repeat until ax(g4r) = 0. Then if k < g, set ax(g4r)  1; otherwise set
Qq(q+r) + 1, Gg(g4r-1) + 0,9 &g — 1.

V5. [Shift block right.] If ¢ = 0, set r + r+1. Otherwise, if r > 0, set Qk(k-1) + 1
and ag(r4k-1) ¢+ 0 for 1 < k < g, then set 7 + 0. Go to V2. |

Step V2 finds ¢ > 0 with probability 1 — (2" - 1)/(2" — 1) =~ 1 - 27, so we could
save time by treating this case separately.
(d) Since 999999 = 4(5), +16(),+5(3), +5(3), +8(3),+0(3), +4(), +1(), +
2(3),, the millionth output has binary columns 4, 16/2, 5, 5, 8/2, 0, 4/2, 1, 2/2, namely

a1 =001100011,
a; = 000000100,
a3 = 101110000,
aq =010000000.

I

[Reference: E. Calabi and H. S. Wilf, J. Combinatorial Theory A22 (1977), 107-109.]

13. Let n = s+ t. There are (r{ri:;KE])(L{r I}KEJ) configurations beginning with 0

and ( J_{r:; /2 J) ([(ft—_lil z’ﬂ'l) beginning with 1, because an Ising configuration that begins
with 0 corresponds to a composition of s Os into [(r+ 1)/2] parts and a composition of
t 1s into [(r + 1)/2] parts. We can generate all such pairs of compositions and weave
them into configurations. [See E. Ising, Zeitschrift fiir Physik 31 (1925), 253-258;
J. M. S. Simoes Pereira, CACM 12 (1969), 562.]

14. Start with I[j] ¢ j — 1 and r[j — 1] + j for 1 < j < n; I[0] « n, r[n] « 0. To get
the next combination, assuming that ¢ > 0, set p « s if [[0] > s, otherwise p + r[n] —1.
Terminate if p < 0; otherwise set ¢ « r[p], l[g] « ![p], and r[l[p]] « g. Then if r[g] > s
and p < s, set r[p] « r[n], l[r[n]] « p, r[s] « r[q], lrlq]] « s, r[n] « 0, I[0] « n;
otherwise set r[p] + r[g], l[r[g]] + p. Finally set r[q] + p and {[p] « q.

[See Korsh and Lipschutz, J. Algorithms 25 (1997), 321-335, where the idea is
extended to a loopless algorithm for multiset permutations. Caution: This exercise,
like exercise 7.2.1.1-16, is more academic than practical, because the routine that visits
the linked list might need a loop that nullifies any advantage of loopless generation.]
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15. (The stated fact is true because lexicographic order of ¢;...¢: corresponds to
lexicographic order of an—1 ...ao, which is reverse lexicographic order of the comple-
mentary sequence 1...1 @& an—1...a0.) By Theorem L, the combination ¢;...c; is
visited before exactly (t) +-- 4 (!;*’] + (b;] others have been visited, and we must have

(5)+s (3) 4 ()00 (1) = (1)

This general identity can be written
j n—1 J
T
£ 5 T - 1
j__Z{} J(Iﬂ+«--+IJ)+jZ=:D J(iu'i‘"“"ij) ($ﬂ+"'+tn..1)

when each r; is O or 1, and £; = 1 — z;; it follows also from the equation

(zoovn) *o (e rn) = (o Ta) = o M)
Tn +Zn| _ _ ) = - .
To+ '+ In Iop+- "+ Tn To+---+ xp o+ -+ T
16. Since 999999 = (14214] + (1{11[13) — (1:2) + (1;3) + (1;1) — (741) + (536) + (326) + {114) —
() +CH+E)+ () + (), the answers are (a) 1414 1008; (b) 182 153 111; (c) 71
56 36 14; (d) 43 32 21 15 6; () 1000000 999999 ... 2 0.
17. By Theorem L, n; is the largest integer such that N > (’:‘); the remaining terms
are the degree-(t — 1) representation of N — ("¢).

A simple sequential method for t > 1 starts with z = 1, c = ¢, and sets ¢ « ¢ + 1,
T + zc/(c - t) zero or more times until z > N; then we complete the first phase by
setting ¢ « z(c—t)/c, ¢ + ¢ — 1, at which point we have z = (‘:) <N < {“':1). Set
ne ¢ ¢, N «+ N —z; terminate with n; + N if t = 2; otherwise set z +~ xt/c, t + t—1,
¢ ¢~ c—1; while z > N set ¢ + x(c—t)/c, ¢ + ¢ — 1; repeat. This method requires
O(n) arithmetic operations if N < (7}, so it is suitable unless ¢ is small and N is large.

When ¢ = 2, exercise 1.2.4-41 tells us that np = [V2N+2+ 1|. In general,
ne is |z]| where z is the largest root of x* = t!N; this root can be approximated
by reverting the series y = (z!)/* =z - it - 1)+ L(¢* - 1)z 4+ - toget x =
y+3(t—1)+ (2 - 1)/y+O(y™?). Setting y = (! N)'/* in this formula gives a good
approximation, after which we can check that ('3) < N < (L”J't'“) or make a final
adjustment. {See A. S. Fraenkel and M. Mor, Comp. J. 26 (1983), 336-343.]

18. A ¢omplete binary tree of 2" — 1 nodes is obtained, with an extra node at the
top, like the “tree of losers” in replacement selection sorting (Fig. 63 in Section 5.4.1).
Therefore explicit links aren’t necessary; the right child of node k is node 2k + 1, and
the left sibling is node 2k, for 1 < k < 2",

This representation of a binomial tree has the curious property that node k =
(0%1a)z corresponds to the combination whose binary string is 0°1aR.
19. It is post(1000000), where post(n) = 2* + post(n — 2% + 1) if 2¥ < n < 2%*! and
post(0) = 0. So it is 11110100001001000100.
20. f(z)=(1+2%1)...(1+2")/(1-2), g(z) = (1 +2"°)f(2), h(z) = 2*°f(2).
21. Therankofec:...cpc; is ("‘*t“]—l minus the rank of ¢; 1 ...c2¢1. [See H. Liineburg,
Abh. Math. Sem. Hamburg 52 (1982), 208-227.]

22. Since 999999 = (*3°) - (") = () -+ ) =D -G+ ) - %) =
) = )+ () = () + (3), the answers are (a) 1414 405; (b) 182 97 21; (c) 71 56
31 26; (d) 43 39 32 12 3; (e) 1000000 999999 999998 999996 .. . 0.
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23. There are () combinations with j > r, forr =1, 2, ..., t. (If r = 1 we have
cz2=c1+1;ifr=2wehavec; =0,c2=1;ifr=3wehaveec; =0,c2=1,c4 =c3+1;
etc.) Thus the meanis ((3)+ () + -+ ("5))/(3) = "1/ () = (n+1)/(n+1-1).
The average running time per step is approximately proportional to this quantity; thus
the algorithm is quite fast when ¢ is small, but slow if ¢ is near n.

24. In fact Jk — 2 < jk+1 < Jx + 1 when Jk =t (moduln 2} and Je=1<Jk41 < Jc+2
when j, # t, because R5 is performed only whene¢; =i —1for 1 <i < j.

Thus we could say, “If 7 > 4, set j + j—1—[j odd] and go to R5” at the end of R2,
if tis odd; “If j > 3, set j « j—1—[j even| and go to R5” if t is even. The algorithm
will then be loopless, since R4 and R5 will be performed at most twice per visit.

25. Assume that N > N’ and N — N’ is minimum; furthermore let t and ¢, be
minimum, subject to those assumptions. Then ¢, > ¢}.

If there is an element z ¢ C U C' with 0 < z < ¢;, map each t-combination of
CUC" by changing j — j—1 for j > x; or, if there is an element z € CNC’, map each
t-combination that contains r into a (¢ — 1)-combination by omitting z and changing
j+ x—jfor j < z. In either case the mapping preserves alternating lexicographic
order; hence N ~ N’ must exceed the number of combinations between the images
of C and C'. But ¢; is minimum, so no such z can exist. Consequently ¢ = m and
¢t = 2m — 1.

Now if ¢;, < ¢ — 1, we could decrease N — N' by increasing c.,,. Therefore ¢, =
2m—2, and the problem has been reduced to finding the mazimum of rank(¢,,,_; ... c1)—
rank(c,—; ...c}), where rank is calculated as in (30).

Let f(s,t) = max(rank(b,...b1) —rank(ce...c1)) over all {b,,...,b1,ct...,c1} =
{0,...,8+t—1}. Then f(s,t) satisfies the curious recurrence

f(s,0) = f(0,6)=0;  f(1,t) =1,
f(s,t) = (‘+:+1) + max(f(t —1,s — 1), f(s — 2,t)) if st >0and s > 1.

When s 4+ t = 2u 4+ 2 the solution turns out to be

u-=r r—1

f(s,t) = (2:;_+11) + 2(2“4“:_*23') +Z(2j;“1), rlzmin(a—E,t— 1),

i=1 j:ﬂ

with the maximum occurring at f(t—1,s—1) when s < ¢t and at f(s—2,t) when s > t+2.
Therefore the minimum N — N’ occurs for

C={2m-1}U{2m-2-z|1<z<2m -2, rmod4 < 1},
C'={2m-2}u{2m~-2-z|1<z<2m-2, zmod4 > 2};

and it equals (*™ 1) — S () = 14 S0 (). [See A. J. van Zanten, IEEE

Trans. IT-37 (1991), 1229-1233.]
26. {a) Yes: The first is 07~ [t/211tmod 29Lt/2] 514 the last is 2L/211tmod 2gn-(t/21,
transitions are substrings of the forms 02%1 & 1290, 02%2 & 12°1, 10°1 + 20°0,
10%2 « 20°1.

(b) No: If s = 0 there is a big jump from 02°0" ! to 2072,

27. The following procedure extracts all combinations ¢; ...cx of I', that have weight
< t: Begin with & « 0 and co + n. Visit c1...ckx. If k is even and ¢x = 0, set
k < k—1;if kiseven and ¢, > 0, set ¢x « cx — 1 if k = t, otherwise k « k+ 1
and cx « 0. On the other hand if k is odd and ¢x + 1 = cx-1, set k «+ k — 1 and
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¢k + ck+1 (but terminate if k = 0); if k is odd and ¢x + 1 < ¢cx_1, set cx + cx + 1 if
k = t, otherwise k «+ k + 1, ¢k + ck-1, Ck—1 + ¢k + 1. Repeat.

(This loopless algorithm reduces to that of exercise 7.2.1.1-12(b) when t = n, with
slight changes of notation.)

28. True. Bit strings a,,_;...a9 = af and a,,_, ...ap = af' correspond to index lists
(by...by =08x,¢...cp =) and (b,...b = 8x', ¢, ...c) = ¢¥') such that everything
between af3 and af’ begins with a if and only if everything between 8y and 6y’ begins
with 8 and everything between ¢ and ¢/’ begins with ¢. For example, if n = 10, the
prefix a = 01101 corresponds to prefixes 8 = 96 and ¢ = 875.

(But just having ¢; ... c:1 in genlex order is a much weaker condition. For example,
every such sequence is genlex when { = 1.)

29. (a) -*0'*! or -F0'*142™ or #* for k,I,m > 0.

(b) No; the successor is always smaller in balanced ternary notation.

(c) For all @ and all k,I,m > 0 we have a0-*t10'+2™ 5 a-+%0tl_am 454
ar=-%0"*14a™ 5 045 +10l-2™, als0 a0-*110' = a-+50't! and a+-*0't! 5 a0+ 10t

(d) Let the jth sign of a: be (—1)*7, and let it be in position b;;. Then we have
(=1)%+PiG-1) = (_1)“(s+nf+"{i+nu-ﬂ for0<i< kand 1<j<t,if welet bjp=0.

(e) By parts (a), (b), and (c), a belongs to some chain ag = -+ — ai, where ax
is final (has no successor) and ao is initial (has no predecessor). By part (d), every
such chain has at most (°}*) elements. But there are 2° final strings, by (a), and there
are 2°("7") strings with s signs and ¢ zeros; so k must be (***) — 1.

Reference: SICOMP 2 (1973), 128-133.

30. Assume that ¢ > 0. Initial strings are the negatives of final strings. Let o; be the
initial string 0*-7; for 0 <i< 2°~1, where the kth character of 7; for 1 < k < s is the
sign of (—1)®* when j is the binary number (a,—1...a1)2; thus op = 0'-++...+, 0y =

O'==+...+%, ..., Oge—1_y = 0'=——...~. Let p; be the final string obtained by inserting
-0* after the first (possibly empty) run of minus signs in T;; thus pg = ~0'++.. .+,
pr = ==0% ... 4 ... pae-1_; = =-...-0'. We also let 0,.-1 = o, and Pra-1 = Pg.

Then we can prove by induction that the chain beginning with ¢; ends with p; when ¢
is even, with pj_1 when ¢ is odd, for 1 < j < 2°~'. Therefore the chain beginning with
—p; ends with —o; or —0j41.

Let A;(s,t) be the sequence of (s,t)-combinations derived by mapping the chain
that starts with o;, and let B,(s,t) be the analogous sequence derived from —p;. Then,
for 1 < j < 2°71, the reverse sequence A;(s,t)® is Bj(s,t) when t is even, B;_;(s,t)
when t is odd. The corresponding recurrences when st > 0 are

1A;(s,t —1), 0A(2s-1_1_jy/2;(8 — l,t)Rr if 7 + ¢ is even;

Ai(s,t) =
i(et) {IAJI:S,t'—l), DAUJ{QJ(S— 1,t), if 7 + t is odd;

and when st > 0 all 2°! of these sequences are distinct.
Chase'’s sequence Cy is A|24/3)(8,t), and Cyst is Aj3s-1/3/(8,t). Incidentally, the
homogeneous sequence K,¢ of (31) is Azs—1_(; even)(8, )7 |

31. (a) 2{"7) "1 solves the recurrence f(s,t) = 2f(s — 1,t) f(s,t — 1) when f(s,0) =
£(0,t) = 1. (b) Now f(s,t) = (s + 1)! f(s,t = 1)... f(0,¢ — 1) has the solution

(s + 1)tat(@) (g — (3D . (") = 1:[[,- 4 1) (TS =

r=1
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32. (a) No simple formula seems to exist, but the listings can be counted for small s
and t by systematically computing the number of genlex paths that run through all
weight-¢ strings from a given starting point to a given ending point via revolving-door
moves. The totals for s +t < 6 are

1 8 20 8 1
1 16 160 160 16 1
1 32 2264 17152 2264 32 1

and f(4,4) = 95,304,112,865,280; f(5,5) ~ 5.92646 x 10*®. [This class of combination
generators was first studied by G. Ehrlich, JACM 20 (1973), 500-513, but he did not
attempt to enumerate them.)

(b) By extending the proof of Theorem N, one can show that all such listings or
their reversals must run from 1°0° to 0%1'0*~* for some a, 1 < a < s. Moreover, the
number n,:, of possibilities, given s, t, and a with st > 0, satisfies ny:; = 1 and

{ Na(t—1)1N(s—-1)t(a—1) if a > 1;
Nata = .
Ma(t-1)2M(s—-1)t1 + *** + Ng(t-1)aN(s-1)t(s—1); fa=1< 3.

This recurrence has the remarkable solution ns, = 2™**%) where

() + (1Y) + e+ (7)) if t s even

t

?tl -
i) {(’+i_3)+(’355)+“'+(;HS—a—[a{a], if ¢ is odd.

33. Consider first the case t = 1: The number of near-perfect paths fromito 3 > 1 1s
f(7—i—=[i>0]-[j <n —1]), where 2 f(7)2* =1/(1 = z—2*). (By coincidence, the
same sequence f(7) arises in Caron’s polyphase merge on 6 tapes, Table 5.4.2-2.) The
sum over 0 <i < j < nis3f(n)+ f(n—1) + f(n—2) + 2 — n; and we must double this,
to cover cases with j > 1.

When t > 1 we can construct (7) x (7) matrices that tell how many genlex listings
begin and end with particular combinations. The entries of these matrices are sums of
products of matrices for the case t — 1, summed over all paths of the type considered
for t = 1. The totals for s + ¢t < 6 turn out to be

1 1
1 1 11
1 2 1 121
1 6 2 1 1201
1 12 10 2 1 _ 12201
1 20 44 10 2 1 120001

1 34 238 68 10 2 1 1260001

where the right-hand triangle shows the number of cycles, g(s,t). Further values include
f(4,4) = 17736; f(5,5) = 9,900,888,879,984; g(4,4) = 96; ¢g(5,5) = 30,961,456,320.

There are exactly 10 such schemes when s = 2 and n > 4. For example, when
n = 7 they run from 43210 to 65431 or 65432, or from 54321 to 65420 or 65430 or
65432, or the reverse.
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34. The minimum can be computed as in the previous answer, but using min-plus
matrix multiplication ¢i; = mink(aix + bx;) instead of ordinary matrix multiplication
cij = 3, aikbrj. (When s =t = 5, the genlex path in Fig. 26(e) with only 49 imperfect
transitions is essentially unique. There is a genlex cycle for s = t = 5 that has only 55
imperfections.) _

35. From the recurrences (35) we have a.: = by1—1) + [ > 1][t>0] + a(s-1)¢, bot =
s(t—1) + G(s—1)¢; consequently a,e = byt + [s > 1][todd] and a,e = ay-1) + G(s—1)¢ +
[s > 1][todd]. The solution is

s +t—2—2k
Qst =Z( 45— 2 ) — [8>1][teven];
k=0

this sum is approximately s/(s + 2¢t) times (°7").

36. Consider the binary tree with root node (s,t) and with recursively defined subtrees
rooted at (s—1,t) and (s,t—1) whenever st > 0; the node (s,t) is a leaf if st = 0. Then
the subtree rooted at (s,t) has (*t*) leaves, corresponding to all (s,t)-combinations
@n-1...0180. Nodes on level | correspond to prefixes a,—;...ar,—;, and leaves on
level [ are combinations with r = n — [.

Any genlex algorithm for combinations an_3 ...a1a0 corresponds to preorder tra-
versal of such a tree, after the children of the (’:”) — 1 branch nodes have been
ordered in any desired way; that, in fact, is why there are 2(*1*)-1 sych genlex schemes
(exercise 31(a)). And the operation j ¢ j + 1 is performed exactly once per branch
node, namely after both children have been processed.

Incidentally, exercise 7.2.1.2-6(a) implies that the average value of r is s/(t+ 1) +

t/(s+1), which can be {2(n); thus the extra time needed to keep track of r is worthwhile.

37. (a) In the lexicographic case we needn’t maintain the w; table, since a; is active
for 4 > r if and only if a; = 0. After setting a; + 1 and a;—; + O there are two cases
to consider if 7 > 1: If r = j, set r « j — 1; otherwise set a;_...a0 + 0"1’"!'"" and
re—j—1-—rforr+ jif r was 5 —1).

(b) Now the transitions to be handled when j > 1 are to change a; . .. ao as follows:
01" — 110172, 010" — 107*!, 010°1" — 110°*!17"1, 10" — 010", 110" — 010711,
10%1" — 0%1"*!; these six cases are easily distinguished. The value of r should change
appropriately.

(c) Again the case j = 1 is trivial. Otherwise 01°0" — 101°7'0"; 0°1" — 10°1";
101%0" — 01°1107; 10°1" — 0°17*!; and there is also an ambiguous case, which can
occur only if an—1...a;j41 contains at least one 0: Let k > j be minimal with ax = 0.
Then 10" — 010"~ ! if k is odd, 10" — 0"1 if k is even.

38. The same algorithm works, except that (i) step C1 sets an—1...a0 + 01°0°7" if
nisodd or s =1, @n_1...a0 « 001°0°"? if n is even and s > 1, with an appropriate
value of r; (ii) step C3 interchanges the roles of even and odd; (iii) step C5 goes to C4
also if j = 1.
39. In general, start with r « 0, j «+ s+t — 1, and repeat the following steps until
st =0: _ ‘
T 4—T+[w_,'=ﬂ]( J
8 — Qy
Then r is the rank of an—1...a1a0. So the rank of 11001001000011111101101010 is
WHE) )+ )+ + @)+ @) +EHE) +E+E)+E)+ Q)+ ) =
2390131.

), s¢s5—[a;=0], tt—[a;=1], j&j—1.
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40. We start with N + 999999, v + 0, and repeat the following steps until st = 0: If
v=0settt—1and ags, + 1if N < (**1~1), otherwise set N «— N — (**h,
ve (s+t)mod2, s 8—1,as4¢ + 0. fv=1,set v « (s+¢t)mod2, s « s -1,
and as+; +— 0if N < ('H 1) otherwise set N «— N — (’+:_1), t—t—1, as4¢ + L.
Fmally if s =0, set ag—1...a0 « 1% ift = 0, set as_1...a0 «— 0°. The answer is
azs . = 11101001111110101001000001.

41. Let - ¢(0), ..., ¢(2" — 1) = Cn where C2n = 0C2n-1, 1C2n-1; Cznt1 = 0C2n,
162“, C‘gﬂ = ].an 1, 002,; 1; 52n+1 = ].Czn, ﬂCzH, Co = Cﬁ = ¢. Then a; @ bj =
bi+1&(bj2|(bj+38&(bj+a|---))) if j is even, bj+1|(bj+2& (bj+3](bj+a&---)))if 7 is odd.
Curiously we also have the inverse relation c(( ... 0403020, ﬂ.g)z) = (... bybsbab, bo)z-

42. Equation (40) shows that the left context an—; ... a4+, does not affect the behavior
of the algorithm on a;—1...a0 if ¢y = 0 and [ > r. Therefore we can analyze
Algorithm C by counting combinations that end with certain bit patterns, and it
follows that the number of times each operation is performed can be represented as
[w®2*] p(w, 2)/(1 — w?)*(1 — 2%)%(1 — w — z) for an appropriate polynomial p(w, z).

For example, the algorithm goes from C5 to C4 once for each combination that ends
with 012%+101?°*? or has the form 1°+*01?**?, for integers a,b > 0; the corresponding
generating functions are w?2%/(1 ~ 22)*(1 — w — z) and w(z? + 23)/(1 - 2*)%.

Here are the polynomials p(w, z) for key operations. Let W =1 - w?, Z =1 - 2°.

C3 - C4: wzW (1+wz2)(1—w—2z%); Cs5(r«1): w?zW?2Z(1-wz—2?%);
C3 - C5: wzW(w+2)(1-wz—2?); C5(r « j—1): w?22W?(1—wz—2%);
C3 = Cé6: w? 22 W (w+ 2); C6(j7 = 1): w?z2W?Z;

C3>C7: - wzW(l+wz); C6(r « j—1): w?2*W?2;

Ca(j=1): wzW?Z(1-w-2%); Cé(r « j): w'2?WZ;

Ca(r « j~1): wzWZ(1—-w—2%); C7 = Cé6: w?zW?;

Ca(r « j): w2W?(1+z2-2wz-2°-2%); CT(r+j): w'zWZ;

C5 — C4: wzW?(1-wz—2%); C7(r + j—2): w*2*W2,

C5(r «+ 7-2): w"zWZ(l—'wz—zz);

The asymptotic value is (*7*)(p(1 — z,z)/(2z — 2*)*(1 — 2®)* + O(n™")), for fixed
0<z<1,ift =2n+ O(1) as n = oc. Thus we find, for example, tha.t the four-way
branching in step C3 takes place with relative frequencies z+z?—2% :1:2: 14z —z°.

Incidentally, the number of cases with j odd exceeds the number of cases with
j even by

k,d>1

in any genlex scheme that uses (39) This quantity has the interesting generating
function wz/(1 + w)(1+ 2)(1 — w — 2)

43. The identity is true for all nonnegative integers z, except when z = 1.

44, In fact, Ci(n) -1 = at{n —1)%, and ét(n} — 1= Ci(n—-1)%. (Hence Ci(n) —
Ct(ﬂ - 2}, Et{!.)

45. In the following algorithm, r is the least subscript with ¢, > r.

CC1. [Initialize.] Set ¢;j «+ n—t—1+jand z; « 0for 1 < j <t+ 1. Also set
r « 1. (We assume that 0 < t < n.)

CC2. [Visit.] Visit the combination c; ...cz2c1. Then set j « r.
CC3. [Branch.] Go to CC5 if z; # 0.
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CC4. [Try to decrease c;.] Set z + ¢; + (c;jmod2) = 2. If z > j, set ¢; + =,
r + 1; otherwise if ¢; = j, set ¢; « j — 1, z; = ¢j41 = ((€j41 + 1) mod 2),
r + j; otherwise if ¢; < j, set ¢; + j, z; + ¢j41 — ((¢j+1 + 1) mod 2)
r + max(1,7 — 1); otherwise set c; + x, r + j. Return to CC2.

CC5. [Try to increase cj.] Set = + ¢; + 2. If ¢ < 2;, set ¢; + z; otherwise if
z = zj and zj41 # 0, set ¢; & r — (cj41 mod 2); otherwise set 2, « 0,
j & j+1, and go to CC3 (but terminate if j > t). If ¢; > 0, set r + 1;
otherwise set r +— j — 1. Return to CC2. |

48. Equation (40) implies that ux = (b; + k+ 1) mod 2 when j is minimal with b; > k.
Then (37) and (38) yield the following algorithm, where we assume for convenience
that 3 < s < n.

CB1. [Initialize.] Set b; + j—1for 1 < j < s; also set z +- s+ 1,5, + 1. (When
subsequent steps examine the value of z, it is the smallest index such that
by # 2~ 1}

CB2. [Visit.] Visit the dual combination b, ... bsb;.

CBS3. [Branch.] If bz is odd: Go to CB4 if by # b; + 1, otherwise to CB5 if b, > 0,
otherwise to CB6 if b; is odd. Go to CB9if b5 is even and & > 0. QOtherwise
go to CB8 if b,4; = b, + 1, otherwise to CBT.

CB4. [Increase by.] Set b « b; + 1 and return to CB2.

CBS5. [Slide by and bs.] If b3 is odd, set by + b; + 1 and by + by + 1; otherwise
set by &~ by — 1, s &+ ba = 1, z + 3. Go to CB2.

CB&. [Slide left.] If z is odd, set z + 2z — 2, b4y + 2+ 1, b; + z; otherwise set
z+z2-1, b, 2 Goto CB2

CB?Y. [Slide b..] If b.4, is odd, set b, + b, +1 and terminate if b. > n; otherwise
set by +~ b; — 1, then if b; < z set z « z+ 1. To CB2.

CBS8. [Slide b, and b,;1.] If b.yy is odd, set b, + b.y1, by « b, + 1, and
' terminate if b.4y > n. Otherwise set b,y q + b, by + b; — 1, then if b, < 2
set z +— z+ 2. To CB2.

CBS. [Decrease b;.] Set by + by — 1, z + 2, and return to CB2. |

Notice that this algorithm is loopless. Chase gave a similar procedure for the sequence
CF in Cong. Num. 69 (1989), 233-237. It is truly amazing that this algorithm defines
precisely the complements of the indices ¢;...¢; produced by the algorithm in the
previous exercise,

47. We can, for example, use Algorithm C and its reverse (exercise 38), with w;
replaced by a d-bit number whose bits represent activity at different levels of the
recursion. Separate pointers ro, vy, ..., r4_; are needed to keep track of the r-values
on each level. (Many other solutions are possible. )

48. There are permutations 7y, ..., mar such that the kth element of A; is mea; T8k—1.
And mpa; runs through all permutations of {s,-1,...,s4-d} as j varies from 0 to N — 1.

Historical note: The first publication of a homogeneous revolving-door scheme
for (s,t)-combinations was by Eva Torok, Matematikai Lapok 19 (1968), 143-146,
who was motivated by the generation of multiset permutations. Many authors have
subsequently relied on the homogeneity condition for similar constructions, but this
exercise shows that homogeneity is not necessary.
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49. We have lim,_o(z*™*" — 1)/(2'™*" = 1) = 1 when 0 < r < m, and the limit
is limz_,q(kmz’""'l)/(Imz""'l} = k/l when r = 0. So we can pair up factors of the
numerator [], . ,<.(2* — 1) with factors of the denominator [T, ,<.(z* — 1) when
a = b (modulo m). ~ N
Notes: This formula was discovered by G. Olive, AMM 72 (1965), 619. In the
special case m = 2, ¢ = —1, the second factor vanishes only when n is even and k is
odd. The formula ( e = (aox), holds for all n > 0, but {F‘L’:j) is not always equal
to (Hi“";‘;}{“ ). We do, however, t, have lk/m| + |(n = k)/m| = |n/m] in the case when
n mod m > k mod m; otherwise the second factor is zero. ‘
50. The stated coefficient is zero when n; mod m + - - - + ny mod m > m. Otherwise it
equals
(L(ﬂ: +---+ﬂt)/mj) ( (ni+:--+n)modm )
q

\n1/mj,...,|n:/m)/ \ni modm,...,n, modm
by Eq. 1.2.6-(43); here each upper index is the sum of the lower indices.

51. All paths clearly run between 000111 and 111000, since those vertices have de-
gree 1. Fourteen total paths reduce to four under the stated equivalences. The path
in (50), which is equivalent to itself under reflection-and-reversal, can be described
by the delta sequence A = 3452132523414354123; the other three classes are B =
3452541453414512543, C = 3452541453252154123, D = 3452134145341432543. D. H.
Lehmer found path C [AMM 72 (1965), Part II, 36-46); D is essentially the path
constructed by Eades, Hickey, and Read.

(Incidentally, perfect schemes aren’t really rare, although they seem to be difficult
to construct systematically. The case (s,t) = (3,5) has 4,050,046 of them.)

52. We may assume that each s; is nonzero and that d > 1. Then the difference
between permutations with an even and odd number of inversions is (H;ggj""‘[ﬂﬁﬂ) >
2, by exercise 50, unless at least two of the multiplicities s; are odd

Conversely, if at least two multiplicities are odd, a general construction by G. Sta-
chowiak (SIAM J. Discrete Math. 5 (1992), 199-206] shows that a perfect scheme
exists. Indeed, his construction applies to a variety of topological sorting problems; in
the special case of multisets it gives a Hamiltonian cycle in all cases with d > 1 and
8081 odd, except when d = 2, 30 = sy = 1, and s, is even.

53. See AMM 72 (1965), Part II, 36-46.

54. Assuming that st # 0, a Hamiltonian path exists if and only if s and t are not
both even; a Hamiltonian cycle exists if and only if, in addition, (s # 2 and ¢ # 2) or
n = 5. [T. C. Enns, Discrete Math. 122 (1993), 153-165.]

55. [Solution by Aaron Williams.] The sequence 0°1*, W, has the correct properties if
Wi = UW{:—m. 1Wie-1), 10'11_11 for st > 0; Wor = Wy = 0.

And there is an amazingly efficient, loopless implementation: Assume that t > 0.

W1. [Initialize.] Set n «+ s+1t,a; «+ 1for0<j<t,anda; « 0 fort<j<n.
Also set j «— k «+ t — 1. (This is tricky, but it works.)

W2, [Visit.] Visit the (s,t)-combination an—1...a1a0.
W3. [Zero out a;.] Set aj + 0 and j « j+ 1.
W4. [Easy case?] If a;j =1, set ax + 1, k « k+ 1, and return to W2.

WS5. [Wrap around.] Terminate if j = n. Otherwise set a; + 1. Then if k > 0,
set ap & 1,00 + 0,7 + 1, and k « 0. Return to W2, |}
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After the second visit, j is the smallest index with aja;_; = 10, and k is smallest
with ax = 0. The easy case occurs exactly (’""t'"l) — 1 times; the condition £k = 0
occurs in step W5 exactly (**1?) + d;1 times. Curiously, if N has the combinatorial

t
representation (57), the combination of rank N in Algorithm L has rank N —t+ (u“:1) +

v — 1 in Algorithm W. [Lecture Notes in Comp. Sci. 3595 (2005), 570-576.]

(b) SET bits, (1<<t)-1 (This program assumes that s > 0 and ¢ > 0.)

iH PUSHJ $0,Visit Visit bite = (a@s4t—1...a180)2.
ADDU $0,bits,1; AND $0,$0,bits Set $0 + bits & (bits + 1).
SUBU $1,$0,1; XOR $1,$0,%1 Set $1 « $0® (30 - 1).
ADDU $0,$1,1; AND $1,%1,bits Set $0 « $1 + 1, $1 « $1 & bits.
AND $0,$0,bits; ODIF $0,$0,1 Set $0 « (80 & bits) — 1.
SUBU $1,$1,$0; ADDU bits,bits,$1 Set bits + bits 4+ §1 — $0.
SRU $0,bits,s+t; PBZ $0,1B Repeat unless agy: = 1. |

56. [Discrete Math. 48 (1984), 163-171.] This problem is equivalent to the “middle
levels conjecture,” which states that there is a Gray path through all binary strings
of length 2t — 1 and weights {t — 1,t}. In fact, such strings can almost certainly be
generated by a delta sequence of the special form apa; ... az¢—2 where the elements of
aj are those of ap shifted by k, modulo 2t — 1. For example, when ¢t = 3 we can start
with asaqasazaiap = 000111 and repeatedly swap ao ¢ as, where 6 runs through the
cycle (4134 5245 1351 2412 3523). The middle levels conjecture is known to be true for
t < 15 [see I. Shields and C. D. Savage, Cong. Num. 140 (1999), 161-178].

57. Yes; there is a near-perfect genlex solution for all m, n, and t when n > m > t.
One such scheme, in bitstring notation, is 1A(m_g)(:-1)0" "™, 01A(m-ty(e-)0" " ™7,
ey T A ety 0V LA 10 e-1)y -+ -, 0" TF1 Age-1), using the sequences
Agt of (35).

58. Solve the previous problem with m and n reduced by ¢t — 1, then add j — 1 to
each c;. (Case (a), which is particularly simple, was probably known to Czerny.)

59. The generating function Gmne(2) = 3. gmnex 2™ for the number gmnex of chords
reachable in k steps from 0" ~*1° satisfies Gynmi(2) = (T)z and Gr(n+1)t(2) = Gmni(2)+
z‘“‘“_”“‘(':‘_‘ll)z, because the latter term accounts for cases with ¢ = n and ¢; >
n —m. A perfect scheme is possible only if |Gmnt(—1)] < 1. Butifn>m >t > 2,
this condition holds only when m = ¢t + 1 or (n — t)t is odd, by (49). So there is no
perfect solution when t = 4 and m > 5. (Many chords have only two neighbors when
n = t + 2, so one can easily rule out that case. All cases withn >m > 5and t = 3
apparently do have perfect paths when n is even.)

60. The following solution uses lexicographic order, taking care to ensure that the aver-
age amount of computation per visit is bounded. We may assume that stm,...mg # 0
and t <m, + -+ + my + mo.

Q1. [Initialize.] Set g; « O for s> j > 1,and z = ¢.

Q2. [Distribute.] Set j + 0. Then while z > mj, set q¢; + m;, ¢ + = — m;,
j « j +1, and repeat until z < m;. Finally set g; « z.

Q3. [Visit.] Visit the bounded composition g, + -+ + g1 + go.

Q4. [Pick up the rightmost units.] If j = 0, set z + go — 1, j + 1. Otherwise if
go=0,set x +¢q; —1,q; « 0,and j « 7+ 1. Otherwise go to Q7.

Q5. [Full?] Terminate if j > s. Otherwise if ¢; = m;, set £ + = + m;, g¢; + 0,
Jj < 7+ 1, and repeat this step.
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Q6. [Increase g;.] Set ¢; + g; + 1. Then if z = 0, set go < 0 and return to Q3.
(In that case gj—1 = --- = qo = 0.} Otherwise go to Q2.

Q7. [Increase and decrease.] (Now ¢; = m; for j > ¢ > 0.) While ¢; = m;, set
j + j+ 1 and repzat until ¢; < m; (but terminate if j > s). Then set
gi+—qi+1,j35—1,9; +¢q; — 1. If go =0, set j + 1. Return to Q3. |

For example, if my, = - -+ = mp = 9, the successors of the composition 3+9+9+7+0+0
are 44+0+4+0+4+6+9+9,44+04+0+7+8+4+9,4+04+0+74+9+8,44+0+0+8+7+9, ....

61. Let F,(t) =0ift <0ort > ms+---+ mo; otherwise let Fy(t) = ¢, and
Fo(t) = 04+Faci(t), 14Faci(t — 1), 24F_1(t = 2), ..., me+Facr(t —m,)®

when s > (0. This sequence can be shown to have the required properties; it is, in
fact, equivalent to the compositions defined by the homogeneous sequence K of (31)
under the correspondence of exercise 4, when restricted to the subsequence defined by
the bounds m,, ..., mo. [See T. Walsh, J. Combinatorial Math. and Combinatorial
Computing 33 (2000), 323-345, who has implemented it looplessly.]

62. (a) A 2 x n contingency table with row sums r and ¢; + - - + ¢, — 7 is equivalent

tosolvingr=a1+ - +a, with0<a, <e¢;,...,0<an < en.
(b) We can compute it sequentially by setting a;; + min(r; — asy — -+ — aij-1),
c;j—a1;—--—ag-1);)forg=1,...,n,fori =1, ..., m. Alternatively, if r; < ¢1, set

@11 ¢ T1, @12 + -+ + ain + 0, and do the remaining rows with ¢; decreased by ry; if
ry > €1, set @11 ¢ €1, @21 ¢ +++ + am1 ¢ 0, and do the remaining columns with r,
decreased by ¢;. The second approach shows that at most m + n — 1 of the entries are
nonzero. We can also write down the explicit formula

aij - maX(U,min(ri,CJ,Tl +"'+Ti - Cl — _Ej_llcl +l!++ﬂj —'r"l - oa A _rl-.—l))-

(c) The same matrix is obtained as in (b).
(d) Reverse left and right in (b) and (c); in both cases the answer is

ai; = max(0, min(7i,¢cj,Tiz1+ -+ Tm —C1— - —Cj_1,€@1+ -+ ¢ —Ti— - —Tm)).

(e) Here we choose, say, row-wise order: Generate the first row just as for bounded
compositions of ry, with bounds (c1,...,¢,); and for each row (a;,...,a1,), gen-
erate the remaining rows recursively in the same way, but with the column sums
(¢; — @11,...,6n — ain). Most of the action takes place on the bottom two rows,
but when a change is made to an earlier row the later rows must be re-initialized.

63. If a;; and as: are positive, we obtain another contingency table by setting a;; +
aij — 1, ey + aq +1, ag; < ax;j + 1, ap — ax — 1. We want to show that the graph G
whose vertices are the contingency tables for (r1,...,Tm;€1,...,¢n), adjacent if they
can be obtained from each other by such a transformation, has a Hamiltonian path.
When m = n = 2, G is a simple path. When m = 2 and n = 3, G has a two-
dimensional structure from which we can see that every vertex is the starting point of at
least two Hamiltonian paths, having distinct endpoints. When m = 2 and n > 4 we can
show, inductively, that G actually has Hamiltonian paths from any vertex to any other.
When m > 3 and n > 3, we can reduce the problem from m to m -1 as in answer
62(e), if we are careful not to “paint ourselves into a corner.” Namely, we must avoid
reaching a state where the nonzero entries of the bottom two rows have the form (; § °
for some a, b, ¢ > 0 and a change to row m — 2 forces this to become (g 5 ;) The
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previous round of changes to rows m — 1 and m can avoid such a trap unless ¢ = 1 and
it begins with (¢%7 7) or (g :_:: o). But that situation can be avoided too.

(A genlex method based on exercise 61 would be considerably simpler, and it
almost always would make only four changes per step. But it would occasionally need

to update 2 min(m,n) entries at a time.)

64. When z;...z, is a binary string and A is a list of subcubes, let A @ z, ...z,
denote replacing the digits (a,,...,a,) in each subcube of A by (a1 ® z1,...,0, D z,),
from left to right. For example, 0*1++10 @ 1010 = 1*1#+00. Then the following mutual
recursions define a Gray cycle, because A, gives a Gray path from 0°*° to 10°~ ' and
B,: gives a Gray path from 0*s* to *01°~'%'~! when st > 0:

Ast = O0B(,_1y, *Ay—1) ©001°7 2, 1B _,),;
Byt = 0A(s-1)t, 1B(o1)e ®010°7%, %A,y @ 1°.

The strings 001°~% and 010°~? are simply 0° when s < 2; A, is Gray binary code;
Aot = Bo = #*. (Incidentally, the somewhat simpler construction

Gat = *G‘{t—l), {ItG[,_l}t, ﬂt—lGﬁ._ut, ay = t mod 2,

defines a pleasant Gray path from *'0° to a;—1x'0°~1.)

85. If a path P is considered equivalent to P® and to P @ z; ...z,, the total number
can be computed systematically as in exercise 33, with the following results for s+t < 6:

paths cycles

1 1

1 1 11

1 2 1 111

1 3 3 1 1111
1 5 10 4 1 12111
1 6 36 35 § 1 123111

1 9 3104630218 6 1 1 3464 1 11

In general there are t + 1 paths when s = 1 and (fu}§1+2) — (s mod 2) when t = 1. The
cycles for s < 2 are unique. When s = t = 5 there are approximately 6.869 x 10'7°
paths and 2.495 x 107° cycles.

66. Let G(n,0) =¢; G(n,t) =9 when n < t; and for 1 <t < n, let G(n,t) be
§(0)G(n-1,t), §(1)G(n-1,1)%, ..., §2'-1)G(n-1,0)%, 32" -1)G(n-1,t-1),

where §(k) is a t-bit column containing the Gray binary number g(k) with its least
significant bit at the top. In this general formula we implicitly add a row of zeros
below the bases of G(n - 1,t — 1).

This remarkable rule gives ordinary Gray binary code when ¢t = 1, omitting 0. . . 00.
A cyclic Gray code is impossible because (7), is odd.

67. A Gray path for compositions corresponding to Algorithm C implies that there is
a path in which all transitions are 0¥1' & 1°0* with min(k,[) < 2. Perhaps there is, in
fact, a cycle with min(k,!) = 1 in each transition.

68. (a) {0}; (b) 0.

89. The least N with ke N < Nis (*[") + (¥ )+ + () +1=3((3) + 3 +
RE ¥ (3) + 1), because {:1] < ('t') if and only if n > 2¢ — 1.
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70. From the identity
((zt )+N.r ((21:3)+Na) = ﬂt((nt—z) _+_N.')_((2tt-2)+Nr] — {2t—i)ﬁ+ﬁt_1yr_N.r

when N’ < (*®), we conclude that the maximum is (*; )3 + (3;) 25+ -+ () 1>

and it occurs at 2¢~! values of N when t > 1.

71. Let C; be the t-cliques. The first (*%*) + (};) t-combinations visited by Al-

gorithm L define a graph on 1415 vertices with 1000000 edges. If |C;| were larger,

|8*~2C:| would exceed 1000000. Thus the single graph defined by P(1000000)2 has the

maximum number of t-cliques for all ¢ > 2.

72 M = (") + -+ (7) for my > --- > my > u > 1, where {m,,...,my} =

{s+t—1,...,ny}\{n¢,...,nv41}. (Compare with exercise 15, which gives (*T*)—1-N.)
If @ = an-1...ao 18 the bit string corresponding to the combination n; ...n;, then

v is 1 plus the number of trailing 1s in a, and u is the length of the rightmost run
of 0s. For example, when o = 1010001111 we have s = 4,t =6, M = () ( ),u=3

N=(6)+G}’U_5‘
73. A and B are cross-intersecting <= a € U\ S for all «a € A and § € B <=
ANG"*"'B~ =, where B~ = {U\ 3| B € B} is a set of (n — t)-combinations. Since
Q}:’nt = PN{n-—t]; we have |3nh’_tB_| 2 13“""PN(,._¢}|, and 3“"“PN[,‘_” = PNr,
where N' = k,41...6n—tN. Thus if A and B are cross-intersecting we have M + N' <
|A| + 18" **B7| < (7), and Qmne N Py1, = 0.

Conversely, if Quns N Pyry # 0 we have (7) < M+ N’ < |A]+]8"*"*B7|,50 A
and B cannot be cross-intersecting.

74. |@QnNnt| = Kn—t N (see exercise 94). Also, arguing as in (58) and (5g), we find
@Pns = (n—1)Pns U --- U 10Pys U {543210,...,987654} in that particular case; and

|oPne| = (n+1—n) N+ (";‘_*_'*'11) in general.

75. The identity ("}') = (}) + (}2)) + -+ + (*5%), Ea. 1.2.6-(10), gives another
representation if n, > v. But (60) is unaffected, since we have :f:) = (::1) + (::;) +
co (n—k+l)

o)
76. Represent N + 1 by adding (?7}) to (57); then use the previous exercise to deduce
that ke(N+1) -k N= (7)) =v— L

77. [D. E. Daykin, Nanta Math. 8,2 (1975), 78-83.] We work with extended repre-
sentations M = ("*) +--- + (™) and N = (") +--- + () as in exercise 75, calling
them improper if the final index u or v is zero. Call N filexible if it has both proper
and improper representations, that is, if ny, > v > 0.

(a) Given an integer S, find M + N such that M + N = S and ke M + st N is
minimum, with M as large as possible. If N = 0, we're done. Otherwise the max-min
operation preserves both M + N and kM + x; N, so we can assume that v > u > 1 in
the proper representations of M and N. If N is inflexible, k(M + 1) + k;(N — 1) =
(ke M +u~1)+ (ke N —v) < 5 M + 5. N, by exercise 76; therefore N must be flexible.
But then we can apply the max-min operation to M and the improper representation
of N, increasing M: Contradiction.

This proof shows that equality holds if and only if MN = 0, a fact that was noted
in 1927 by F. S. Macaulay.

(b) Now we try to minimize max(x¢ M, N) + k;-1N when M + N = §, this time
representing N as (%*=}!) + -+ + ("*). The max-min operation can still be used if

t—1
ni—1 < my; leaving m: unchanged, it preserves M + N and x¢ M +x:_1 N as well as the
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relation k: M > N. We arrive at a contradiction as in (a) if N # 0, so we can assume
that ne—1 > m;y.
If ng_y > my we have N > x; M and also \;:N > M; hence M+ N < \3N + N =
(" ) 4+ -4 ("), and we have Ke(M + N) < ke(AeN + N) = N + K¢ N.
Finally if ng_y =me =a,let M = (§)+M'and N = (,° })+N'. Then se(M+N) =
‘:f:] + Kke—1(M' + N'), ke M = (:1) + K1 M', and ki N = (:2) + K¢—2N'; the
result follows by induction on ¢,

78. [J. Eckhoff and G. Wegner, Periodica Math. Hung. 6 (1975), 137-142; A. J. W.
Hilton, Periodica Math. Hung. 10 (1979), 25-30.) Let M = |A,| and N = |Ap|; we can
assume that ¢ > 0 and N > 0. Then |0A| = |8A; U Ao| + |0A0| > max(|0A4,|, |Ao]) +
|0Ao| > max(k: M, N) + k1N > ke(M + N) = |Pjap|, by induction on m + n + ¢.
Conversely, let Ay = Pme + 1 and Ag = Ppy(t-1) + 1; this notation means, for
example, that {210,320} + 1 = {321,431}. Then x:(M + N) < |8A| = |8A; U Ao| +
(0A0)0| = max(xe M, N) + k-1 N, because dA; = P, amye—1) + 1. [Schiitzenberger
observed in 1959 that x:(M + N) < keM + £¢_1 N if and only if k,M > N
For the first inequality, let A and B be disjoint sets of t-combinations with (4| = M,
|OA| = keM, |B| = N, |0B| = k¢ N. Then x:(M + N) = s,|/AUB| < |8(AU B)| =
|0AUBB| = |0A| + |0B| = ke M + k: N.
79. III f&Ct, ,u-ffM+ )‘Lt...lM) = M, E.Ild ,uzN + }'.z_1.u.tN =N + (nz - n1)[‘t}= l] when
N is given by (57).
80. If N >0andt > 1, represent NV as in (57) and let N = Ny + N;, where

-1 Ty — 1 e — 1 ny — 1
(7 () () ()
0 ; ot 1 o1 )T T v -1
Let No = (¥) and Ny = (,7,). Then, by induction on ¢ and |z], we have () =
No+mNo > () +(2) = (V) M= (D) =) 2 () - (°77) = ((1); and
KeN = Ny + K601 N1 2 (;1) + (tf:) = iﬂ) 2 (tfl)'

[Lovasz actually proved a stronger result; see exercise 1.2.6-66. We have, similarly,
peN > (37]); see Bjorner, Frankl, and Stanley, Combinatorica 7 (1987), 27-28.]

81. For example, if the largest element of Pys is 66433, we have
Pns = {00000, ..., 55555 }U{60000, ..., 65555 }U{66000,. .. , 66333} U{66400, . . ., 66433}
so N = (1;]) + (3) + (g) + (2) Its lower shadow is

8Pys = {0000, ..,5555} U {6000, ...,6555} U {6600,... 6633} U {6640,...,6643),

of size () + (3) + (3) + (3)-
If the smallest element of Qngs is 66433, we have

Qnos = {99999, .. .,70000} U {66666, . ..,66500} U {66444, .. .,66440} U {66433)
so N = ((?)'}'(132)'}'(171)) + ((§)+[;)) + {i) + (g) Its upper shadow is

eQnos = {999999, ..., 700000} U {666666, . .. 665000}
U {664444, . ..,664400} U {664333,...,664330},

of size ((5)+()+(2) + (()+()) + () + () = N + roN. The size, ¢, of each
combination is essentially irrelevant, as long as N < (‘:“]; for example, the smallest

element of Qnes 15 99966433 in the case we have considered.
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82. (a) The derivative would have to be }_,, rx(z), but that series diverges.

(Informally, the graph of 7(z) shows “pits” of relative magnitude 2~* at all odd
multiples of 2—*, Takagi’s original publication, in Proc. Physico-Math. Soc. Japan (2)
1 (1903), 176-177, has been translated into English in his Collected Papers (Iwanami
Shoten, 1973).]

(b) Since ri(1-t) = (- l)rz"c] when k > 0, we have j;;":n,(t] dt = flr,,{l—u} du =
- f re(u)du = [ 7x(u) du. The second equation follows from the fact that ri(3t) =

Tr-1(t). Pa.rt (d) shuws that these two equations suffice to define 7(z) when T is
rational.

(c) Since 7(27%z) = a27 %z + 27%7(z) for 0 < z < 1, we have 7(¢) = ae + O(e)
when 277! < ¢ < 27°. Therefore 7(¢) = elgl +0(e) for 0<e< 1.

(d) Suppose 0 < p/q < 1. If p/q < 1/2 we have 7(p/q) = p/q + 7(2p/q)/2;
otherwise 7(p/q) = (¢ — p)/q + 7(2(q ~ p)/q)/2. Therefore we can assume that ¢ is
odd. When ¢ is odd, let p' = p/2 when p is even, p' = (¢ — p)/2 when p is odd. Then
7(p/q) = 27(p'/q) — 2p'/q for 0 < p < g; this system of ¢ — 1 equations has a unique
solution. For example, the values for ¢ = 3, 4, 5,6, 7 are 2/3,2/3; 1/2,1/2,1/2; 8/15,
2/3,2/3, 8/15; 1/2,2/3,1/2,2/3,1/2; 22/49, 30/, 32/49, 32/49, 30/49, 22/49.

11 1 1

{)Thﬂﬂﬂlut—lﬂﬂﬁ'ﬂ MEI""J‘,E—E\}E—E—H,I—-ﬁ—ﬁ'—gsﬁ,. ‘1§

(f) The value 2 is a.chleved forr=1+1++4+ 135 £ -+, an uncountable set.

83. Given any integers ¢ > p > 0, cnnsnder pa.ths startmg from 0 in the digraph

0«12«34+ 5H & -

t T 1 1t t 1

1229394955236 —> -

Compute an associated value v, starting with v +~ —p; horizontal moves change v + 2v,
vertical moves from node a change v + 2(ga — v). The path stops if we reach a node
twice with the same value v. Transitions are not allowed to upper node a if v < —q or
v > qa at that node; they are not allowed to lower node a with v < 0 or v > gla+1).
These restrictions force most steps of the path. (Node a in the upper row means, “Solve
7(x) = az — v/q”; in the lower row it means, “Solve 7(z) = v/q - az.”) Empirical
tests suggest that all such paths are finite. The equation -r(z) p/q then has solutions
T =1 deﬁned by the sequence z¢, 71, 2, ... where zx = 22:;;.,.1 on a horizontal step
and zx = 1— 3Tk4+1 On a vertical step; eventually zx = z; for some j < k. If j > 0 and
if ¢ is not a power of 2, these are all the solutions to 7(z) = p/q when z > 1/2.

For example, this procedure establishes that 'r(a':) 1/5 and z > 1/2 only when
z is 83581/87040; the only path yields 2o = 1 — 321, 21 = %:ﬂg, ..., T18 = 3T19, and
z19 = z11. There are, similarly, just two values ¢ > 1/2 with 7(z) = 3/5, having
denominator 2%4(2%¢ - 1)/3.

Moreover, it appears that all cycles in the digraph that pass through node 0 define
values of p and ¢ such that 7(z) = p/q has uncountably many solutions. Such values
are, for example, 2/3, 8/15, 8/21, corresponding to the cycles (01), (0121), (012321).
The value 32/63 corresponds to (012121) and also to (012101234545454321), as well as
to two other paths that do not return to 0.

84. [Frankl, Matsumoto, Ruzsa, and Tokushige, J. Combinatorial Theory A69 (1995),
125-148.] If a < b we have

(%-1_ )/ T=t%(t - 1)¥2/(2t - 1)* = 27%(1 + f(a,b)t ™ + O(6Y/¢%)),
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where f(a,b) = a(l +b) —a® = b(1 +b)/4 = f(a+ 1,b) — b+ 2a. Therefore if N has
the combinatorial representation (57), and if we set n; = 2t ~ 1 — b;, we have

t . bt bt_], -2 b¢_2 -4 O(log t)a
T(HtN_N) — 2bl + 2bt--1 + 2bf-—2‘ +"'+——t-—-—-—-

the terms being negligible when b, exceeds 2lgt. And one can show that

l

l
T(ZZ'E’) = :;(Ej_Zj}Z 7,

3=0

85. N—\¢-1N has the same asymptotic form as ke N—N, by (63), since 7(z) = 7(1—=z).
So does 2u¢ N ~ N, up to O(T(log t)*/t?), because (**;17%) = 2(*>7°)(1+ O(logt)/t)
when b < 21gt.

8. e X" =g X°<=r¢gXorzgX+eor---orFgX+e,ze X"
orz€ X~ —eor---orz€ X" —ep &= z€X"T,

87. All three are true, using the fact that X C Y° ifand onlyif XT CY: (a) X CY°
=S XV DY =YY" =YY C X™ (b) XT C Xt = X C X*°; hence
X° C X°*°, Also X° C X° = X°" C X:; hence X°*° C X°. (c) aM < N <
St C Sy &> Sy C S} < M < jN.

88. If vz < vy then v(z — ex) < v(y — €;), so we can assume that vr = vy and that
z > y in lexicographic order. We must have y; > 0; otherwise v(y — e;) would exceed
v(iz—er). fzi=yiforl <i<j,clearly k > j and x —ex < y—e;. Otherwise z; > y;
for some 1 < 7; again we have z — ex <y — €5, unless ¢ — ex = y — ¢€;,

89. From the table

3= 0 1 2 3 4 5 6 7 8 9 10 11
€e;+e = e1 € €e4 €5 €2 €3 € €9 € €7 €11 €l
ej+e = ez €4 €o €6 €1 €g €3 €10 €5 €11 €7 €g
e;j+es = es €5 € er €es € €0 € €11 €1 €2 €4

we find (a0,al,...,al2) = (0,4,6,7,8,9,10,11,11,12,12,12,12); (80,41,...,812) =
(0,0,0,0,1,1,2,3,4,5,6,8,12).

90. Let Y = X" and Z = Ci X, and let N, = | X (a)| for 0 < a < mi. Then

my—1 mg—1
Y=Y Yi(a)l = ) |[(Xk(a—1) +ex) U (Xe(a) + Ex(0))|
a=0 a=0
:_} mi_: M{Nu-luaNu)w
a=0

where a — 1 stands for (a — 1) mod mx and the o function comes from the (n — 1)-
dimensional torus, because |Xk(a) + Ex(0)| > aNa by induction. Also

my—1 my—1
2= Y 1ZH@) = Y |(Zkle—1) + ) U (Zi(a) + Ex(0))|
a=0 a=>0
= i max(Ng-1,alN,),
a=0

because both Zi(a — 1) + ex and Zx(a) + Ex(0) are standard in n — 1 dimensions.
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91. Let there be N, points in row a of a totally compressed array, where row 0 is
at the bottom; thus | = N_; > Ng > -+ > Npm_y 2 Ny = 0. We show first
that there is an optimum X for which the “bad"” condition N, = Ny41 never occurs
except when N, = 0 or N, = l. For if a is the smallest bad subscript, suppose
Noa-1 > Nog = Nat1 = -+ = Nayk > Nayks1. Then we can always decrease N,y
by 1 and add 1 to some N, for b < a without increasing | X ™|, except in cases where
k=1and Ngy2 = Ngy1 —1and N, = Ny +a—b < for 0 <b < a. Exploring such
cases further, if N.+1 < N, = N._, for some ¢ > a + 1, we can set N. +— N. — 1 and
N, + N, + 1, thereby either decreasing a or increasing Ng. Otherwise we can find
a subscript d such that No = Ngyy +a+1—¢ > 0 for a < ¢ < d, and either Ng =0 or
Ng < Ng-1 — 1. Then it is OK to decrease N. by 1 for a < ¢ < d and subsequently to
increase Ny by 1 for 0 < b < d—a — 1. (It is important to note that if Ng = 0 we have
Np > d - 1; hence d = m implies [ = m.)

Repeating such transformations until Ng > Ny41 whenever N, # [ and Na41 # 0,
we reach situation (86), and the proof can be completed as in the text.

92. Let x + k denote the lexicographically smallest element of T'(m;,...,mn—;) that
exceeds x and has weight vx +k, if any such element exists. For example, if my = my =
m3 =4and z = 211, we have x+1 =212, 2+2 =213, 2z+3 =223, 2+4 =233, z+5 =
333, and x + 6 does not exist; in general, z + k + 1 is obtained from z + k by increasing
the rightmost component that can be increased. If z+ k= (m; — 1,...,mp_1 — 1), let
us set ¢+ k+ 1 =z + k. Then if S(k) is the set of all elements of T'(m,,...,mn-1)
that are < = + k, we have S(k + 1) = S(k)*. Furthermore, the elements of S that end
in a are those whose first n — 1 components are in S(m — 1 — a).

The result of this exercise can be stated more intuitively: As we generate n-
dimensional standard sets S;, Sz, ..., the (n — 1)-dimensional standard sets on each
layer become spreads of each other just after each point is added to layer m — 1.
Similarly, they become cores of each other just before each point is added to layer 0.

93. (a) Suppose the parameters are 2 < m; < mj < --- < m,, when sorted properly,
and let k be minimal with m, # m}. Then take N = 1+rank(0,...,0,my—1,0,...,0).
(We must assume that min(m,, ..., myn) > 2, since parameters equal to 1 can be placed
anywhere.)

(b) Only in the proof for n = 2, buried inside the answer to exercise 91. That
proof is incorporated by induction when n is larger.
94. Complementation reverses lexicographic order and changes @ to 9.
95. For Theorem K, let d =n —1and so = --- = 84 = 1. For Theorem M, let d = s
and s = --=83=¢t+1.
96. In such a representation, NV is the number of t-multicombinations of {sg - 0,3; - 1,
82 -+ 2,...} that precede nyn;_1...n; in lexicographic order, because the generalized
coefficient (5{:‘}) counts the multicombinations whose leftmost component is < n.

If we truncate the representation by stopping at the rightmost nonzero term
(5'::“}}, we obtain a nice generalization of (60):

opvd = (500) + (O3)) -+ (O0):

[See G. F. Clements, J. Combinatorial Theory A37 (1984), 91-97. The inequalities
Sp > 81 > - > 84 are needed for the validity of Corollary C, but not for the calculation
of |0Ppn¢|. Some terms (S(:"J) for t > k > v may be zero. For example, when N =1,

t =4, s0 =3, and 81 = 2, we have N = (S{:}) + (S(;]) =0+ 1]
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87. (a) The tetrahedron has four vertices, six edges, four faces: (No,...,Ns) =
(1,4,6,4,1). The octahedron, similarly, has (Np,...,Ngs) = (1,6,8,8,0,0,0), and
the icosahedron has (Np,...,Ni2) = (1,12,30,20,0,...,0). The hexahedron, aka the
3-cube, has eight vertices, 12 edges, and six square fa.ces; perturbation breaks each
square face into two triangles and introduces new edges, so we have (Np,...,Ns) =
(1,8,18,12,0 0) Finally, the perturbed pentagonal faces of the dndecahedrun lead
to (No, .. Nm) (1,20,54,36,0,...,0).

b) {210,310} U {10,20,21,30,31} U {0,1,2,3} U {e}.

(c) 0 < Ny <(}) for0<t<nand Ny_y > kN for 1 <t < n. The second
condition is equivalent to A1 Ny—y 2> N, for 1 < t < n, if we define A\gl = 00. These
conditions are necessary for Theorem K, and sufficient if A = | ) Pn,:.

(d) The complements of the elements not in a simplicial complex, namely the sets
{{0,...,n—1}\a | a ¢ C}, form a simplicial complex. (We can also verify that
the necessary and sufficient condition holds: Ny_; > ke Ny <= A 1Ney > Ny &=
ﬂn_;+1ﬁn_¢+1 < ﬁn_g, because ﬁ-n—t-N_n—f-pl = (:’) — At-1V¢—1 by exercise 94.)

(e) 00000 + 14641; 10000 « 14640; 11000 « 14630; 12000 + 14620; 13000 <
14610; 14000 + 14600; 12100 « 14520; 13100 « 14510; 14100 « 14500: 13200 <
14410; 14200 + 14400; 13300 < 14400; and the self-dual cases 14300, 13310.

98. The following procedure by S. Linusson {Combinatorica 19 (1999), 255-266], who
considered also the more general problem for multisets, is considerably faster than a
more obvious approach. Let L(n,h,l) count feasible vectors with N; = (7) for0 < t <,
Ny < (::-1)1 and Ny = 0 for t > h. Then L(n,h,l) = 0 unless -1 < ! < h < n;
also L(n,h,h) = L(n,h,~1) = 1, and L{n,n,l) = L(n,n — 1,1) for | < n. When
n > h > 12> 0 we can compute L(n,h,l) = Z?:: Lin-1,hj)L(n-1,7—-1,1-1), a
recurrence that follows from Theorem K. (Each size vector corresponds to the complex
U Pw,¢, with L(n—1, h, j) representing combinations that do not contain the maximum
element n — 1 and L(n - 1,7 - 1,1 - 1) representing those that do.) Finally the grand
total is L(n) =31, L(n,n,l).

We ha.ve L(0), L(1), L(2), ... = 2, 3, 5, 10, 26, 96, 553, 5461, 100709, 3718354,
289725509, ...; L(100) ~ 3.2299 x 10842,

99. The maximal elements of a simplicial complex form a clutter; conversely, the
combinations contained in elements of a clutter form a simplicial complex. Thus the
two concepts are essentially equivalent.

(a) If (Mo, M;,...,M,) is the size vector of a clutter, then (Ng, Ny,...,Nn) is
the size vector of a simplicial complex if N, = M, and N; = M; + s14+1Ni41 for
0 € t < n. Conversely, every such (Ng,...,Np) yields an (Mo,..., M, ) if we use
the lexicographically first N; t-combinations. [G. F. Clements extended this result to
general multisets in Discrete Math. 4 (1973), 123-128.]

(b) In the order of answer 97(e) they are 00000, 00001, 10000, 00040, 01000, 00030,
02000, 00120, 03000, 00310, 04000, 00600, 00100, 00020, 01100, 00210, 02100, 00500,
00200, 00110, 01200, 00400, 00300, 01010, 01300, 00010. Notice that (Mo,..., My) is
feasible if and only if (M, ..., Mo) is feasible, so we have a different sort of duality in
this interpretation.

100. Represent A as a subset of T(my,...,m,) as in the proof of Corollary C. Then the
maximum value of A is obtained when A consists of the N lexicographically smallest
points T ... Zn.

The proof starts by reducing to the case that A is compressed, in the sense that
its t-multicombinations are P anr,|¢ for each ¢. Then if y is the largest element € A
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and if z is the smallest element ¢ A, we prove that z < y implies vz > vy, hence
v(A\ {y} U {z}) > vA. For if v = vy — k we could find an element of 8*y that is
greater than z, contradicting the assumption that A is compressed.

101. (a) In general, F(p) = Nop"+N;p" ' (1-p)+---+Nn(1-p)" when f(z1,...,2n)
is satisfied by exactly N; binary strings x, ...z, of weight t. Thus we find G(p) =
p' +3p*(1 - p) +p*(1 - p)%; H(p) = p* + p*(1 - p) + p*(1 - p)2.

(b) A monotone formula f is equivalent to a simplicial complex C' under the cor-
respondence f(z1,...,%2) =1 4= {j — 1| z; = 0} € C. Therefore the functions f(p)
of monotone Boolean functions are those that satisfy the condition of exercise 97(c), and
we obtain a suitable function by choosing the lexicographically last N, _; t-combinations
(which are complements of the first N, s-combinations): {3210}, {321,320, 310}, {32}
gives f(w,z,y,2) = weyz V zyz V wyz V wzz V yz = wrz V yz.

M. P. Schiitzenberger observed that we can find the parameters N; easily from
f(p) by noting that f(1/(14u)) = (No + Nyu+ -+ + Nau™)/(1 + u)". One can show
that H(p) is not equivalent to a monotone formula in any number of variables, because
(1+u+u?)/(1+u)* =(No+ Nu+--+ Nnu™)/(1 + u)" implies that N; = n — 3,
N2 = (";%)+1, and KoNy =n - 2.

But the task of deciding this question is not so simple in general. For example,
the function (1 + 5u + 5u® + 5u®)/(1 + u)® does not match any monotone formula in
five variables, because k35 = 7; but it equals (1 + 6u + 10u? + 10u® + 5u?) /(1 + u)®,
which works fine with six.

102. (a) Choose N linearly independent polynomials of degree ¢ in I; order their terms
lexicographically, and take linear combinations so that the lexicographically smallest
terms are distinct monomials. Let I’ consist of all multiples of those monomials.

(b) Each monomial of degree t in I' is essentially a t-multicombination: for
example, x7z,z5 corresponds to 55552111. If M, is the set of independent monomials
for degree ¢, the ideal property is equivalent to saying that M1 2O oM;.

In the given example, Ms = {zox}}; My = oMsU{zoz 23 }; Ms = gMqU{z,z3},
since 3(zoz] — 22,23) — 7,(Tz123) = —2z,2%; and My41 = oM, thereafter.

(c) By Theorem M we can assume that M; = Q. Let Ny = (") + - +
(“‘2‘2) + (“;1), where s +& > nes > -+ > ng2 > nyy > 0; then ny, = s+ ¢ if and only if
Ny(s—1) = 8 — 2, ..., Ny = 0. Furthermore we have

ﬂtn-l-[ﬂta-?_ﬁ]) .. (ﬂ:2+[ﬂ1222]) (ﬂt1+[ﬂ:121])

Nig1 2 Ni+ 6, Ny = (

Therefore the sequence (ng, —t—00[ns, < s, .. ., Nz —t—o0[nz < 2], n41 —t—o00[ny < 1))
is lexicographically nondecreasing as t increases, where we insert ‘—oco’ in components
that have n¢; = j — 1. Such a sequence cannot increase infinitely many times without
exceeding the maximum value (s, ~o00,...,—00), by exercise 1.2.1-15(d).

103. Let Png4: be the first N elements of a sequence determined as follows: For each
binary string = Z,4+-1... 0, in lexicographic order, write down (*7) subcubes by
changing ¢ of the 1s to *s in all possible ways, in lexicographic order (considering 1 < *).
For example, if z = 0101101 and t = 2, we generate the subcubes 0101%0x%, 010x10x,
010%%01, 0x0110%, 0x01+01, 0x0*101.

[See B. Lindstrom, Arkiv for Mat. 8 (1971), 245-257; a generalization analogous
to Corollary C appears in K. Engel, Sperner Theory (Cambridge Univ, Press, 1997),
Theorem 8.1.1.]



108 ANSWERS TO EXERCISES 7.2.1.3

104. The first N strings in cross order have the desired property. [T. N. Danh and
D. E. Daykin, J. London Math. Soc. (2) 55 (1997), 417-426.]

Notes: Beginning with the observation that the “l-shadow” of the N lexico-
graphically first strings of weight ¢ (namely the strings obtained by deleting 1 bits
only) consists of the first u; N strings of weight t, R. Ahlswede and N. Cai extended
the Danh-Daykin theorem to allow insertion, deletion, and/or transposition of bits
|Combinatorica 17 (1997), 11-29; Applied Math. Letters 11,5 (1998), 121-126]. Uwe
Leck has proved that no total ordering of ternary strings has the analogous minimum-
shadow property {Preprint 98/6 (Univ. Rostock, 1998), 6 pages|.

105. Every number must occur the same number of times in the cycle. Equivalently,
(:__11) must be a multiple of £. This necessary condition appears to be sufficient as
well, provided that n is not too small with respect to t; but such a result may well be
true yet impossible to prove. [See Chung, Graham, and Diaconis, Discrete Math. 110
(1992), 55-57.]

The next few exercises consider the cases t = 2 and t = 3, for which elegant
results are known. Similar but more complicated results have been derived for ¢t = 4
and ¢t = 5, and the case t = 6 has been partially resolved. The case (n,t) = (12,6) is
currently the smallest for which the existence of a universal cycle is unknown.

106. Let the differences mod (2m+1)be1,2,...,m,1,2,..., m, ..., repeated 2m+1
times; for example, the cycle for m = 3 is (013602561450346235124). This works
because 1 4+ -4+ m = ("‘;’1) is relatively prime to 2m + 1. [J. Ecole Polytechnique 4,

Cahier 10 (1810), 16-48.]

107. The seven doubles [iill, BB, ..., B8 can be inserted in 37 ways into any
universal cycle of 3-combinations for {0,1,2,3,4,5,6}. The number of such universal
cycles is the number of Eulerian trails of the complete graph K7, which can be shown
to be 129,976,320 if we regard (aoa; ...azq) as equivalent to (a; ...az0ag) but not to
the reverse-order cycle (azo...a1a0). So the answer is 284,258,211,840.

[This problem was first solved in 1859 by M. Reiss, whose method was so com-
plicated that people doubted the result; see Nouvelles Annales de Mathématiques 8
(1849), 74; 11 (1852), 115; Annali di Matematica Pura ed Applicata (2) 5 (1871-
1873), 63-120. A considerably simpler solution, confirming Reiss’s claim, was found by
P. Jolivald and G. Tarry, who also enumerated the Eulerian trails of Kg; see Comptes
Rendus Association Francaise pour I’Avancement des Sciences 18, part 2 (1886), 49~
53; E. Lucas, Récréations Mathématiques 4 (1894), 123-151. Brendan D. McKay and
Robert W. Robinson found an approach that is better still, enabling them to continue
the enumeration through K3, by using the fact that the number of trails is

(m = 1)P™F [ 2 23772 det(ajn) H (25 + zi),
1< <k<2m

where ajx = —1/(z + 2{) when j # k; aj; = —1/(223) + 2 _0<k<am 1/(2? + z}); see
Combinatorics, Probability, and Computing T (1998), 437-449.]

C. Flye Sainte-Marie, in L'Intermédiaire des Mathématiciens 1 (1894), 164-165,
noted that the Eulerian trails of K7 include 2 x 720 that have 7-fold symmetry under
permutation of {0,1,...,6} (namely Poinsot’s cycle and its reverse), plus 32 x 1680
with 3-fold symmetry, plus 25778 x 5040 cycles that are asymmetric.

108. No solution is possible for n < 7, except in the trivial case n = 4. When
n = T there are 12,255,208 x 7! universal cycles, not considering (aoa; ...asq) to be the
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same as (a; ...as34a0), including cases with 5-fold symmetry like the example cycle in
exercise 105.

When n > 8 we can proceed systematically as suggested by B. Jackson in Discrete
Math. 117 (1993), 141-150; see also G. Hurlbert, STAM J. Disc. Math. T (1994),
598-604: Put each 3-combination into the “standard cyclic order” ¢jcacs where ¢; =
(c1 +d8) modn, c3 = (c2 +8') mod n, 0 < §,8' < n/2, and either § = §' or max(d,d’) <
n-8—-6#n-1)/2or(1<d<nf/4dand & ={(n-1)/2) or (6§ = (n —1)/2 and
1 < §' < n/4). For example, when n = 8 the allowable values of (4,4') are (1,1),
(1,2), (1,3), (2,1), (2,2), (3,1), (3,3); when n = 11 they are (1,1), (1,2), (1,3),
(1,4), 2,1), (2,2), (2,3), (2,5), (3,1), (3,2), (3,3), (4,1), (4,4), (5,2), (5,5). Then
construct the digraph with vertices (¢,d) for 0 < ¢ <nand 1 < 4§ < n/2, and with arcs
(¢1,8) = (c2,8") for every combination cjc2cs in standard.cyclic order. This digraph is
connected and balanced, so it has an Eulerian trail by Theorem 2.3.4.2D. (The peculiar
rules about (n — 1)/2 make the digraph connected when n is odd. The Eulerian trail
can be chosen to have n-fold symmetry when n = 8, but not when n = 12.)

109. When n = 1 the cycle (000) is trivial; when n = 2 there is no cycle; and
there are essentially only two when n = 4, namely (00011122233302021313) and
(00011120203332221313). When n > 5, let the multicombination dydads be in
standard cyclic order if d; = (d1 +6 ~ 1) mod n, d3 = (d2 + 8" — 1) mod n, and (4,4")
is allowable for n + 3 in the previous answer. Construct the digraph with vertices
(d,6) for0 <d<nand1<§ < (n+3)/2, and with arcs (dy,d) — (da,48’) for every
multicombination dydzds in standard cyclic order; then find an Eulerian trail.

Perhaps a universal cycle of t-multicombinations exists for {0,1,...,n—1} if and
only if a universal cycle of t-combinations exists for {0,1,...,n+¢ — 1}.

110. A nice way to check for runs is to compute the numbers b(S) = ${2P(°) | ¢ €
S} where (p(A),...,p(K)) = (1,...,13); then set [ « b(S) & —b(S) and check that
b(S)+! =1« s, and also that ((! < s)|(I>> 1)) & a = 0, where a = 2P{¢1) | ... | 2P(cs)
The values of b(S) and ) {v(c) | ¢ € S} are easily maintained as S runs through all
31 nonempty subsets in Gray-code order. The answers are (1009008, 99792, 2813796,
505008, 2855676, 697508, 1800268, 751324, 1137236, 361224, 388740, 51680, 317340,
19656, 90100, 9168, 58248, 11196, 2708, 0, 8068, 2496, 444, 356, 3680, 0, 0, 0, 76, 4)
for £ = (0, ...,29); thus the mean score is =~ 4.769 and the variance is =~ 9.768.

Hands without points are sometimes facetiously called nineteen,
as that number cannot be made by the cards.

— G. H. DAVIDSON, Dee’s Hand-Book of Cribbage (1839)

Note: A four-card flush is not allowed in the “crib.” Then the distribution is a bit
easier to compute, and it turns out to be (1022208, 99792, 2839800, 508908, 2868960,
703496, 1787176, 755320, 1118336, 358368, 378240, 43880, 310956, 16548, 88132, 9072,
57288, 11196, 2264, 0, 7828, 2472, 444, 356, 3680, 0, 0, 0, 76, 4); the mean and variance
decrease to approximately 4.735 and 9.667.
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SECTION 7.2.1.4

1. m" m® |m!{"}
(™ 4 I O

{ot+---+{n}|Im2n]| {7}

" (m2n] | |.|

2. In general, given any integers z; > .-+ > z,, we obtain all integer m-tuples
ai...amsuchthata; > - 2 am,a1+ - +am = 214 +Zm,and am ...a1 > Trm ... T1
by initializing @ ...@m  Z1...Zm and @m4+1 + Tm — 2. In particular, if ¢ is any
integer constant, we obtain all integer m-tuples such that a; > --- > am > ¢ and
a1+ -+ + am = n by initializing a; + n—mc+¢, a; « cfor1 < j < m, and
Gm+41 & ¢ — 2, assuming that n > cm.

3. a; = |(n+m—j)/m|=[(n+1-j)/m], for 1 < j < m; see CMath §3.4.

4. We must have am > ay — 1; therefore a; = |(n+m — j)/m| for 1 < j < m, where
m is the largest integer with [n/m| > r, namely m = |n/r|.

5. [See Eugene M. Klimko, BIT 13 (1973), 38-49.]

C1. [Initialize.] Set co « 1, ¢; « n, c2...6n ¢ 0...0,lp « 1, I; + 0. (We
assume that n > 0.)

C2. [Visit.] Visit the partition represented by part counts c¢;...c, and links
loly...ln.

C3. [Branch.] Set j + lop and k « I;. If ¢; = 1, go to C6; otherwise, if j > 1, go
to C5.

C4. [Change 141 to 2.] Set ¢; + ¢1 — 2, c2 & c2 + 1. Then if c; = 0, set lp + 2,
andset I «+ l; if k# 2. If ;1 > 0 and k # 2, set l; + I, and [; + 2. Return
to C2.

CS5. [Change j-¢j to (j+1)+ 1+ -+ 1] Set ¢y « j(c; —1) — 1 and go to C7.

C8. [Change k - cx + j to (k+1) + 1+ -+ + 1.] Terminate if k£ = 0. Otherwise set
cj « 0; thenset ¢; « k(cx —1)+j— 1,7« k, and k « Ij.

C7. [Adjust links.] If ¢; > 0, set lp « 1, [y « j + 1; otherwise set lg + j + 1.
Then set ¢; « 0 and ¢4 + c;j41+ 1. If k # j+ 1, set l;;; + k. Return
to C2. |

Notice that this algorithm is loopless; but it isn't really faster than Algorithm P. Steps
C4, C5, and C6 are performed respectively p(n — 2), 2p(r) — p(rn + 1) — p(n — 2}, and
p(n + 1) — p(n) times; thus step C4 is most important when n is large. (See exercise
45 and the detailed analysis by Fenner and Loizou in Acta Inf. 16 (1981), 237-252.)

6. Set k + a, and j + 1. Then, while & > aj41, set by + 7 and k « k£ — 1 until
k=aj1. If k> 0,set 7 «+ j+ 1 and repeat until k = 0. (We have used (11) in the
dual form a; — aj4+1 = dj, where d; ...d, is the part-count representation of b1b, ... .
Notice that the running time of this algorithm is essentially proportional to a; + b,
the length of the output plus the length of the input.)

7. We have b; ...b, = n®"(n—1)%n-179% __ 1M1792("7%1 by the dual of (11).

8. Transposing the Ferrers diagram corresponds to reflecting and complementing the
bit string (15). So we simply interchange and reverse the p's and g¢’s, getting the
partition biba... = (ge+---+q)P (g +---+g2)P%...(qe)"".
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9. By induction: If ax =1 —1 and b; = k — 1, increasing ax and b; preserves equality.

10. (a) The left child of each node is obtained by appending ‘1’. The right child is
obtained by increasing the rightmost digit; this child exists if and only if the parent node
ends with unequal digits. All partitions of n appear on level n in lexicographic order.
(b) The left child is obtained by changing ‘11’ to ‘2°; it exists if and only if the
parent node contains at least two 1s. The right child is obtained by deleting a 1 and
increasing the smallest part that exceeds 1; it exists if and only if there is at least one 1
and the smallest larger part appears exactly once. All partitions of n into m parts ap-
pear on level n—m in lexicographic order; preorder of the entire tree gives lexicographic
order of the whole. [T. I. Fenner and G. Loizou, Comp. J. 23 (1980), 332-337.]
11. {299 1/((1 - 2)(1 = 2H)(1 - 2%)(1 = 2')(1 = 2%%)(1 - 2°%)(1 — 2'%0)) = 4563; and
(2! (1424 22)(1+ 22 +2%) ... (14+2'9° 4 2%%%) = 7. [See G.-Pélya, AMM 63 (1956),
689-697.] In the infinite series [],.,(1 + z* + 22¥)(1 + 22% 4 z8k)(1 4 28k + 210k) the
coefficient of 210" is 2"*! — 1, and the coefficient of 210" -1 ig 2",

12. To prove that (1 +2z)(1+ 2?)(1+2%)... = 1/((1 = 2)(1 = 2*)(1 = 2®)...), write
the left-hand side as

(1-22)(1-2%)(1-25

(1-2) (1-22)(1—23) "

and cancel common factors from numerator and denominator. Alternatively, replace 2
by 2!, 2%, 2°, ... in the identity (1 + z)(1 + 2%)(1 + 2*)(1 + 2%)... = 1/(1 — z) and
multiply the results together. [Novi Comment. Acad. Sci. Pet. 3 (1750), 125-169, §47.]

13. Map the partition c1-14-c2:2+--- into |c1/2|-2+ [c2/2] 4+ +7r1- 147334+,
where r, = (c¢m mod 2) + 2(c2m mod 2) + 4(c4m mod 2) + - --. [Johns Hopkins Univ.
Circular 2 (1882), 72.]

14. Sylvester’s correspondence is best understood as a diagram in which the dots of
the odd permutation are centered and divided into disjoint hooks. For example, the
partition 17+ 15+ 15+9+4+9+9+4+ 9+ 5+ 5+ 3 + 3, having five different odd parts,
corresponds via the diagram

to the all-distinct partition 194+ 18+ 16+ 13+ 12+ 9+ 5 + 4 4+ 3 with four gaps.

Conversely, a partition into 2t distinct nonnegative parts can be written uniquely
in the form (a1+b1—1) 4+ (a1+b2—2)+(az2+b2—3) + (a2 +b3s—4) +- - - +(as—1+b: —2t+2) +
(a;+b¢—2t+1) + (a;-l—bH.l—?t) where a; > a2 2 --- > a; 2 t and b1 > bs 22 b 2
be+1 = t. It corresponds to (2a;-1)+---+(2a: —1)+(24; — 1) +-- -+ (2A, = 1), where
Ay + .-+ A, is the conjugate of (by—t) + -+ + (bi—t). The value of ¢ is essentially the
size of a “Durfee rectangle.”

The relevant odd-parts partitions whenn = 10 are 9+1, 7+3, 7+1+1+1, 5+35,
543+1+1,54+14+14+1+141,34+34+3+1,3+34+1+14+1+1,34+14---4+1,
1+ - --+ 1, corresponding respectively to the distinct-parts partitions 6 +4, 5 +4+ 1,
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7+3,4+3+2+1,6+3+4+1,8+4+2,5+34+2,7+2+1,9+1, 10. [See Sylvester’s
remarkable paper in Amer. J. Math. 5 (1882), 251-330; 6 (1883), 334-336.]

15. Every self-conjugate partition of trace k corresponds to a partition of n into k
distinct odd parts (“hooks”). Therefore we can write the generating function either as
the product (1+z)(1+2%)(1+2°%)... or as the sum 1+2'/(1—-2%) 4+ 2%/ ((1-22)(1-2*)) +
2°/((1-2*)(1—2*)(1-2°%)) + - - . [Johns Hopkins Univ. Circular 3 (1883), 42-43.]

16. The Durfee square contains k* dots, and the remaining dots correspond to two
independent partitions with largest part < k. Thus, if we use w to count parts and
z to count dots, we find

k _k?

m]-—:Ill—wz'“ - J;(1 —2)(1-22)...(1=2F)(1 —wz)(1 —w22)...(1 — wz*)’

[This impressive-looking formula turns out to be just the special case z = y = 0 of the
even more impressive identity of exercise 19.]

17. (a) ((1 + wwz)(1 + wvz?)(1 + wv2®) ... ) /((1 = u2)(1 — u2?)(1 —u2®)...).

(b) A joint partition can be represented by a generalized Ferrers ¢oo0000 04
diagram in which we merge all the parts together, putting a; above . : : : : : ::
bj if a; > bj, then mark the rightmost dot of each b;. For example, seseoe e+
the joint partition (8,8,5; 9,7,5,2) has the diagram illustrated here, . :: :;
with marked dots shown as ‘4’. Marks appear only in corners; thus e+
the transposed diagram corresponds to another joint partition, which in this case is
(7,6,6,4,3; 7,6,4,1). [See J. T. Joichi and D. Stanton, Pacific J. Math. 127 (1987),
103-120; S. Corteel and J. Lovejoy, Trans. Amer. Math. Soc. 356 (2004), 1623-1535;
Igor Pak, “Partition bijections, a survey,” to appear in The Ramanujan Journal.)

Every joint partition with ¢ > 0 parts corresponds in this way to a “conjugate”
in which the largest part is . And the generating function for such joint partitions is
(A+vz)...(1+02"1))/((1 - 2)...(1 - 2*)) times (vz* + 2'), where vz' corresponds
to the case that by = ¢, and 2z* corresponds to the case that r = 0 or b, < t).

(c) Thus we obtain a form of the general z-nomial theorem in answer 1.2.6-58:

(1+v) (1+2vz) (L+w2'1)
(1—2)(1~22) " (1-2zt)

(1 4+ uvz) (1 4 ww2?) (1 + uv2?

(1—uz) (1—uz?) {l—uz u'zt.

M

t=0

L)

18. The equations obviously determine the a's and b's when the ¢’s and d’s are given,
so we want to show that the ¢’s and d’s are uniquely determined from the a's and b's.
The following algorithm determines the ¢’s and d’s from right to left:

A1. [Initialize.] Set i « r, j + s, k + 0, and ap + by « oo,
A2. [Branch.] Stop if i + j = 0. Otherwise go to A4 if a; > b; — k.
A3. [Absorb a;.] Set ¢i4j + ai, diy; < 0,1 i—1, k + k+1, and return to A2.

A4. [Absorb b;.] Set ¢iyj « b; —k,diy; + 1, j—1,k + k+1, and return
to A2. |

There's also a left-to-right method:
B1. [Initialize.] Set i «~ 1, j +— 1, k «— r + s, and a,41 + bey1 + —00.
B2. [Branch.] Stop if k = 0. Otherwise set k + k—1, then go to B4 ifa; < b; — k.
B3. [Absorb a;.] Set ¢iyj—1 + ai, divj—1 + 0,1 + i+ 1, and return to B2.
B4. [Abeorb b:."*l Set ¢i4j—1 + bj—k,diyj—1 + 1, 7 + j+1, and return to B2. |}
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In both cases the branching is forced and the resulting sequence satisfies c3 ¢ -«
Notice that ¢r+, = min(ar, b,) and ¢; = max(a;,b ~r—s+1).

We have thereby proved the identity of exercise 17(c) in a different way. Extensions
of this idea lead to a combinatorial proof of Ramanujan’s “remarkable formula with

many parameters,”

o0 ml—b k+n 00 (1—a~! k 1, k+1 k+1
Zwﬂl—[ 2 H —a"'bz")(1—a tw 1 2" ) (1—aw2*) (1 -251?)

n==0c k=0 k=0 1 aﬂlbw_lzk]( —a- lzk+1)(1 ﬂ-zk)(l wz"]

[References: G. H. Hardy, Ramanujan (1940), Eq. (12.12.2); D. Zeilberger, Europ. J.
Combinatorics 8 (1987), 461-463; A. J. Yee, J. Comb. Theory A105 (2004), 63-77.]

19. [Crelle 34 (1847), 285-328.] By exercise 17(c), the hinted sum over k is

(Zv,(z—bz)...(z—bz‘) (1—uz)...(1-u2") ) ﬁ 1—auz™

120 (1-2)...(01=2Y) (1-auz)...(1- auzl) 1—uzm '

and the sum over [ is similar but with © < v, a & b, k « [. Furthermore the sum over

both k and ! reduces to
™ -

H (1 — uvz - auz™)
(1 —-uzm)(1 —vzm)
when b = auz. Now let u = wry, v = 1/(y2), a = 1/z, and b = wyz; equate this
infinite product to the sum over .

20. To get p(n) we need to add or subtract approximately /8n/3 of the previous
entries, and most of those entries are ©(/n ) bits long. Therefore p(n) is computed in
©(n) steps and the total time is ©(n?).

- (A straightforward use of (17) would take 6(n®/?) steps.)

21. Since 32, q(n)2" = (1+ z)(1+ 2%)... is equal to (1 = 2°)(1 — 2*)... P(2) =
(1—22 —2* + 210 42 - 224 ...} P(2), we have

g(n) =p(n) —p(n — 2) — p(n — 4) + p(n — 10) + p(n — 14) — p(n — 24) — - -

[There is also a “pure recurrence” in the g’s alone, analogous to the recurrence for o(n)
in the next exercise.]

22. From (21) wehave }_ 7 o(n)2" =3 o, mz™" = z 2 InP(z) = (2422%-52°
7274 .-)/(1=2—=2%42°+2" +..). [Bibliothéque Impartiale 3 (1751), 10-31.]
23. Set u = w and v = z/w to get

m—

oD 2

[Ja-2w)a-wa-2)= Y () w2721 - w)

k=1 n=—00

— Z(_l)ﬂ{w-n _ wn+1)zn{n+l}f2/(1 . 'IU}

n=0
oo
ST w2,

n=0

These manipulations are legitimate when |z| < 1 and w is near 1. Now set w = 1.

[See §57 of Sylvester’s paper cited in answer 14. Jacobi’s proof is in §66 of his
monograph Fundamenta Nova Theoriz Functionum Ellipticarum (1829).]
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24. (a) By\,_) and exercise 23, [z"] A(z) = (1) "*(2k+1)[35° +j + k? + k=2n],

summed oveY all integers j and k. When nmod 5 = 4, the contributions all have

jmod5 = 4 and k mod 5 = 2; but then (2k + 1) mod 5 = 0.

(b) B(z)? = B(z?) (modulo p) when p is prime, by Eq. 4.6.2-(5).

(c) Take B(z) = P(z), since A(z) = P(z)"*. [Proc. Cambridge Philos. Soc. 19
(1919), 207-210. A similar proof shows that p(n) is a multiple of 7 when n mod 7 = 5.
Ramanujan went on to obtain the beautiful formulas p(5n + 4)/5 = [z"] P(2)%/ P(z°);
p(Tn +5)/7 = [2"] (P(2)Y/ P(z")® + TzP(2)%/P(z")"). Atkin and Swinnerton-Dyer, in
Proc. London Math. Soc. (3) 4 (1953), 84-106, showed that the partitions of 5n + 4
and 7n + 5 can be divided into equal-size classes according to the respective values
of (largest part — number of parts) mod 5 or mod 7, as conjectured by F. Dyson.
A slightly more complicated combinatorial statistic proves also that p(n) mod 11 = 0
when n mod 11 = 6; see F. G. Garvan, Trans. Amer. Math. Soc. 305 (1988), 47-77 ]

25. [The hint can be proved by differentiating both sides of the stated identity. It is
the special case y = 1 — z of a beautiful formula discovered by N. H. Abel in 1826:

Lis(2) + Liz(y) = Liz(if—y) + Lig (T%:) _ Lig( (1—:)!(;1—31)) — In(1-z) In(1-y).
See Abel’s (Euvres Complétes 2 (Christiania: Grgndahl, 1881), 189-193.]

(a) Let f(z) = In(1/(1 — e~**)). Then [ f(z)dz = —Liz(e™**)/t and f(")(z) =
(—t)"e'= T, (") €¥/(e'* — 1)", so Euler’s summation formula gives Liz(e™*)/t +
Lin(1/(1 — e7*)) + O(1) = (¢(2) + tin(1 — ™) — Lip(1 - e™®))/t — 3Int+ O(1) =
((2)/t+ 3Int+O(1), as t = 0.

(b) Wehave -, .5, e "™/ n= 553" 1419 (mint) ~*T'(z) dz/n, which sums

27 mmn>2lJl-ioo
to 5 :j':: ((z + 1)¢(2)t"*T(z)dz. The pole at z = 1 gives ((2)/t; the double
pole at z = 0 gives —((0)Int + ¢'(0) = 3Int — 3 In2m; the pole at z = —1 gives
—((~1)¢(0)t = B3 Bit = —t/24. Zeros of {(z + 1)¢{(z) cancel the other poles of I'(z),
so the result is In P(e™*) = {(2)/t + 3 In(t/27) — t/24 + O(t™) for arbitrarily large M.
26. Let F(n) =3 7o, e~*"/m We can use (25) either with f(z) = e""?”“[s:} 0]+ 380,
or with f(z) = e-*"/n for all z because 2F(n) +1 =37 e=*/™_ Let’s choose the
latter alternative; then the right-hand side of (25), for # = 0, is the rapidly convergent

= =]

M oo [ &
- R w222 a2
i E: eZTrmw y{ndyz E: E-.'r-mn ﬂu’{ndu
M—o0 o

m==M" " m=—00 — oo

if we substitute u = y + mmni; and the integral is y/7n. [This result is formula (15) on
page 420 of Poisson’s original paper.]

27. Let gn = /7/6t rs:_"‘z”‘ﬂmt cos %-. Then ff; f(y)cos2mrmydy = gam+1 + gam-1,
so we have

e~ t/24

Ple—?) = g1 +9-1 +2Z(gzm+1 + gam-1) = 2 Z g2m+1.

m=1 === 00

The terms gen+1 and g_en—1 combine to give the nth term of (30). [See M. I. Knopp,
Modular Functions in Analytic Number Theory (1970), Chapter 3.]
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28. (a,b,c,d) See Trans. Amer. Math. Soc. 43 (1938), 271-295. In fact, Lehmer found
explicit formulas for Ape (n), in terms of the Jacobi symbol of exercise 4.5.4-23:

Aze(n) = (—1)° (i)%ﬁ sin :er:, if (Sm)i = 1 — 24n (modulo 2c+3);

4rm

Aze(n) = (-—1)e+1 (?) %3#!2 sin 341 if (8m)? = 1 — 24n (modulo 3°*!);

2(—3—);7"'2 cos 4“:“, if (24m)? = 1 ~ 24n (modulo p°), p > 5,
Ape(n) = ¢ P° P and 24n mod p # 1;
(%)pe“[ezl], if 2dnmodp =1 and p > 5.

(e) If n = 2°3%5 ...p{* for 3<py1 <--- < pand e;...e; # 0, the probability
that Ax(n) # 0 is 2-*(1 + (=1)le=t/p) (1 + (1) py).
29. z122...2m /(1 — 21)(1 = 2122) ... (1 = 2122 ... 2m)).
30. (a) |"*?| and (b) |™*™|, by (39).
31. First solution [Marshall Hall, Jr., Combinatorial Theory (1967), §4.1]: From the
recurrence (39), we can show directly that, for 0 < r < k!, there is a polynomial

fe.r(n) = nk=1/(k!(k=1)!) + O(n*~?) such that |:| = fn,n mod kt(R).
Second solution: Since (1 -2)...(1-2") =[], (1 - e?™plaz)lm/al - where

the product is over all reduced fractions p/q with 0 < p < gq, the coefficient of z"
in (41) can be expressed as a sum of roots of unity times polynomials in n, namely as
2ol e?™Pn/a £ (n) where fpq(n) is a polynomial of degree less than m/q. Thus there
exist constants such that |}| = ain +az + (—1)"as; |3 = bin® + ban + by + (—1)"bs +

w™bs + w "bg, where w = €2**/%; etc. The constants are determined by the values for
small n, and the first two cases are

1 1 1 » 7 1 1 ., 1

n 1 n_ np_ 1 2 & L. \n 1 1 —-n
2| =3m g t3-D% 3| =13 g gl e tge

It follows that [3| is the nearest integer to n%/12. Similarly, |7| is the nearest integer
o (n® +3n? — 9n[nodd])/144.

[Exact formulas for |7, |%], and |7|, without the simplification of floor functions,
were first found by G. F. Malfatti, Memorie di Mat. e Fis. Societa Italiana 3 (1786),
571-663. W. J. A. Colman, in Fibonacci Quarterly 21 (1983), 272-284, showed that
| 5| is the nearest integer to (n*+10n® 4 10n? — 75n — 45n(—1)") /2880, and gave similar
formulas for |§| and [}|.]

32, Since ‘"‘;"‘ < p(n), with equality if and only if m > n, we have |:1| < p(n — m)
with equality if and only if 2m > n.

33. A partition into m parts corresponds to at most m! compositions; hence (;‘_;) <
m!|"|. Consequently p(n) > (n - 1)!/((n — m)!m!(m — 1)!), and when m = /n

TR . . 1

Stirling’s approximation proves that Inp(n) > 2¢/n —Inn — 3 — In 2.

34. a; >az2 > - >am > 0ifand only ifa; —m+1>a;—-m+2>-.-->a, > 1. And
partitions into m distinct parts correspond to m! compositions. Thus, by the previous

answer, we have
(a7 <
m!\m-1/ ~

1 (n + m(m — l)/2).

= m! m~—1

‘Tﬂ-
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See H. Gupta, Proc. Indian Acad. Sci. A16 (1942), 101-102. A detailed asymptotic
formula for |"[ when n = ©(m?®) appears in exercise 3.3.2-30.]

35. (a)z = llnc —0.194.

(b)z=21In} — 5 Inln2 = 0.092; in general we have z = £ (In 5 —Inln o)
(c) [ zdF( I) [ (Cu)*(Inu)e ¥ dy = - [F(InC + Inv)e "dv =

(v —InC)/C =~ 0.256.
(d) Similarly, f_ﬂzo z2e~C% exp(—e C%/C)dx = (v’ +¢(2)-2yInC+(In C)?*)/C? ~
1.0656. So the variance is {(2)/C? = 1, exactly(!).

[The probability distribution e—¢*"** is commonly called the Fisher-Tippett
distribution; see Proc. Cambridge Phil. Soc. 24 (1928), 180-190.]

36. The sum over j. —~(m+7r—1)2> - > jo—(m+1) > j1 —m > 1 gives

_ t—rm—r(r-1)/2|p(n —t)
== e

2 r
a a x rm ~1/2+42¢
= 140 E
l-al—a? 1-a" (1+0(n )+
n-Y? p-1/2 n—1/2

T al-la-2-1 "o - 1“9( C"‘I+ O(rn™Y*%)) + E,

where E is an error term that accounts for the cases t > n'/2*¢. The leading factor
n"V (@™ -1)is %(1+O(jn"1”)). And it is easy to verify that E = O(n'*%"e~C""),
even if we use the crude upper bound ]‘_r"‘_’{"_”*’ﬂ < t7, because

Y remtN = o(/ e ””dt) O(N"Hz"e™%/(1 - r/z)),

t>zN
where N = 6(y/n), z = 6(n°), r = O(logn).
37. Such a partition is counted once in Lo, g times in X;, () times in I, ...; so

it is counted exactly Z: o= 1)-’( ) = (-1)7(?") times in the partial sum that ends
with (—1)"%,. This count is at mmat dq0 when r is odd, at least dq0 when 7 is even.
[A similar argument shows that the generalized principle of exercise 1.3.3-26 also has
this bracketing property. Reference: C. Bonferroni, Pubblicazioni del Reale Istituto
Superiore de Scienze Economiche e Commerciale di Firenze 8 (1936), 3-62.]

38, z!+m—1(l+m*2): — zl+m-1[1 _ z!) o (1 _ z!+m—2)/((1 _ 2.') ) “{1 _ zm-l))‘

m—1
39. If « = a;...am is a partition with at most m parts, let f(a) = o if a1 < [,
otherwise f(a) = min{j | a1 > | + aj+1}. Let gx be the generating function for
partitions with f(a) > k. Partitions with f(a) = k < oo are characterized by the
inequalities
a12a22 2020 —>ak41 2 2 8my1 = 0.

Thus ajaz...am = (be+l+1)(bi+1)...(bk—1+1)bkt1...bm, where f(by...bm) > k;
and the converse is also true. It follows that gi = gk—1 — 2' T*gx_.
(See American J. Math. 5 (1882), 254-257.]

40, MDY =z 2h (22 - 2f) . (2™ =)/ ((1-2)(1—2%)...(1-2™)). This
formula is essentially the z-nomial theorem of exercise 1.2.6-58.
41. See G. Almkvist and G. E. Andrews, J. Number Theory 38 (1991), 135-144.
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42. A. Vershik [Functional Anal. Applic. 30 (1996), 90-105, Theorem 4.7] has state..
the formula

1—e™™ —er/vm | 1= e emCak/VA
1 — e—cl6+v) 1 — e—cl6+p) o

where the constant ¢ must be chosen as a function of # and ¢ so that the area of the
shape is n. This constant c is negative if ¢ < 2, positive if 8 > 2; the shape reduces

to a straight line v
k

+ A x
0vn  ovn
when 8p = 2. If ¢ = co we have ¢ = \/Liz(t) where ¢ satisfies § = (In )/ VLiz(t).
43. We have a1 > az > - > ax if and only if the conjugate partition includes
each of the the parts 1, 2, ..., k — 1 at least once. The number of such partitions is
p(n — k(k — 1)/2); this total includes I““{k'ﬁ{f‘ﬂfﬂ cases with ax = 0.
44. Assume that n > 0. The number with smallest parts unequal (or with only one
part) is p(n + 1) — p(n), the number of partitions of n + 1 that don’t end in 1, because
we get the former from the latter by changing the smallest part. Therefore the answer
is 2p(n) —p(n+1). [See R. J. Boscovich, Giornale de’ Letterati (Rome, 1748), 15. The
number of partitions whose smallest three parts are equal is 3p(n) —p(n+1)—2p(n+2)+
p(n + 3); similar formulas can be derived for other constraints on the smallest parts.]

45. By Eq. (37) we have p(n — j)/p(n) = 1~ Cjn™'/? + (C?5” + 2j)/(2n) — (8C%}* +
60C;* + Cj +12C7'5)/(48n*%) + O(j*n?).

46. If n > 1, T3(n) = p(n — 1) — p(n — 2) < p(n) — p(n — 1) = T3 (n), because
p(n) —p(n—1) is the number of partitions of n that don’t end in 1; every such partition

of n — 1 yields one for n if we increase the largest part. But the difference is rather
small: (T3 (n) — T3(n))/p(n) = C?*n + O(n=3/?).

47. The identity in the hint follows by differentiating (21); see exercise 22. The
probability of obtaining the part-counts ¢;...c, when ¢; +2¢c2 + -+ + ne, = n is

C N kp(n — jk ,
Pr(cl...cﬁ)=zz p::;(nf )Pr(cl~+ck—1(ﬂk—,}']ck+1-+-C-n)

k=1 j=1

o ne(n)  p(n)’

by induction on n. [Combinatorial Algorithms (Academic Press, 1975), Chapter 10.]

48. The probability that j has a particular fixed value in step N5 is 6/(w?j%) +
O(n~'/?), and the average value of jk is order \/n. The average time spent in step N4
is ©(n), so the average running time is of order n*/2. (A more precise analysis would
be desirable.)

49. (a) We have F(z) = ) -, Fi(z), where Fi(z) is the generating function for all
partitions whose smallest part is > k, namely 1/((1 — 2°)(1 — 2*¥*1)...) - 1.

(b) Let fu(n) = [z"] Fx(2)/p(n). Then fy(n) = 1; fa(n) = 1 - p(n—1)/p(n) =
Cn™'2 1+ O(n™'); fa(n) = (p(n) - p(n — 1) — p(n — 2) + p(n — 3))/p(n) = 2C*n~" +
O(n~%?); and fs(n) = 6C°*n~%? + O(n"?). (See exercise 45.) It turns out that
fit1(n) = k' C*n=*2% 4 O(n~ +1/2). in particular, fs(n) = O(n"?). Hence fs(n) +
-+ fa(n) = O(n™), because fus1(n) < fu(n).

Adding everything up yields [2"] F(z) = p(n)(1 + C/y/n + O(n™1)).
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50. (a) cm(m+ k) =cm-1(m -1+ k) + cm(k) =m —1-k + c(k) + 1 by induction
when 0 < k < m. )

(b) Because |™**| = p(k) for 0 < k < m.

{c) When n = 2m, Algorithm H essentially generates the partitions of m, and
we know that j — 1 is the second-smallest part in the conjugate of the partition just
generated — except when j — 1 = m, just after the partition 1...1 whose conjugate has
only one part.

(d) If all parts of a exceed k, let ak?t!j correspond to a (k+1).

(e) The generating function G(z) for all partitions whose second-smallest part is
> kis (24 +2" ") Fe(2)+ Fi(2)—2* /(1= 2) = Fey1(2)/(1-z), where Fi(z) is defined
- in the previous exercise. Consequently C(z) = (F(z) — Fi(2))/(1 — z) + z/(1 — z)%.

(f) We can show as in the previous exercise that [2"] Gx(n)/p(n) = O(n"*/?) for
k < 5; hence ¢(m)/p(m) = 1+ O(m™"/?). The ratios (c(m) + 1)/p(m), which are
readily computed for small m, reach a maximum of 2.6 at m = 7 and decrease steadily
thereafter. So a rigorous attention to asymptotic error bounds will complete the proof.

Note: B. Fristedt [Trans. Amer. Math. Soc. 337 (1993), 703-735) has proved,
among other things, that the number of k’s in a random partition of n is greater than
Cz./n with asymptotic probability e =.

|54+13 50410

52. In lexicographic order, |**/;'*| partitions of 64 have a1 < 13; 1"°l5 | of them have
a1 = 14 and a2 < 10; etc. Therefore, by the hint, the partition 14 11 96 4 3 2 1'% is
preceded by exactly p(64) — 1000000 partitions in lexicographic order, making it the
millionth in reverse lexicographic order.

53. As in the previous answer, |?g| partitions of 100 have a; = 32 and a; < 12, etc.;
so the lexicographically millionth partition in which a; = 3215 321312876 55 1'%
Algorithm H produces its conjugate, namely 20 8886 54333 3 2 117,

54. (a) Obviously true. This question was just a warmup.
(b) True, but not so obvious. If a” = aja}... we have

a;+ -+ar+ay+--+ap < n4kl when k < a)

by considering the Ferrers diagram, with equality when k = a;. Thus if a > 3 and
aj+--+a; > by +---+b} for some I, with [ minimum, we haven + kl = b, + -+ by +
by+--+b<a;+ --+ap+ay+---+a; <n+klwhen k = b}, a contradiction.

(c) The recurrence ¢y = min(a1 +---+ak, by +---+bg) — (c1 4+ -+ ck~1) clearly
defines a greatest lower bound, if ¢1cz ... is a partition. And it is;forifc; + - +cx =
a1 +- -+ ax we have 0 <min(a,,,, b,,;) <min(a,,,, by, +b++b,—a, - —a, )=¢,,, <
G < @=c (et +e ) —(a++a, ) < ¢

(d) aV B = (aT A BT)T. (Double conjugation is needed because a max-oriented
recurrence analogous to the one in part (c) can fail.)

(e) a A B has max(l,m) parts and o V 8 has min(l,m) parts. (Consider the first
components of their conjugates.)

(f) True for a A 3, by the derivation in part (c). False for a v 8 (although true in
Fig. 32); for example, (17165432) Vv (179876) = (1716554).

Reference: T. Brylawski, Discrete Mathematics 6 (1973), 201-219.

55. (a) If o B and a > v > B, where ¥ = c1c2..., we have a1 + - + a =
€1+ +cx =by+ -+ b for all k except Kk =1 and k = [ 4+ 1; thus a covers S.
Therefore BT covers aT.

Conversely, if o > 8 and a # B we can find 4 > 8 such that a b y or vT  a”,
as follows: Find the smallest k with ax > by, and the smallest { with ax > ai4,. If
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a; > ar+1+1, define Y =cCi1C2... b}’ Ck = ﬂk-*[k=£]+[k=t+ 1]. Ifa; = Q41 +1, find
the smallest ' with aj41 > apyq and let cx = ax—[k=0U'|+[k=1l"+1}ifap > ap41+1,
otherwise cx = ax — [k=1]+ [k=1'+1].

(b) Consider a and S to be strings of n 0s and n 1s, as in (15). Then a » 8 if
and only if & — 8, and BT b aT if and only if a = B, where ‘=’ denotes replacing a
substring of the form 011910 by 101901 and ‘=" denotes replacing a substring of the
form 010710 by 100901, for some g > 0.

(c) A partition covers at most [a; >a2] + - + [@m—1> am]| + [am > 2] others.
The partition a = (ny+n;—1)(n2—2)(n2—3). .. 21 maximizes this quantity in the case
am = 1; cases with a,, > 2 give no improvement. (The conjugate partition, namely
(nz—1)(n2—2)...21"*! is just as good. Therefore both a and a” are also covered by
the maximum number of others.)

(d) Equivalently, consecutive parts of p differ by at most 1, and the smallest part
is 1; the rim representation has no consecutive 1s.

(e) Use rim representations and replace »~ by the relation —. If a = a; and
a —+ aj we can easily show the existence of a string 8 such that a; = 8 and a; = 5;
for example,

10190111710
01191011710 10191011701.

> 01191101701 4

Let 8 = B2 b~ -+ b~ Bm where ., is minimal. Then, by induction on max(k, k'), we
have k = m and ax = Bm; also k' = m and a}, = fBn.

(f) Set B « a”; then repeatedly set 3 + B’ until 8 is minimal, using any
convenient partition 8’ such that 8 - 8'. The desired partition is gT.

Proof: Let u(c) be the common value a; = a}, in part (e); we must prove that
a > 3 implies u(a) > u(B). There is a sequence a = ap, ..., ax = § where a; = a4
oraj = aj4 for 0 < j < k. If ap = a; we have p(a) = u(a1); thus it suffices to prove
that @ = B8 and a — o' implies a’ > u(8). But we have, for example,

10090111710 - \
01091011710 10091011701

7

because we may assume that ¢ > 0; and the other cases are similar.

(g) The parts of A, are ax = nz + [k <ni] — k for 1 < k < na; the parts of A} are
b = n2 — k + [nz — k<ny] for 1 < k < ny. The algorithm of (f) reaches AZ from n’
after ("%+!) — (®23™) steps, because each step increases 3 kbi = 3 (*%F1) by 1.

(h) The path n, (n—1)1, (n—2)2, (n-2)11, (n—3)21, ..., 321"~%, 3173, 2214,
212 1", of length 2n — 4 when n > 3, is shortest.

It can be shown that the longest path has m = 2("?) + n; (n2—1) steps. One such
path has the form oo, ..., @k, ..., Q1, ..., &m Where ag = n'; ap = A5 a; = AT,
a; - ajqy for 0<j<l;and ol +aj fork<j<m.

Reference: C. Greene and D. J. Kleitman, Europ. J. Combinatorics 7 (1986), 1-10.

56. Suppose A = u;...Upn and g = v;...Um. The following (unoptimized) algo-
rithm applies the theory of exercise 54 to generate the “partitions in colex order,
maintaining @ = @1a82...am < p as well as a7 = bbz...by < AT. To find the
successor of a, we first find the largest j such that b; can be increased. Then we have

01091101701 — 0107-110011701
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B=b1...b;—1(bj+1)1...1 < AT, hence the desired successor is BT A u. The algorithm
maintains auxiliary tables rj = b;+---+bi, s =vi+---+vj,and t; = wj+wjp+---,
where AT = wyw,....
M1. [Initialize.] Set ¢ + 0, k + u;. For j = 1, ..., m, while u;4; < k set
tkr —~q+qg+jand k+ k—1. Thenset g+ O again,andforj=1,..., m
set a; + vj, 3; + q « g+ aj. Then set g < 0 yet again, and k « [ + a;.
Forj=1,...,m,whileajsi < ksetby + j,rp —qéqg+j,and k « k—1.
Finally, set t; + 0, bp + 0, b_; « —1.
M2. [Visit.] Visit the partition a; ...am, and/or its conjugate by ... b;.

M3. [Find j.] Let j be the largest integer < [ such that r;41 > tj41 and b; # bj—;.
Terminate the algorithm if j = 0.

M4. [II]CI‘EH.EE ﬁj] Set x + riy1 — 1, k « b;, ﬁj ~ k+ 1, and Qkt+1 « J. (The
previous value of a1 was j — 1. Now we’re going to update a; ...ax using
essentially the method of exercise 54(c) to distribute =z dots into columns
i+1,5+2....)

MS5. [Majorize.]| Set z + 0 and then do the following for i = 1, ..., k: Set
T+ z+j,y+ min(z,s),ai —y—2 z+y;ift =1set | «+ p « a; and
g+ 0;ifi>1whilep>aisetb, —~i—1,rp g gqg+i—1,p+—p—1.
Finally, whilep > jset b, + k, rp, ¢ g ¢ g+k, p + p—1. Return to M2. |

57. If A= puT there obviously is only one such matrix, essentially the Ferrers diagram
of A. And the condition A < uT is necessary, for if uT = bjby... we have by +---+ by =
min(c¢y, k) + min{cz, k) + - - -, and this quantity must not be less than the number of 1s
in the first k rows. Finally, if there is a matrix for A and u and if A covers a, we can
readily construct a matrix for @ and g by moving a 1 from any specified row to another
that has fewer 1s.

Notes: This result is often called the Gale-Ryser theorem, because of well-known
papers by D. Gale [Pacific J. Math. T (1957), 1073-1082] and H. J. Ryser [Canadian
J. Math. 9 (1857), 371-377]. But the number of 0-1 matrices with row sums A and
column sums g is the coefficient of the monomial symmetric function 3 z{!z?... in
the product of elementary symmetric functions e, e,, ..., where

er = [2"](1+ z12)(1 + z22)(1 + z32) ... .

In this context the result has been known at least since the 1930s; see D. E. Littlewood’s
formula for ﬂmm},u(l + Tmyn) in Proc. London Math. Soc. (2) 40 (1936), 40-70.
[Cayley had shown much earlier, in Philosophical Trans. 147 (1857), 489499, that the
lexicographic condition A < uT is necessary.]

58. [R. F. Muirhead, Proc. Edinburgh Math. Soc. 21 (1903), 144-157.] The condition
a > B is necessary, because we can set ¢, = - =y =Tz and Tp41 = - = Tp = 1
and let £ = co. It is sufficient because we need only prove it when a covers 8. Then
if, say, parts (a1,az) become (a; — 1,a2 + 1), the left-hand side is the right-hand side
plus the nonnegative quantity

1 a
9 __as a ay~as—1 a] —ag—1
- E Toizy? ... xpm (Tp) ~ ZTp Hzp, — Tpy)-

[ Historical notes: Muirhead’s paper is the earliest known appearance of the concept
now known as majorization; shortly afterward, an equivalent definition was given
by M. O. Lorenz, Quarterly Publ. Amer. Stat. Assoc. 9 (1905), 209-219, who was
interested in measuring nonuniform distribution of wealth. Yet another equivalent
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concept was formulated by I. Schur in Sitzungsberichte Berliner Math. Gesellschaft
22 (1923), 9-20. “Majorization” was named by Hardy, Littlewood, and Pélya, who
established its most basic properties in Messenger of Math. 58 (1929), 145-152; see
exercise 2.3.4.5-17. An excellent book, Inequalities by A. W. Marshall and 1. Olkin
(Academic Press, 1979), is entirely devoted to the subject.]
59. The unique paths for n = 0, 1, 2, 3, 4, and 6 must have the stated symmetry.
There is one such path for n = 5, namely 11111, 2111, 221, 311, 32, 41, 5. And there
are four forn="T:
1111111, 211111, 22111, 2221, 322, 3211, 31111, 4111, 511, 421, 331, 43, 52,61, 7,
1111111, 211111, 22111, 2221, 322,421, 511, 4111, 31111, 3211, 331, 43, 52,61, 7;
1111111,211111, 31111, 22111, 2221, 322, 3211, 4111, 421, 331, 43, 52, 511,61, 7;
1111111,211111, 31111, 22111, 2221, 322, 421, 4111, 3211, 331, 43, 52, 511,61, 7.

There are no others, because at least two self-conjugate partitions exist for all n > 8
(see exercise 16).
80. For L(6,6), use (59); otherwise use L'(4,6) and L'(3,5) everywhere.

In M(4,18), insert 444222, 4442211 between 443322 and 4432221.

In M(5,11), insert 52211, 5222 between 62111 and 6221.

In M(5,20), insert 5542211, 554222 between 5552111 and 555221.

In M(6,13), insert 72211, 7222 between 62221 and 6322.

In L(4,14), insert 44222, 442211 between 43322 and 432221.

In L(5,15), insert 542211, 54222 between 552111 and 55221.

In L(7,12), insert 62211, 6222 between 72111 and 7221.

682. The statement hclds for n = 7, 8, and 9, except in two cases: n = 8 m = 3,
a=3221;n=9, m=4, a=432.

84. If n = 2%q where g is odd, let w, denote the partition (2*)?, namely g parts equal
to 2*. The recursive rule

B(n) = B(n-1)"1, 2 x B(n/2)

for n > 0, where 2x B(n/2) denotes doubling all parts of B(n/2) (or the empty sequence
if n is odd), defines a pleasant Gray path that begins with w,-11 and ends with wy, if
we let B(0) be the unique partition of 0. Thus,

B(1) =1; B(2)=11,2; B(3)=21,111; B(4) =1111,211,22,4.
Among the re‘markable properties satisfied by this sequence is the fact that
B(n) = (2 x B(O))1", (2 x B(1))1""2, (2 x B(2))1"7*, ..., (2 x B(n/2))1°,
when n is even; for example,
B(8) = 11111111,2111111,221111,41111,4211, 22211, 2222, 422, 44, 8.

The following algorithm generates B(n) looplessly when n > 2:

K1. [Initialize.] Set cg + po + 0, p1 « 1. If n is even, set c1 « n, ¢t « 1; other-
wise let n — 1 = 2¥g where g is odd and set ¢; + 1, ¢z + ¢, P2 ~2 te2

K2. [Even visit.] Visit the partition p{* ...p{'. (Now ¢¢ + -+ +c1 is even.)

K3. [Change the largest part.] If ¢, = 1, split the largest part: If pr # 2ps—1, set
¢t + 2, pt + pt/2, otherwise set ¢;1 « ¢;—1+2,t «t—1. Butife > 1,
merge two of the largest parts: If ¢, = 2, set ¢; « 1, p: + 2p¢, otherwise set
Ct—C —2,C41 ¢+ 1, ppy1 < 2p, t =1t + 1.
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K4. [Odd visit.] Visit the partition p;*...p{*. (Now ¢; + -+ ¢; is odd.)

K5. [Change the next-largest part.] Now we wish to apply the following transfor-
mation: “Remove ¢; — |t is even] of the largest parts temporarily, then apply
step K3, then restore the removed parts.” More precisely, there are nine
cases: (la) If ¢; is odd and ¢t = 1, terminate. (1b1l) If ¢ is odd, ¢;—1 = 1, and
Pi—1 = Zpt_z, set 49 & Ci—2 + 2, Ct—1 & Ct, Pt—1 ¢ Py, t—t—1. (1]32) If
ceisodd, c;—1 =1, and pi—1 # 2ps_2, set ¢t—1 « 2, pe—1 + pe—1/2. (1lcl) If
ctisodd, ct—1 = 2,and py = 2pe—1, et i1 e+ 1, pr—1 & pr, L £ — 1.
(1c2) If c; is odd, ct—1 = 2, and pt # 2pi—1, set ¢i—1 + 1, pro1 + 2pp-1.
(1d1) If ¢; is odd, ¢t~y > 2, and py = 2ps—1, set ci—1 + -1 — 2, ¢t ¢ + 1.
(1d2) If ¢¢ is odd, c¢~1 > 2, and py # 2pi-1, et ce41  Ct, Pr41 < Pt, € — 1,
Pt & 2Py, c-1 &~ -1~ 2,t « t+ 1. (2a) If ¢; is even and p; = 2p;—,
set ¢ & ¢t — 1, ¢t—1 + c-1 + 2. (2b) If ¢; is even and p; # 2py_,, set
Ct41 4 Ct — 1, Pet1 < Dty Ct +— 2, pt ¢ pt/2,t + t + 1. Return to K2. |

[The transformations in K3 and K5 undo themselves when performed twice in a row.
This construction is due to T. Colthurst and M. Kleber, “A Gray path on binary
partitions,” to appear. Euler considered the number of such partitions in §50 of his
paper in 1750.]

85. If pi'...p;" is the prime factorization of m, the number of such factorizations is
ple1) ...pler), and we can let n = max(ey,...,e,). Indeed, for each r-tuple (z,,..., z,)
with 0 < z) < p(ex) we can let m; = p{'’ ...p?"7, where ag; ...akn is the (zx + 1)st
partition of e;. Thus we can use a reflected Gray code for r-tuples together with a
Gray code for partitions.

86. Let a; ...a,m be an m-tuple that satisfies the specified inequalities., We can sort it
into nonincreasing order a;, > --- > az,,, where the permutation z; ...z,, is uniquely
determined if we require the sorting to be stable; see Eq. 5-(2).

If j < k, we have a; > ax, hence j appears to the left of £ in the permutation
T1...Tm. Therefore z; ...zx is one of the permutations output by Algorithm 7.2.1.2V,
Moreover, j will be left of k also when a; = ax and j < k, by stability. Hence a_, is
strictly greater than a,,,, when z; > zi4 is a “descent.”

To generate all the relevant partitions of n, take each topological permutation
Z1...Tm and generate the partitions y; ... ym of n —t where t is the indez of z1...2m
(see Section 5.1.1). For 1 < j < m set a,, + y; +1t;, where t; is the number of descents
to the right of z; in x; ... zpm.

For example, if z, ...z, = 314592687 we want to generate all cases with as >
a1 > G4 > G5 > Qg > G2 > Gg > Gg > ar. In thiscaset = 1+ 5+ 8 = 14; so we set
a1+ +2,atyt+l,azt—m+3, a1 —y+2 a5 —yst+2 a6 — yr+1, ar + ys,
as + ys +1, and ap « ys +2. The generalized generating function }_ z7* ... 23° in the
sense of exercise 29 is

21 29232325 26 28 2%
(1 — 2z3)(1 — z3z1)(1 — 232124)(1 — z3212425) ... (1 — 232124252922262827)

When < is any given partial ordering, the ordinary generating function for all such
partitions of n is therefore ¥ 2™ %/((1 - z)(1 - 2%)... (1 — 2™)), where the sum is over
all outputs a of Algorithm 7.2.1.2V,

[See R. P. Stanley, Memoirs Amer. Math. Soc. 119 (1972), for significant extensions
and applications of these ideas. See also L. Carlitz, Studies in Foundations and
Combinatorics (New York: Academic Press, 1978), 101-129, for information about
up-down partitions.|
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67. If n+1 = q1...qr, where the factors q;, ..., ¢- are all > 2, we get a perfect
partition {(g:—1)-1,(g2—1) -q1,(¢3—1) - q1q2,...,(gr—1) - g1 ...gr-1} that corresponds
in an obvious way to mixed radix notation. (The order of the factors g; is significant.)

Conversely, all perfect partitions arise in this way. Suppose the multiset M =
{ki p1,...,km - pm} is a perfect partition, where p; < -+ < pm; then we must have
p; = (k1+1)...(kj—1+1) for 1 < j < m, because p; is the smallest sum of a submultiset
of M that is not a submultiset of {k; - p1,...,kj—1 - pj-1}.

The perfect partitions of n with fewest elements occur if and only if the g¢; are all
prime, because pg — 1 > (p—1) + (¢g—1) whenever p > 1 and ¢ > 1. Thus, for example,
the minimal perfect partitions of 11 correspond to the ordered factorizations 2 - 2 - 3,
2:3-2,and 3-2-2. Reference: Quarterly Journal of Mathematics 21 (1886), 367-373.

68. (a) If i +1 < a; — 1 for some i and j we can change {ai,a;} to {ai+1,a;—-1},
thereby increasing the product by a; —a; — 1 > 0. Thus the optimum occurs only in
the optimally balanced partition of exercise 3. [L. Oettinger and J. Derbés, Nouv. Ann.
Math. 18 (1859), 442; 19 (1860), 117-118)

(b) No part is 1; and if a; > 4 we can change it to 2 + (a; —2) without decreasing
the product. Thus we can assume that all parts are 2 or 3. We get an improvement by
changing 2 + 2 + 2 to 3 + 3, hence there are at most two 2s. The optimum therefore is
3n/3 when nmod 3 is 0; 4 - 3(»—4)/3 = 3(n-4)/3.2.2 = (4/34/3)37/2 when nmod 3
is 1; 3(n—2)/3.2 = (2/32/3)37/3 when nmod 3 is 2. [O. Meifiner, Mathematisch-
naturwissenschaftliche Blatter 4 (1907), 85.]

69. Alln > 2 have the solution (n,2,1,...,1). We can “sieve out” the other cases < N
by starting with s2...sy « 1...1 and then setting s,x—» + 0 whenever ak — b < N,
wherea=z,... ¢+ —1,b=214-- 424 —t—-1,k >z > .- > x4, and a > 1, because
k+z14--+z++(ak—b—t—1) =kz,...z.. The sequence (z,,...,z:) needs to be
considered only when (z;...2¢ — 1)y — (214 -+ x¢) < N —t; we can also continue to
decrease N so that sy = 1. In this way only (32766, 1486539, 254887,1511, 937,478, 4)
sequences (Z1,...,2:) need to be tried when N is initially 2%°, and the only survivors
turn out to be 2, 3, 4, 6, 24, 114, 174, and 444. [See E. Trost, Elemente der Math. 11
(1956), 135; M. Misiurewicz, Elemente der Math. 21 (1966), 90.]

Notes: No new survivors are likely as N — oo, but a new idea will be needed to rule
them out. The simplest sequences (z1,...,z:) = (3) and (2, 2) already exclude alln > 5
with n mod 6 # 0; this fact can be used to speed up the computation by a factor of 6.
The sequences (6) and (3,2) exclude 40% of the remainder (namely all n of the forms
5k — 4 and 5k — 2); the sequences (8), (4,2), and (2, 2,2) exclude 3/7 of the remainder;
the sequences with ¢ = 1 imply that n — 1 must be prime; the sequences in which
Z1...2: = 2" exclude about p(r) residues of n mod (2" —1); sequences in which z; ...z,
is the product of r distinct primes will exclude about w, residues of n mod (z, ... z:—1).

70. Each step takes one partition of n into another, so we must eventually reach a
repeating cycle. Many partitions simply perform a cyclic shift on each northeast-to-

southwest diagonal of the Ferrers diagram, changing it

1 T2 Ty I7T T11 T16 - - - i1 X3 ITsg Y10 15 L21...
T3 ITs Ts Tj12 I17 T23... Tz T4 Ty T11T16T22...
Is Tg9 T13 T18 T24 T3y ... s Tg Ti12 Ti7 T23 T30. ..
from T10 T14 T19 T25 T32 T40. .. to T9 T13 T18 T24 T31 T39... ;
Ti5 20 T26 T33 I41 I50... T14 T19 T25 T32 T40 T49 ...

T21 T27 T34 T42 T51 Tl .- T20 T26 33 T41 T50 Te0 -+
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in other words, they apply the permutation p = (1)(23)(456)(78910)... to the cells.
Exceptions occur only when p introduces an empty cell above a dot; for example, z10
might be empty when z;; isn’'t. But we can get the correct new diagram by moving
the top row down, sorting it into its proper place after applying p in such cases. Such a
move always reduces the number of occupied diagonals, so it cannot be part of a cycle.
Thus every cycle consists entirely of permutations by p.

If any element of a diagonal is empty in a cyclic partition, all elements of the
next diagonal must be empty. For if, say, =5 is empty, repeated application of p will
make z5 adjacent to each of the cells z7, zs, T9, T10 of the next diagonal. Therefore
if n = ("?) + () with n2 > ny > 0 the cyclic states are precisely those with ny — 1
completely filled diagonals and n, dots in the next. [This result is due to J. Brandt,
Proc. Amer. Math. Soc. 85 (1982), 483-486. The origin of the problem is unknown;
see Martin Gardner, The Last Recreations (1997), Chapter 2.

71. When n = 1+ --- 4+ m > 1, the starting partition (m—1)(m—1)(m—-2)...211
has distance m(m — 1) from the cyclic state, and this is maximum. [K. Igusa, Math.
Magazine 58 (1985), 259-271; G. Etienne, J. Combin. Theory A58 (1991), 181-197 ]
In the general case, Griggs and Ho [Advances in Appl. Math. 21 (1998), 205-227] have
conjectured that the maximum distance to a cycle is max(2n+2—n,;(n2+1),n+n2+1,
ni(n2+1))—2n; for all n > 1; their conjecture has been verified for n < 100. Moreover,
the worst-case starting partition appears to be unique when n; = 2n; + {-1,0,2}.

72. (a) Swap the jth occurrence of k in the partition n = j - k + a with the kth

occurrence of j in k- j + a, for every partition a of n — jk. For example, when n = 6
the swaps are

6, 51, 42, 411, 33, 321, 3111, 222, 2211, 21111, 111111,
a bl fg clg hi jkl dlkh p2i m2ln elmjf ledcba

(b) p(n—k) + p(n—2k) + p(n—3k) + - .. [A. H. M. Hoare, AMM 93 (1986), 475-476.]

SECTION 7.2.1.5

1. Whenever m is set equal to r in step H6, change it back to r — 1.
2. L1. [Initialize.] Set l; «~ j—1and a; + 0 for 1 < j < n. Also set h; + n, t « 1,
and set {p to any convenient nongero value.
L2. [Visit.] Visit the t-block partition represented by Iy ...l, and h;...h:. (The
restricted growth string corresponding to this partition is a; ...an.)
L3. [Find j.] Set j + n; then, while [; =0,set j « j— 1 and t + ¢ — 1.
L4. [Move j to the next block.] Terminate if j = 0. Otherwise set k « a; + 1,
he «—lj,a; < k. If k=t sett+ t+1and!;+ 0; otherwise set ; + hg41.
Flna.ll}' set hk+1 — j
LS5. [Move 7+ 1, ..., n to block 1.] While j < n,set j « j+1,; « hy, a; « 0,
and h; + j. Return to L2. |
3. Let 7(k,n) be the number of strings a; ...a, that satisfy the condition 0 < a; <
1+max(k—1,a1,...,a5-1) for 1 < j < n; thus r(k,0) = 1, 7(0,n) = w,, and 7(k,n) =
kr(k,n—1)+7(k+1,n~1). [S. G. Williamson has called 7(k,n) a “tail coefficient”; see
SICOMP 5 (1976), 602-617.] The number of strings that are generated by Algorithm H
before a given restricted growth string a1...an is 37 a;7(bj,n — j), where b; =
14+ max(ay,...,a;~1). Working backwards with the help of a precomputed table of the
tail coefficients, we find that this formula yields 999999 when a, ... a;3 = 010220345041.



7.2.1.5 ANSWERS TO EXERCISES 125

4. The most coramon representatives of each type, subscripted by the number of
corresponding occurrences in the GraphBase, are =zzzzzo, oooohp, xxxixs, XXTid,,
ooops,, 1lullp, 1llalag, eelerg, iittip, xxiiip, ccxxvg, eerie;, llama;, xxwiip,
oozeds, uhuung, mMAmMA;, PUPPY,;. ananay, heheen, vivids, rarera, etext;, amass:,
again, .., ahhaa,, esses,;, teeth;s, yaaay,, ahhhh;, pssst,, seemsy, addedg, lxxiig,
bookssq, B8vwisss, senseyo, endeds, checkjs;, levels, tepee,, slyly,, nevar;s,
sellss, mottoz;, whoooz, treesass, going,,,, which;s;, there;r4, threejgo, theirsssq.
(See S. Golomb, Math. Mag. 53 (1980), 219-221. Words with only two distinct letters
are, of course, rare, The 18 representatives listed here with subscript 0 can be found
in larger dictionaries or in English-language pages of the Internet.)

5. (a) 112 = p(0225). The sequence is (0}, r(1), r(4), r(9}, r(16), ..., where r(n) is
obtained by expressiag n in decimal notation (with one or more leading zeros), applying
the p function of exercise 4, then deleting the leading zeros. Notice that n/9 < r(n) < n.

(b) 1012 = r(45%). The sequence is the same as (a), but sorted into order and with
duplicates removed. (Who knew that B8* = 7744, 212° = 44944, and 264° = 696967)

8. Use the topological sorting approach of Algorithm 7.2.1.2V, with an appropriate
partial ordering: Include ¢; chains of length j, with their least elements ordered. For
example, if n = 20, ¢z = 3, and 3 = ¢4 = 2, we use that algorithm to find all
permutations a; ...aze of {1,...,20} such that 1 < 2, 3 < 4,5 <6,1 <3 < 5,
7T<8<9 10 <11 <12, 7T <10, 13 < 14 < 15 < 16, 17 < 18 < 19 < 20,
13 < 17, forming the restricted growth strings p(f(ai1)... f(azo)), where p is defined
in exercise 4 and (f(1),..., f(20)) = (1,1,2,2,3,3,4,4,4,5,5,5,6,6,6,6,7,7,7,7). The
total number of outputs is, of course, given by (48).

7. Exactly w,. They are the permutations we get by reversing the left-right order of
the blocks in (2) and dropping the ‘|’ symbols: 1234, 4123, 3124, 3412, ..., 4321.
[See A. Claesson, European J. Combinatorics 22 (2001), 961-971. S. Kitaev, in
“Partially ordered generalized patterns,” Discrete Math., to appear, has discovered a
far-reaching generalization: Let m be a permutation of {0,...,7}, let gn be the number
of permutations a; ...an of {1,...,n} such that ax_ox > aGr_1+ > *** > Gkern > 0y
implies j > k, and let f, be the nnmber of permutations a;...an for which the
pattern Ge—or > Gk-1x > -** > Gk-rr i5 avoided altogethcr for r < k < n. Then
2onzogn2"nl = “P(Eny fa-12"{n!).]

8. For each partition of {1,..., n} into m blocks, arrange the blocks in decreasing
order of their smallest elements, and permute the non-smallest block elements in all
possible ways. If n = 9 and m = 3, for example, the partition 126|38|4579 would yield
457938126 and eleven other cases obtained by permuting {5,7,9} and {2,6} among
themselves. (Essentially the same method generates all permutations that have exactly
k cycles; see the “unusual correspondence” of Section 1.3.3.)

8. Among the permutations of the multiset {ko - 0,ky - 1,...,kn-1 ' (n—1)}, exactly
(ku Ry +knd1) ko ks kn-1

kﬂp kl! "'pkﬂ-"l (kﬂ'l'kl + "'+.-kﬂ-'l} {kl +"‘+kn—1} T kn-‘-l

have restricted growth, since k;/{k; 4+ --- + kn—1) is the probability that j precedes
{74+1,...,n-1}

The average number of 0s, if n > 0, is 1 + (n — 1)@n_1/wa = B(logn), because
the total number of 0s among all @y, cases is 31 _, k(}_|)@n-k = @n + (0 — 1)@n-1.
10. Given a partition of {1,...,n}, construct an oriented tree on {0, 1,...,n} by letting
§ — 1 be the parent of all members of a block whose least member is j. Then relabel
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the leaves, preserving order, and erase the other labels. For example, the 15 partitions
in (2) correspond respectively to

MmADANBSELSAALAL]

12

To reverse the process, take a semilabeled tree and assign new numbers to its nodes
by considering the nodes first encountered on the path from the root to the smallest
leaf, then on the path from the root to the second-smallest leaf, etc. The number of
leaves is n 4+ 1 minus the number of blocks. [This construction is closely related to
exercise 2.3.4.4-18 and to many enumerations in that section. See P. L. Erdés and
L. A. Székely, Advances in Applied Math. 10 (1989), 488-496.]

11. We get pure alphametics from 900 of the 64855 set partitions into at most 10
blocks for which p(a;...a13) = p(as...asa1...a4a9...a13), and from 563,527 of the
13,788,536 for which p(a:...a13) < p(as...asai...asas...a13). The first examples
are aaaa + aaaa = baaac, aaaa + aaaa = bbbbc, and aaaa + aaab = baaac; the
last are abcd + efgd = dceab (goat + newt = tango) and abcd + efgd = dceaf
(clad + nerd = dance). [The idea of hooking a partition generator to an alphametic
solver is due to Alan Sutcliffe.]

12. (a) Form p((a;a}) ... (ana})), where p is defined in exercise 4, since we have z = y
(modulo IT v IT") if and only if z = y (modulo II) and = = y (modulo IT').

(b) Represent IT by links as in exercise 2; represent II' as in Algorithm 2.3.3E;
and use that algorithm to make j = [; whenever [; # 0. (For efficiency, we can assume
that IT has at least as many blocks as I7’.)

(c) When one block of IT has been split into two parts; that is, when two blocks
of IT' have been merged together.

(@ (3); (& @' =D+ 4+ (271 -1).

(f) True: Let ITVII' have blocks B,|Bz|- - - |B;, where IT = B, B2|B3|---|B;. Then
IT' is essentially a partition of {Bi,...,B:} with B; # B;, and IT A IT' is obtained by
merging the block of IT' that contains B, with the block that contains B2. [A finite
lattice that satisfies this condition is called lower semimodular; see G. Birkhoff, Lattice
Theory (1940), §1.8. The majorization lattice of exercise 7.2.1.4-54 does not have this
property when, for example, a = 4111 and a' = 331]

(g) False: For example, let II = 0011, IT' = 0101.

(h) The blocks of IT and IT’' are unions of the blocks of IT V IT', so we can assume
that Tv IT' = {1,...,t}. As in part (b), merge j with l; to get IT in r steps, when IT
has t — r blocks. These merges applied to IT' will each reduce the number of blocks by
0 or 1. Hence b(I7') = b(IT AIT') < v = b(dT v IT') - b(IT).

(In Algebra Universalis 10 (1980), 74-95, P. Pudlak and J. Ttima proved that every
finite lattice is a sublattice of the partition lattice of {1,...,n}, for suitably large n.]

18. [See Advances in Math. 28 (1977), 290-305.] If the j largest elements of a t-block
partition appear in singleton blocks, but the next element n — j does not, let us say
that the partition has order ¢t — j. Define the “Stirling string” X,: to be the sequence
of orders of the t-block partitions IT,, ITz, ...; for example, Y43z = 122333. Then
2y = 0, and we get X, 41)¢ from Ly, by replacing each digit d in the latter by the
string d%(d+1)**" ... t* of length (*3') — (;); for example,

Zis3 = 1223332233322333333333333.
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The basic idea is to consider the lexicographic generation process of Algorithm H.
Suppose IT = a; ...a, is a t-block partition of order j; then it is the lexicographically
smallest t-block partition whose restricted growth string begins with @, ...an-¢t+;. The
partitions covered by II are, in lexicographic order, IT12, ITy3, a3, T4, a4, Iag,
.vvy Il(4_1)s, where II., means “coalesce blocks r and s of IT” (that is, “change all
occurrences of s — 1 to r — 1 and then apply p to get a restricted growth string”). If
IT' is any of the last (;) - (;) of these, from ITy(;4+1) onwards, then IT is the smallest
t-block partition following IT'. For example, if IT = 001012034, then n = 9, t = 5,
j = 3, and the relevant partitions IT' are p(001012004), p(001012014), p(001012024),
p(001012030), p(001012031), p(001012032), p(001012033).

Therefore frni(N) = fae(N — 1)+ (;) - (';), where j is the Nth digit of X,,;.

14. E1. [Initialize.] Set a; + 0 and b; +— d; « 1 for 1 < j < n.
E2. [Visit.] Visit the restricted growth string a; ...a,.
E3. [Find j.] Set j ¢ n; then, while a; = d;, set dj < 1 —d; and j « j — 1.
E4. [Done?] Terminate if j = 1. Otherwise go to E6 if d; = 0.

E5. [Move down.] If a; = 0, set a; + b;, m + a; + 1, and go to E7. Otherwise if
aj = bj, set a; + b; — 1, m « b;, and go to E7. Otherwise set a; + a; — 1
and return to E2.

E6. [Mave up.] If aj = b; — 1, set a; « b;, m &« a; + 1, and go to E7. Otherwise
if a; = bj, set a; ¢~ 0, m ¢ b;, and go to E7. Otherwise set a; + a; + 1 and
return to E2.

E7. [Fix bj41...bn:] Set by «+~ mfork=j+1,..., n. Return to E2. |

[This algorithm can be extensively optimized because, as in Algorithm H, j is almost
always equal to n.]

15. It corresponds to the first n digits of the infinite binary string 01011011011.. .,
because tn-) is even if and only if n mod 3 = 0 (see exercise 23).

16. 00012, 01012, 01112, 00112, 00102, 01102, 01002, 01202, 01212, 01222, 01022,
01122, 00122, 00121, 01121, 01021, 01221, 01211, 01201, 01200, 01210, 01220, 01020,
01120, 00120.

17. The following solution uses two mutually recursive procedures, f(u,v,o) and
b(p,v, o), for “forward” and “backward” generation of A,, when ¢ = 0 and of A4,
when o = 1. To start the process, assuming that 1 < m < n, first set a; + 0 for
l1<j<n-mand an_m4j + j— 1 for 1 < j < m, then call f(m,n,0).

Procedure f(u,v,0): If p = 2, visit a;...an; otherwise call f(p — 1,v — 1,
(p+0) mod 2). Then, if v = p + 1, do the following: Change a, from 0 to pu — 1,
and visit a; ...an; repeatedly set a, « a, — 1 and visit a; ...an, until a, = 0. But if
v > i+ 1, change a,_, (if u+o is odd) or a, (if u+o is even) from 0 to u — 1; then
call b(u,v—1,0) if a, + o is odd, f(u,v—1,0) if a, + o is even; and while a, > 0, set
a, + a, — 1 and call b(u,v-1,0) or f(u,v—1,0) again in the same way until a, = 0.

Procedure b(u,v,0): If v = pu+ 1, first do the following: Repeatedly visit a; ...ay,
and set a, « a, + 1, until a, = pu — 1; then visit a; ...a, and change a, from p — 1
to 0. But if v > pu+ 1, call f(u,v—1,0) if a, + o is odd, b(u,v—1,0) if a, + o is even;
then while a, < g ~ 1, set a, + a, + 1 and call f(u,v—1,0) or b(u,v—1,0) again in
the same way until a, = p — 1; finally change a,_1 (if u+o is odd) or a, (if y+o is
even) from p — 1 to 0. And finally, in both cases, if 4 = 2 visit a; ... an, otherwise call
b(p — 1,v — 1, (p+0) mod 2).
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Most of the running time is actually spent handing the case u = 2; faster routines
based on Gray binary code (and deviating from Ruskey’s actual sequences) could be
substituted for this case. A streamlined procedure could also be used when u = v - 1.

18. The sequence must begin (or end) with 01...(n—1). By exercise 32, no such Gray
code can exist when 0 # 8, # (1)°1'+("=1 pamely when n mod 12 is 4, 6, 7, or 9.

The cases n = 1, 2, 3, are easily solved; and 1,927,683,326 solutions exist when
n = 5. Thus there probably are zillions of solutions for all n > 8 except for the cases
already excluded. Indeed, we can probably find such a Gray path through all @, ; of the
strings considered in answer 28(e) below, except when n = 2k +(2,4,5,7) (modulo 12).

Note: The generalized Stirling number { :]}_1 in exercise 30 exceeds 1 for 2 <

m < n, so there can be no such Gray code for the partitions of {1,...,n} into m
blocks.
19. (a) Change (6) to the pattern 0, 2, ..., m, ..., 3, 1 or its reverse, as in endo-order

(7.2.1.3~(45))-
(b) We can generalize (8) and (9) to obtain sequences A,,., and Al,,.. that

begin with 0"~™01...(m~1) and end with 01...(m—1)a and 0""™"101... (m~1)a,
respectively, where 0 < a < m-2and a is any string a; ...an-m With 0 < a; < m—2.
When 2 < m < n the new rules are

A A{m—llﬂ{bﬁ}ml’ Aﬂ“,g&h, AmnaZ2, ..y Amna®m, if m is even;
(n+1)(aa) = o

m(n+1){aa AEm_”“bIl,Amﬂuzl,ﬂiﬂ&mg, s AmnaZm, if m is odd;
Al A AR AR . . .

/ (m=1)nbTl AmngTly AmngT2y -+ -y ApasLm, if m is even;
Am(n+1)a = 4 AR ) R o _
(m-1)n18) Tl AmnsTls Amng®2, .- -y AmngZm, if mis odd;

here b=m -3, =0""™, and (z1,...,Zm) is a path from z; = m — 1 to z,, = a.

20. 012323212122; in general (a; ...a,)" = p(@n - ..a1), in the notation of exercise 4.

21. The numbers (so,s1,82,...) = (1,1,2,3,7,12,31,59, 164,339,999, ... ) satisfy the
TECUITENCes Szn+1 = 9, (5)82n—2k, 82n+2 = ¥ x (1)(2* + 1)82n_2k, because of the way
the middle elements relate to the others. Therefore s2, = n![2"] exp((e**—1)/2+e*—1)
and s2n4+1 = n![z"] exp((e** — 1)/2+ €* + z — 1). By considering set partitions on the
first half we also have sz, = 3, {k}Ik and S2n41 = ), {“"’ }z:k 1, where z, =
2Zn_1 + (n — 1)Tn_z = n![2"] exp(2z + 2%/2). {T. S. Motzkin considered the sequence
{s:n) in Proc. Symp. Pure Math. 19 (1971), 173.]

( ) Y oreo K" Pr(X =k) = e 'Y 0 k"/k! = wn by (16). (b) Y reo k" Pr(X=k)=
oo k" 21_0 (i){ 1)7-%/j1 and we can extend the inner sum to j = oo because

Y (1) (=1)*k™ = 0 when j > n. Thus we get Y oo (k"/k!) 52 (~1)"/1! = wn. [See
J. O. Irwin, J. Royal Stat. Soc. A118 (1955), 389-404; J. Pitman, AMM 104 (1997),
201-209.]

23. (a) The formula holds whenever f(z) = z", by (14), so it holds in general. (Thus
we also have > 17 | f(k)/k! = e f(w), by (16).)

(b) Suppose we have proved the relation for k, and let h(z) = (z—1)%f(z), g(z) =
f(z+1). Then f(w+k+1) = g(w+k) = wg(w) = M(w+1) = wh(w) = o*! f(w).
[See J. Touchard, Ann. Soc. Sci. Bruxelles 53 (1933), 21-31. This symbolic “umbral
calculus,” invented by John Blissard in Quart. J. Pure and Applied Math. 4 (1861),
279-305, is quite useful; but it must be handled carefully because f(w) = g(w) does
not imply that f(w)h(w) = g(w)h(w).]
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(c) The hint is a special case of exercise 4.6.2-16(c). Setting f(z) =z" and k=p
n (b) then yields w, = wp4n — wH.“

(d) Modulo p, the polynomial " — 1 is divisible by g(z) = zP — & — 1, because
:::P =z +kand z"¥ = 2? = 2 = 2 — 2z = 1 (modulo g(z) and p). Thus if h(z)
(zV = 1)2"/g(z) we have h(w) = h(w + p) = wPh(w) = (w® — w)h(w); and 0 =
g(w)h(w) = w™*" — w" (modulo p).

24. The hint follows by induction on e, because z2= = E____é(:r - kp““ljf-f:i. We can
also prove by induction on n that 2™ = r,(z) (modulo g;(z) and p) implies

a=1

2" = ra(2)?" (modulo ge(z), pge-1(2), ..., p° " g1(z), and p°).

Hence 27" ™ = 1+ ho(2)ge(2) + ph1(2)ge-1(2) + -+ + 9" he-1(2) g1 (2) +p*he(z) fo
certain polynomials hg(z) w1th integer coefficients. Modulo p® we have ho(w)w™ =
ho(w + p°) (@ + p°)" = w2 ho(w)w™ = (ge(w) + 1) ho(w)w™; hence

e-1 n n n n n
@’ N = " 4 ho(@)ge(w) @ + phi(@)ge1(@)T" + -+ = w".

[A similar derivation applies when p = 2, but we let g;4+1(z) = g;(z)? + 2[j =2], and
we obtain w, = wn43.2¢ (modulo 2¢). These results are due to Marshall Hall; see Bull.
Amer. Math. Soc. 40 (1934), 387; Amer. J. Math. T0 (1948), 387-388. For further
information see W. F. Lunnon, P. A. B. Pleasants, and N. M. Stephens, Acta Arith.
35 (1979), 1-16.]

25. The first inequality follows by applying a much more general principle to the tree
of restricted growth strings: In any tree for which deg(p) > deg(parent(p)) for all non-
root nodes p, we have wi/wi-1 < wi+1/wir when wg is the total number of nodes on
level k. For if the m = wi_1 nodes on level k — 1 have respectively a,, ..., am children,
they have at least af + - - - + a2, grandchildren; hence wx_ wx+1 > m(a+- - +a2) >
(ay + -+ am)? = wi.

For the second inequality, note that wn41 —wn = 3., ((7) - (:::))wn_g; thus

n-—1 n—1
Wntl n—1\ wn-k n-=1\ Wn-k-1 Wn
Wn Z k Wn Z k Wn-1 Wn—1

k=0 k=0

because, for example, @wn_3/@n = (@n-3/n-2)(Tn-2/@n-1)(@Wn-1/@n) is less than
or equal to (wn—4/@n-3)(Wn-3/@n-2)(Wn-2/Wn-1) = Wn-4/@n-1.

26. There are (::t) rightward paths from @D to (¢D); we can represent them by 0s and
1s, where 0 means “go right,” 1 means “go up,” and the positions of the 1s tell us which
n—t of the elements are in the block with 1. The next step, if t > 1, is to another vertex
at the far left; so we continue with a path that defines a partition on the remaining ¢ — 1
elements. For example, the partition 14|2|3 corresponds to the path 0010 under these
conventions, where the respective bits mean that 1 £ 2,1 # 3,1 =4, 2 # 3. [Many
other interpretations are possible. The convention suggested here shows that wnx
enumerates partitions with 1 # 2, ..., 1 # k, a combinatorial property discovered by
H. W. Becker; see AMM 51 (1944), 47, and Mathematics Magazine 22 (1948), 23-26.]
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27. (a) In general, Ao = A1 = A2n-1 = A2n = 0. The following list shows also the
restricted growth strings that correspond to each loop via the algorithm of part (b):

0,0,0,0,0,0,0,0,0 0123
0,0,0,0,0,0,1,0,0 0122
0,0,0,0,1,0,0,0,0 0112
0,0,0,0,1,0,1,0,0 0111
0,0,0,0,1,1,1,0,0 0121

0,0,1,0,0,0,0,0,0 0012
0,0,1,0,0,0,1,0,0 0011
0,0,1,0,1,0,0,0,0 0001
0,0,1,0,1,0,1,0,0 0000
0,0,1,0,1,1,1,0,0 0010

0,0,1,1,1,0,0,0,0 0102
0,0,1,1,1,0,1,0,0 0100
0,0,1,1,1,1,1,0,0 0120
0,0,1,1,11,1,1,0,0 0101
0,0,1,1,2,1,1,0,0 0110

(b) The name “tableau” suggests a connection to Section 5.1.4, and indeed the
theory developed there leads to an interesting one-to-one correspondence. We can

represent set partitions on a triangular chessboard by putting
a rook in column [; of row n + 1 — j whenever I; # 0 in the *
linked list representation of exercise 2 (see the answer to exercise °
5.1.3-19). For example, the rook representation of 135|27|489|6
is shown here. Equivalently, the nonzero links can be specified in °
a two-line array, such as (;i:;g); see 5.1.4—(11). E4

Consider the path of length 2n that begins at the lower left
corner of this triangular diagram and follows the right boundary
edges, ending at the upper right corner: The points of this path
are z; = (|k/2},[k/2]) for 0 < k < 2n. Moreover, the rectangle above and to the left
of zx contains precisely the rooks that contribute coordinate pairs j to the two-line
array when i < |k/2| and j > [k/2]; in our example, there are just two such rooks
when 9 < k < 12, namely (.ﬂr:) Theorem 5.1.4A tells us that such two-line arrays
are equivalent to tableaux (P, Qk), where the elements of P, come from the lower line
and the elements of Qi come from the upper line, and where both P, and Qx have the
same shape. It is advantageous to use decreasing order in the P tableaux but increasing
order in the @ tableaux, so that in our example they are respectively

EmC
(&)

k P Qs k Pe Qx k  Px Qk

2 (3] 7 [7[5] (2]3 12 (8] [2

4

3 [3] 8 [8]5] [2]3 13 (8] [4
7 4

4 [7 1 9 [8] 14 [8] [4
3] (2 7] 4]

5 7] [2] 10 [8] [2] 15

i

6 [7]5] [2]3] 11 16 [9]
4

while P, and Q) are empty for k =0, 1, 17, and 18.

In this way every set partition leads to a vacillating tableau loop Ag, A1, ..., A2a,
if we let Ar be the integer partition that specifies the common shape of Pr and Q.
(The loop is 0, 0, 1, 1, 11, 1, 2, 2, 21, 11, 11, 11, 11, 1, 1, 0, 1, O, O in our example.)
Moreover, t3x~1 = 0 if and only if row n + 1 — k contains no rook, if and only if k is
smallest in its block. |

Conversely, the elements of P and Qi can be uniquely reconstructed from the
sequence ufsha.pes Ak. Na.mely, Qh = Qe iftx = 0. Otherwise, if k is even, Q. i8 Qr—1
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with the number k/2 placed in a new cell at the right of row t;; if k is odd, Q« is obtained
from Qk—_1 by using Algorithm 5.1.4D to delete the rightmost entry of row t,. A similar
procedure defines Py from the values of Py, and tx4+;, so we can work back from P,
to Po. Thus the sequence of shapes A is enough to tell us where to place the rooks.

Vacillating tableau loops were introduced in the paper “Crossings and nestings of
matchings and partitions” by W. Y. C. Chen, E. Y. P. Deng, R. R. X. Du, R. P. Stanley,
and C. H. Yan (preprint, 2005), who showed that the construction has significant
(and surprising) consequences. For example, if the set partition IT corresponds to
the vacillating tableau loop Ao, A1, ..., Aza, let's say that its dual ITP is the set
partition that corresponds to the sequence of transposed shapes A3, AT, ..., A\T..
Then, by exercise 5.1.4-7, IT contains a “k-crossing at {,” namely a sequence of indices
with i3 < -+ < 4 I < ji < -~ < jrand iy = J1, ..., tk = jk (modulo I),
if and only if IT® contains a “k-nesting at I,” which is a sequence of indices with
i< < <I<jp<:--<jrandiy =3y, ..., 14 = ji (modulo ITP). Notice also
that an involution is essentially a set partition in which all blocks have size 1 or 2; the
dual of an involution is an involution having the same singleton sets. In particular, the
dual of a perfect matching (when there are no singleton sets) is a perfect matching.

Furthermore, an analogous construction applies to rook placements in any Ferrers
diagram, not only in the stairstep shapes that correspond to set partitions. Given a
Ferrers diagram that has at most m parts, all of size < n, we simply consider the path
zo = (0,0), 21, ..., Zm+n = (n,m) that hugs the right edge of the diagram, and stipulate
that Ay = Ak—1 +e¢, when 2 = 21 +(1,0), A = Ag—1 — et, when 2 = z,_; +(0,1).
The proof we gave for stairstep shapes shows also that every placement of rooks in the
Ferrers diagram, with at most one rook in each row and at most one in each column,
corresponds to a unique tableau loop of this kind.

[And much more is true, besides! See S. Fomin, J. Combin. Theory A72 (1995),
277-292; M. van Leeuwen, Electronic J. Combinatorics 3,2 (1996), paper #R15.]

28. (a) Define a one-to-one correspondence between rook placements, by interchanging
the positions of rooks in rows j and j-+1 if and only if there’s a rook in the “panhandle”
of the longer row:

oooaoou-J olole
olole — olo|olololojole !
o|le® 0 o ol® o
—
ojolole ojolo|e

(b) This relation is obvious from the definition, by transposing all the rooks.
(c) Suppose a1 > a2 2> --- and ax > ax+1. Then we have

R(ﬂ],{lz,...) = IR(ﬂl—l,...,ﬂ.;‘_1—1,ﬂk+1,. ) <+ yR(ﬂh...,ﬂk-j,ﬂk—l,ﬂk+1,...)

because the first term counts cases where a rook is in row k and column a;. Also
R(0) = 1 because of the empty placement. From these recurrences we find

R(l)=z+y, RQ2)=R(L1)=z+zy+y"; RB)=R(1,1,1)=z+zy+zy’ +3%
R(2,1) = 2* + 2zy + zy* + v%;

R(3,1) = R(2,2) = R(2,1,1) = 2 + 2’y + 2y + 2zy° + zy° + y*;

R(3,1,1) = R(3,2) = R(2,2,1) = 2* + 22°y + z°y* + 2z¢° + 2x2¢° + =¢* + ¢°;
R(3,2,1) = z + 3z2y + 3z2y2 + %y + 3.1.‘y3 + 2zy* + zy° +¢°.
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(d) For example, the formula wrs(z,y) = zwes(z,y) + ywra(z,y) is equivalent
to R(5,4,4,3,2, 1) = zR(4,3,3,2,1) + yR(5,4,3,3,2,1), a special case of (c); and

DOnn(Z,y) = R(ﬂ ~2,...,0) is obviously equal to @w(,_1)1(z,¥) = R(n—2,...,1).
(e) In fact y wnk(a:,y) is the stated sum over all restricted growth strings
ay...0q fnrwhichu: >0,...,axr>0.

29. (a) If the rooks are respectively in columns (c;,...,cn), the number of free cells is
the number of inversions of the permutation (n+1-c1)...{n+1—ca). [Rotate the
right-hand example of Fig. 35 by 180° and compare the result to the illustration
following Eq. 5.1.1-(5).]

(b) Each r x r configuration can be placed in, say, rows ¢, < --- < %, and columns
71 < -+ < jr, yielding (m — r)(n —r) free cells in the unchosen rows and columns; there
are (iz—41+1) + 2(i3—i2—1)+ - -+ (r—1)(¢, ~1r~1—1) + r(m—1,) in the unchosen rows
and chosen columns, and a similar number in the chosen rows and unchosen columns.
Furthermore

Z y{ia*h+1]+2fi3-in—1}+---+ff—1}ft}-—t‘r_1 —1)+r(m—i.)

1<i1 <+ <ip<m

may be regarded as the sum of y*! 122+ +@m-r gyer all partitions r > a; > a2 > --- >
Bm-r > 0, 80 it i8 ( ) by Theorem C. The polynomial r!, generates free cells for the

chosen rows and columns, by (a). Therefore the answer is y(™~")(n~ r}(r)u(:)pr!u =

ym=n =l nl, /((m — r)ly(n — r)lyrl).

(c) The left-hand side is the generating function Ry (t + a1,...,t + am) for the
Ferrers diagram with ¢ additional columns of height m. For there are ¢ + a, ways to
put a rook in row m, yielding 1 +y+- - -+yr“"""“":l (1—y**2m) /(1 —y) free cells with
respect to those choices; then there are ¢ + a,m -1 — 1 available cells in row m — 1, etc.

The right-hand side, likewise, equals Rn(t + a1,...,t + am). For if m — k rooks
are placed into columns > ¢, we must put k rooks into columns < ¢ of the k unused
rows; and we have seen that tl,/(f — k)!, is the generating function for free cells when
k rooks are placed on a k x t board.

[The formula proved here can be regarded as a polynomial identity in the variables
y and y*; therefore it is valid for arbitrary ¢, although our proof assumed that ¢ is a
nonnegative integer. This result was discovered in the case y = 1 by J. Goldman,
J. Joichi, and D. White, Proc. Amer. Math. Soc. 52 (1975), 485-492. The general case
was established by A. M. Garsia and J. B. Remmel, J. Combinatorial Theory A41
(1986), 246-275, who used a similar argument to prove the additional formula

2 _'1:[11_ —— - Zkl (l—yz) (I—y z)Rm k(a1,.,Gm).

(d) This statement, which follows immediately from (c), also implies that we have
R(ay,...,a,,) = R(a},...,a,,) if and only if equality holds for all  and for any nonzero
value of y. The Peirce polynomial wnx(z, y) of exercise 28(d) is the rook polynomial for
("'1) different Ferrers diagrams; for example, we3(z,y) enumerates rook placements
for the shapes 43321, 44221, 44311, 4432, 53221, 53311, 5332, 54211, 5422, and 5431.

30. (a) We have wn(z,y) =) " " Amn, where Apmn = Rpom(n—1,...,1) satisfies
a simple law: If we don't place a rook in row 1 of the shape (n — 1,...,1), that row
has m — 1 free cells because of the n — m rooks in other rows. But if we do put a rook
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there, we leave 0 or 1 or -- - or m — 1 of its cells free. Hence Amn = _IA{m_l}.;n_n +
(1+y+--+ y""l)Am{ﬂ_l), and it follows by induction that Amn = y"‘[m"”"z{:‘}y.
(b) The formula @n41(z,y) = 3., (F)2" *y*wi(z,y) yields

n
Am(n+l} = Z(k) ykA[m-l}k-

(c) From (a) and (b) we have

i

z _ kY k.
1-2)1-(1+4+¢)z)...0—(Q+q+ - +g"1)z) E{n}f ’

k

k

(2) coreb o o S

k

[The second formula is proved by induction on n, because both sides satisfy the
differential equation G;,4,(z) = (1 + ¢+ -+ + ¢")e*Gn(gz); exercise 1.2.6-58 proves
equality when z = 0.]

Historical note: Leonard Carlitz introduced ¢-Stirling numbers in Transactions of
the Amer. Math. Soc. 33 (1933), 127-129. Then in Duke Math. J. 15 (1948), 987-1000,
he derived (among other things) an appropriate genera.liza.tion of Eq. 1.2.6-(45):

'(1+q+ g Z{} W.

31. exp(e®t* +w— 1); therefore wni = (w+1)" %" ! = @"*1*(w—-1)*"" in the
umbral notation of exercise 23. [L. Moser and M. Wyman, Trans. Royal Soc. Canada
(3) 43 (1954), Section 3, 31-37.] In fact, the numbers wni(z, 1) of exercise 28(d) are
generated by exp((e**“+** — 1)/z + zw).

32. We have §, = wa(1, —1), and a simple pattern is easily perceived in the generalized
Peirce triangle of exercise 28(d) when £ = 1 and y = —1: We have |wnx(1,-1)| < 1
and wp(k41)(1, —1) = @ne(1,-1) + (—1)" (modulo 3) for 1 < k < n. [In JACM 20
(1973), 512-513, Gideon Ehrlich gave a combinatorial proof of an equivalent result.]

33. Representing set partitions by rook placements as in answer 27 leads to the answer
Wnk, by setting £ = y = 1 in exercise 28(d). [The case k = n was discovered by
H. Prodinger, Fibonacci Quarterly 19 (1981), 463-465.]

34. (a) Guittone’s Sonetti included 149 of scheme 01010101232323, 64 of scheme
01010101234234, two of scheme 01010101234342, seven with schemes used only once
(like 01100110234432), and 29 poems that we would no longer consider to be sonnets
because they do not have 14 lines.

(b) Petrarch’s Canzoniere included 115 sonnets of scheme 01100110234234, 109 of
scheme 01100110232323, 66 of scheme 01100110234324, 7 of scheme 01100110232232,
and 20 others of schemes like 01010101232323 used at most three times each.

(c) In Spenser’s Amoretti, 88 of 89 sonnets used the scheme 01011212232344; the
exception (number 8) was “Shakespearean.”

(d) Shakespeare’s 154 sonnets all used the rather easy scheme 01012323454566,
except that two of them (99 and 126) didn’t have 14 lines.

(e) Browning's 44 Sonnets From the Portuguese obeyed the Petrarchan scheme
01100110232323.
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Sometimes the lines would rhyme (by chance?) even when they didn’t need to; for
example, Browning’s final sonnet actually had the scheme 01100110121212.

Incidentally, the lengthy cantos in Dante’s Divine Comedy used an interlocking
scheme of rhymes in which1 =3 and3n - 1=3n+1=3n+3forn=1,2,....

35. Every incomplete n-line rhyme scheme IT corresponds to a singleton-free partition
of {1,...,n+1} in which (n+1) is grouped with all of IT’s singletons. [H. W. Becker
gave an algebraic proof in AMM 48 (1941), 702. Notice that w,, =}, (:)(-—1}""’1:::;;,
by the principle of inclusion and exclusion, and w,, = Y k(:)mi; we can in fact write
w' = @ —1 in the umbral notation of exercise 23. J. O. Shallit has suggested extending
Peirce’s triangle by setting w,,,,, = w@n; see exercises 38(e) and 33. In fact, wnx
is the number of partitions of {1,...,n} with the property that 1, ..., k — 1 are not
singletons; see H. W. Becker, Bull. Amer. Math. Soc. 58 (1954), 63.]

36. exp(e* — 1 — z). (In general, if 9, is the number of partitions of {1,...,n}
into subsets of allowable sizes s; < 33 < ..., the exponential generating function
2on Un2"/nl is exp(2°t/s1! + 2°2/s;! + -+ -), because (2°1/s;! + 2°2/s3! + -+ - )¥ is the
exponential generating function for partitions into exactly k parts.)

37. There are ), (})@wiw,, _ possibilities of length n, hence 784,071,966 when n = 14.
(But Pushkin’s scheme is hard to beat.)

38. (a) Imagine starting with z,22...z, = 01...(n—1), then successively removing
some element b; and placing it at the left, for j = 1, 2, ..., n. Then x, will be the
kth most recently moved element, for 1 < k < |{by,...,bn}|; see exercise 5.2.3-36.
Consequently the array z; ...z, will return to its original state if and only if b,, ... b,
is a restricted growth string. [Robbins and Bolker, £quat. Math. 22 (1981), 281-282.]

In other words, let a;...a, be a restricted growth string. Set b_; « j and
bj+1 ¢+ an—j for 0 < j < n. Then for 1 < j < n, define k; by the rule that b; is the k;th
distinct element of the sequence b;_y, bj_2, .... For example, the string a; ...a16 =
0123032303456745 corresponds in this way to the o-cycle 6688448628232384.

(b) Such paths correspond to restricted growth strings with max(ai,...,an) < m,
so the answer is {7} + {7} + -+ {2}.

(c) We may assume that ¢ = 1, because the sequence ka...knk: is a o-cycle
whenever kikz ...k is. Thus the answer is the number of restricted growth strings
with a, = 7 — 1, namely {;‘j} + {“;1} + {:‘;11} R

(d) If the answer is f, we must have 3., (})fx = @n, since o, is the identity
permutation. Therefore f, = w,, the number of set partitions without singletons
(exercise 35).

(e) Again @y, by (a) and (d). [Consequently w;, mod p = 1 when p is prime.]

= tpt! in 1 [ e~ uyla- +1) g _1 +1
39. Set u =t""" to obtain p—+—1fﬂ e “ula-P/ (1l gy — Fﬁ[‘(‘gﬁ)-

40. We have g(z) = cz—nln z, so the saddle point occurs at n/c. The rectangular path
now has corners at +n/c + mi/c; and expg(n/c + it) = (e"c"/n") exp(—t*c?/(2n) +
it’c®/(3n®) + - ). The final result is e"(c/n)"~'/Vv27n times 1 + n/12 + O(n~2).

(Of course we could have obtained this result more quickly by letting w = cz in
the integral. But the answer given here applies the saddle point method mechanically,
without attempting to be clever.)

41. Again the net result is just to multiply (21) by ¢*~'; but in this case the left edge
of the rectangular path is significant instead of the right edge. (Incidentally, when
¢ = —1 we cannot derive an analog of (22) using Hankel’s contour when z is real and
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positive, because the integral on that path diverges. But with the usual definition of z*,
a suitable path of integration does yield the formula —(cos 7z)/I'(z) when n =z > 0.)

42. We have § e‘gdz/ z" = 0 when n is even. Otherwise both left and right edges of
the rectangle with corners £/n/2 £ in contribute approximately

n/2 oo 233 n3/2 and
e 2 (—1t)" 2 (it)
3n(n/2)"3 [mexp(—ﬁt BTy + —— - ) dt,

when n is large. We can restrict [t| < n® to show that this integral is Io + (I3 — 376)/n
with relative error O('nﬁ"":"’r 2), where [ = fi"’m e 2t 4k g As before, the relative error

is actually O(n~?); we deduce the answer

en/?
((n —11)/2J! - V2r(n/2)n/? (1 + j'%; + O(ﬁ)), n odd.

(The analog of (22) is (sin Z2)%/I'((z — 1)/2) when n = z > 0.)

43. Let f(2) = e*/2". When z = —n +it we have |f(2)| < en™™; when z = t + 2min +
im/2 we have |f(z)| = |z|™" < (2mn)™™. So the integral is negligible except on a path
z = { +it; and on that path |f| decreases as |t| increases from 0 to m. Already when
t = n*""? we have |f(z2)|/f(£) = O(exp(—n?/(logn)?)). And when |t| > 7 we have
[f()/£(€) < 1/]1 +im/€]" = exp(— 3 In(1 + x%/€%)).

44. Set u = nast’ in (25) to obtain R " e " exp(n™%ca(—u)*? + nlcy(—u)? +
n”~ 5 (—u)®? 4. .. ) du/v/nazu where cx = (2/(€+1))*3 (€4 + (=1)*(k— 1)) /k! =
ak /f.r.;';K ?. This expression leads to

- T (!

ki+2ka+3ks+---=21
ki+ko+ka+---=m
kl*kz.ka,...aﬂ

— Cq3~ C4

k1! ka! k3! 7’

Ltm k1 k2 ks
) 5

a sum over partitions of 2I. For example, b; = 431::4 -~ -}%cg.

45. To get w,/n! we replace g(z) by € — (n + 1)Inz in the derivation of (26).
This change multiplies the integrand in the previous answer by 1/(1 + it/¢), which
is 1/(1 ~ n—1/%2a(—u)'/2) where a = —/2/(£ +1). Thus we get

k ka ki
by = 2 (-3) ko
l - = a4 &
2 kil ko! k3! ’
k+ky+2ko4+3ky+---=21

ky+kg+kg4--=m
k.ky.kg,k3,...20

a sum of p(2l) + p(2l — 1) + --- + p(0) terms; by = 3¢y — 23 + 2acs — 2a’. [The
coefficient b; was obtained in a different way by L. Moser and M. Wyman, Trans.
Royal Soc. Canada (3) 49, Section 3 (1955), 49-54, who were the first to deduce an
asymptotic series for w,. Their approximation is slightly less accurate than the result
of (26) with n changed to n + 1, because it doesn’t pass exactly through the saddle
point. Formula (26) is due to I. J. Good, Iranian J. Science and Tech. 4 (1975), 77-83.]

46. Egs. (13) and (31) show that wnx = (1 — £/n)* @, (1 + O(n™?)) for fixed k as
n — oo. And this approximation also holds when & = n, but with relative error

O((log n)?/n).
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47. Steps (H1, ..., HB) are performed respectively (1,@n, ®n — @n-1,%n-1,%n-1,
wWp—1 — 1) times. The loop in H4 sets j «+ j — 1 a total of wn_2 + W3 + - + @1
times; the loop in H6 sets b; + m a total of (wp-2 — 1) + -+ + (@1 — 1) times. The
ratio @y -1 /wy, is approximately (Inn)/n, and (n-2 + -+ - + @1 )/@, = (Inn)?/n?.

48. We can easily verify the intercha.ngﬂ of summation and integration in

e 1
r{m+1}*ﬁﬁg i dz = z_ﬂjé’-zk!zw
=%} [= =
11 [ e 1k
—-—u— d = _ :
[ 27 5( z+1 O zk![‘[zdrl}

49. If { = Inn — Inlnn + z, we have § = 1 — ¢™* — az. Therefore by Lagrange's
inversion formula (exercise 4.7-8),

- £ () - B e

k=1 k=1 j=0

where f(t) =t/(1—e™"). So the result follows from the handy identity

n

(1-ze-'?)m - i[mfin] {m—l]{mjz}...[m——?j'

n=0

(This identity should be interpreted carefully when n > m; the coefficient of 2" is a
polynomial in m of degree n, as explained in CMath equation (7.59).)

The formula in this exercise is due to L. Comtet, Comptes Rendus Acad. Sei.
(A) 270 (Paris, 1970), 1085-1088, who identified the coefficients previously computed
by N. G. de Bruijn, Asymptotic Methods in Analysis (1938), 25-28. Convergence for
n > e was shown by Jeffrey, Corless, Hare, and Knuth, Comptes Rendus Acad. Sci. (1)
320 (1995), 1449-1452, who also derived a formula that converges somewhat faster.

(The equation £e* = n has complex roots as well. We can obtain them all by
using Inn + 2mim in place of Inn in the formula of this exercise; the sum converges
rapidly when m # 0. See Corless, Gonnet, Hare, Jeffrey, and Knuth, Advances in
Computational Math. 5 (1996), 347-350.)

50. Let £ = £(n). Then &'(n) = £/((£ + 1)n), and the Taylor series

Eln+k) = £+kE(n)+ —-E"(n} + -

can be shown to converge for |k| < n 4 1/e.

Indeed, much more is true, because the function £(n) = —T'(—n) is obtained from
the tree function T'(z) by analytic continuation to the negative real axis. (The tree
function has a quadratic singularity at z = e~'; after going around this singularity
we encounter a logarithmic singularity at z = 0, as part of an interesting multi-level
Riemann surface on which the quadratic singularity appears only at level 0.) The
derivatives of the tree function satisfy z*T'*(z) = R(z)*px(R(z)), where R(z) =
T(z)/(1 ~ T(z)) and pe(z) is the polynomial of degree k — 1 defined by p,,,(x) =
(1+2)°pi(2) + k(2 + 2)py(2). For example,

niz)=1, pa(z) =2 +=, ps(z) = 9 + 10z + 32°, p.;{r)=64+1131:+?ﬂzz+1513,
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(The coefficients of px(z), incidentally, enumerate certain phylogenetic trees called
Greg trees: [z7]pk(z) is the number of oriented trees with j unlabeled nodes and
k labeled nodes, where leaves must be labeled and unlabeled nodes must have at
least two children. See J. Felsenstein, Systematic Zoology 27 (1978), 27-33; L. R.
Foulds and R. W. Robinson, Lecture Notes in Math. 829 (1980), 110-126; C. Flight,
Manuscripta 34 (1990), 122-128.) If gx(z) = px(—z), we can prove by induction that
(—l}mqim}[m] > 0 for 0 < z < 1. Therefore gx(z) decreases monotonically from k*~?
to (k — 1)! as x goes from 0 to 1, for all k,m > 1. It follows that

fn+k) =g+ s - (Lyeld  (yal) o

where the partial sums alternately overshoot and undershoot the correct value if k > 0.

51. There are two saddle points, 0 = y/n+5/4—-1/2 and ¢’ = —1—0. Integration on a
rectangular path with corners at o +im and o' +1m shows that only ¢ is relevant as n —
oo (although ¢’ contributes a relative error of roughly e— V7%, which can be significant
when n is small). Arguing almost as in (25), but with g(z) = z 4 2%/2 — (n + 1) In z,
we find that t, is well approximated by

-2_71- e t, ap =

n! ]" 9(0)-a2t? +agit> 4o bar(=it) +O(n(+ D= (=1)/2) | o+1  [k=2]
kak—1 2

The integral expands as in exercise 44 to
n!e(n-i-ﬂ),fﬂ
2071, /rag
This time cx = (0 + 1) *(1 + 1/(20))"*/*/k for k > 3, hence (20 + 1)*c*by is a
polynomial in ¢ of degree 2k; for example,

by = 3o 152 _ 8°+70-1
YT 41670 T 12020+ 1)3°

In particular, Stirling’s approximation and the b; term yield

(L1+bi+ba+--+bn+0(n~"1)).

1 n/2 —n{2+1,.f"£—1f4( 7 -1/2 119 _, 7933 ~3/2 —2 )
tp = — 14 — AP
\/ﬁn € + 2411 ”52n 41472{1“ +0(n)

after we plug in the formula for o — a result substantially more accurate than equation
5.1.4-(53), and obtained with considerably less labor.

52. Let G(z) = 3., Pr(X = k)z*, so that the jth cumulant x; is j![t'] InG(e!). In
case (a) we have G(z) = ee**~¢*; hence

t s k
InG(e) = ef —ef = e (5 V) = ef S (e —1FL, ky = 2{?}6[#01.

k!’
k=1

Case (b) is sort of a dual situation: Here k = j = w; [j # 0] because

_ Lk _ =1 _ _—1yj e
R B 4 B D Akt

3.k J

(If £e° = 1 in case (a) we have k; = ew [j #0]. But if £e* = n in that case, the
mean is k&1 = n and the variance o is (£ + 1)n. Thus, the formula in exercise 45 states
that the mean value n occurs with approximate probability 1/v/2r¢ and relative error
O(1/n). This observation leads to another way to prove that formula.]
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53. We can write InG(e') = ut + o?t*/2 + E3t3/3| -+ as in Eq. 1.2.10~(23), and
there is a positive constant & such that } 2, {m_,lt’/g' < o*t?/6 when |t| < 4. Hence, if
0 < € < 1/2, we can prove that
1 [™ G(e™)"dt
pnEr -
#1166 = 5 [ T
e=1,/2 2,2

1 [ . t°n
= — Exp(—zrt =

2'.’7 —nt—l/2

+O(n3£—1f‘2}) d‘t+0(€—f_"ﬂ2!)

as n — 00, for some constant ¢ > 0: The integrand for n*~'/? < |t| < 4 is bounded in
absolute value by exp(—o?n®¢/3); and when § < |t| < « its magnitude is at most o
where o = max |G(e*)| is less than 1 because the individual terms pie** don’t all lie
on a straight line by our assumption. Thus

[ u.ﬂ.-f-r]G — __"f exp 2 (n3£—1f2}) dt+O( —cn? )
2 . 2 2
oan ir r 3e—1/2 —cn
2-;.- exp(—T(t + gzn) ~ ogn + O(n }) di + O(e
—r2/(20%n)
[

= -+ G(na“" Iy,
vV 2mn
By taking account of k3, k4, ... in a similar way we can refine the estimate to O(n™™)
for arbitrarily large m; thus the result is valid also for € = 0. [In fact, such refinements
lead to the “Edgeworth expansion,” according to which [z#"*"] G(z)" is asymptotic to

E—fzf{ﬂdzn} (—1}3{2!-1-1’?1)32 p2tm-2s 1 K3 \K1 [ kq \K2
Y el Z gdt+2m-2sQsgt  plim=s f Tpl (3—') (E) o
ky+2ka+3ka+ - =m
ky+ko+ka+ -=l
ki,k2,k3,...20
0<s<l+m/2

the absolute error is O(n~?/?), where the constant hidden in the O depends only on p
and G but not on r or n, if we restrict the sum to cases with m < p — 1. For example,
when p = 3 we get

(2“7 G(2)" = er Ve (1 - ﬂ(i) + =2 (Ta)) + O( - )
B av2mn 20% \n 60“’ n3/?
and there are seven more terms when p = 4. See P. L. Chebyshev, Zapiski Imp. Akad.
Nauk 55 (1887), No. 6, 1-16; Acta Math. 14 (1890), 305-315; F. Y. Edgeworth,

Trans. Cambridge Phil. Soc. 20 (1905), 36-65, 113-141; H. Cramér, Skandinavisk
Aktuarietidsskrift 11 (1928), 13-74, 141-180.]

54. Formula (40) is equivalent to a = scoths + s, 8 = scoths — s.

65. Let c = ae™®. The Newtonian iteration By = e, Bx4+1 = (1 — ,Bk)ce’ﬂ",f(l —~ ce"ﬁ‘*‘]
rises rapidly to the correct value, unless « is extremely close to 1. For example, 37
differs from In 2 by less than 1077> when a = In4.

Z::t‘.ﬁ (:) eln=k)s n! )

a(e* - l)n-f-l - 2n+l

56. (a) By induction on n, ¢'"*(2) = (-—1)"(
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b) 3, (:}e"”(n! = [; . f; exp(lur + -+ up|o)duy ... du,
< f: .”ful exp((u1 + -+ un)o)duy ...dun = (°—1)"/0".
The lower bound is similar, since |uy + -4 tun| > u1 + -+ un — L.

(c) Thus n! (1-8/a) < (—=o)"g""*") (o) < 0, and we need only verify that 1—8/a <
2(1 — B), namely that 2a8 < a+ 3. But af < 1 and a + S > 2, by exercise 54.

57. (a)n+1-m=(n+1)(1-1/a) < (n+1)(1 - B/a) =(n+ 1)o/a < 2N as in
answer 56(c). (b) The quantity « 4+ af3 increases as o increases, because its derivative
with respect toais 1+ 8+ 8(1—a)/(1-8)= (1 —-aBf)/(1 — £) + B > 0. Therefore
1-B8<2(1-1/a).

58. (a) The derivative of |e?** — 1}/|o + it|* = (e7** — 1)(e” ™" — 1)/(0? + t?) with
respect to t is (0 + %) sint — (2sin £)2 — (2sinh £)2# times a positive function. This
derivative is always negative for 0 < t < 2, because it is less than t?sint —¢t(2sin ;)% =
8u sin u cos u(u — tanu) where t = 2u.

Let s = 2sinh §. When ¢ > 7 and 27 < t < 4m, the derivative is still negative,
because we have t < 41 < 8 — ¢%/(27) < s* ~ og?/t. Similarly, when ¢ > 27 the
derivative remains negative for 4w <t < 1687; the proof gets easier and easier.

(b) Let t = uo///N. Then (41) and (42) prove that

f T el ng(otit) gy _
-T

o m N 2 .13 Y
(ean\/;_i E exp(—% + ( ;?;:3 et (NT;?—? +O(N“+1]""“_1”2])du,
where (1 ~— 8)ax is a polynomial of degree k — 1 in a and B3, with 0 < ax < 2/k. (For
example, 6as = (2 — B(a + 8))/(1 — B) and 24as = (6 — B(a? + 4aB + %))/(1 - B).)
The monotonicity of the integrand shows that the integral over the rest of the range is
negligible. Now trade tails, extend the integral over —0o < u < 00, and use the formula
of answer 44 with cx = 2*/2a; to define by, by, .. ..

(c) We will prove that |e* — 1|™o™* /((e” — 1)™|z{"*") is exponentially small on

those three paths. If ¢ < 1, this quantity is less than 1/(27)"*"! (because, for example,
e —1>0). If o > 1, we have 0 < 2)z| and |e* — 1] <e” — 1.
59. In this extreme case,a = 1+n""and B=1-n""+ 2072 + O(n™>); hence N =
14 in~' 4+ O(n"?). The leading term 87"/v2n N is e/v/2m times 1 — n" +0(n™?%).
(Notice that e/v/2r ~ 1.0844.) The quantity ax in answer 58(b) turns out to be
1/k + O(rn™"). So the correciion terms, to first order, are

— — O — y
N7 = 7] ex Z 2k(2k-1)) T\
namely the terms in the (divergent) series corresponding to Stirling’s approximation

1 1 1 139 571 )

" J‘zn (1 ~ 12 T 288 T 51840 2488320

60. (a) The number of m-ary strings of length n in which all m digits appear is m! {;},
and the inclusion-exclusion principle expresses this quantity as (7 )m" — (T)(m—1)"+
--+-. Now see exercise 7.2.1.4-37.



140 ANSWERS TO EXERCISES 7.2.1.5

(b) We have (m —1)"/(m — 1)! = (m"/m!)mexp(nln(l - 1/m)), and In(1 — 1/m)
is less than —n<-1,

(c) In this case a > n® and 8 = ce™%e? < ae!~*. Therefore 1 < (1-B/a)™ " <
exp(nO(e™@)); and 1 > e=8m = e-(n+l)8/e > exp(—nO(e™“)). So (45) becomes
(m"/m1)(1 + O(n") + O(ne-")).

1. Now a=1+%+0(n*"*) and 8 =1~ % +O(n*"?). Thus N =r + O(n*""),
and the case [ = 0 of Eq. (43) reduces to

*(3) v (1roem+0(3))

(This approximation meshes well with identities such as { n':l} = (;) and {:2} ==
2(73) + ("+1); indeed, we have

4 4
o2r
{ n }: n (1+o(1)) as 1 = 00
n-—r 2rrl n

when r is constant, according to formulas (6.42) and (6.43) of CMath.)

62. The assertion is true for 1 < n < 10000 (with m = |e® — 1| in 5648 of those
cases). E. R. Canfield and C. Pomerance, in a paper that nicely surveys previous work
on related problems, have shown that the statement holds for all sufficiently large n,

and that the maximum occurs in both cases only if e* mod 1 is extremely close to L.

2
[Integers 2 (2002), A1, 1-13.]

63. (a) The result holds when p; = --- = p, = p, because ax_;/ar = (k/(n+1-k)) x
((n—wu)/u) <(n—p)/(n+1— pu) < 1. It is also true by induction when p, = 0 or 1.
For the general case, consider the minimum of ax — ax—1 over all choices of (p1,...,pn)
withpy +---+pn=pu: 0 < p1 <p3 <1, let pj =p, — 8 and p2 = p, + J, and notice
that aj —aj_; = ax —ax-1+8(p1 — p2 — ) for some a depending only on pa, ..., pn.
At a minimum point we must have o = 0; thus we can choose § so that either pj = 0
or p;=1. The minimum can therefore be achieved when all p; have one of three values
{0,1,p}. But we have proved that ax — ax~; > 0 in such cases.

(b) Changing each p; to 1 ~ p; changes u to n — & and ax to an—k.

(c) No roots of f(z) are positive. Hence f(z)/f(1) has the form in (a) and (b).

(d) Let C(f) be the number of sign changes in the sequence of coefficients of f;
we want to show that C((1 — z)?f) = 2. In fact, C((1 — 2)™f) = m for all m > 0.
For C((1 — x)™) = m, and C((a + bzx)f) < C(f) when a and b are positive; hence
C((1-z)™f) <m. And if f(z) is any nonzero polynomial whatsoever, C((1 —z)f) >
C(f); hence C((1 —z)™f) > m.

(e) Since 3, [’,:].r" =z(z+1)...(z+n—-1), part (c) applies directly with p = H,.
And for the polynomials fn(z) = 3, {?}2*, we can use part (¢) with 4 = @Wn41/wn—1,
if fn(z) has n real roots. The latter statement follows by induction because fn41(z) =
z(fo(z) + fr(z)): If @ > 0 and if f(z) has n real roots, so does the function g(z) =
e’ f(x). And g(x) > 0 as = —oo; hence g'(z) = e**(af(z) + f'(z)) also has n real
roots (namely, one at the far left, and n — 1 between the roots of g(x)).

[See E. Laguerre, J. de Math. (3) 9 (1883), 99-146; W. Hoeffding, Annals Math.
Stat. 27 (1956), 713-721; J. N. Darroch, Annals Math. Stat. 35 (1964), 1317-1321;
J. Pitman, J. Combinatorial Theory ATT7 (1997), 297-303.]

64. We need only use computer algebra to subtract In w, from Inwn—s.
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85. It is .’ times the number of occurrences of k-blocks plus the number of occur-
rences of ordered pairs of k-blocks in the list of all set partitions, namely ((})®@n— +
(2) (" ¥) ®@n-2x)/®@n, minus the square of (49). Asymptotically, (§/k!)(14+O(n*"1)).
66. (The maximum of (48) when n = 100 is achieved for the partitions 7162544372814
and 7'6%5%4%3%2°13))

67. The expected value of M* is @,k /@n. By (50), the mean is therefore w41 /wn =
n/€+€/(2(6 +1)*) + O(n™'), and the variance is

- = () (T o(R) = e o

68. The maximum number of nonzero components in all parts of a partition is n =
ny + - + nm,m; it occurs if and only if all component parts are 0 or 1. The maximum
level is also equal to n.

69. At the beginning of step M3, if k > band | = r~1, go to M5. In step M5, if j = a
and (v; — 1)(r — ) < u;, go to M6 instead of decreasing v;.

70. (a) |::;‘| + I::ﬂ +- |::;|, since i::ﬂ contain the block {0,...,0,1} with k 0s.
The total, also known as p(n — 1,1),is p(n — 1} + - - - 4+ p(1) + p(0).

(b) Exactly N = {"_"}+ {2} of the r-block partitions of {1,...,n—1,n} are the

same if we interchange n—1 ¢ n. So the answer is N+1({7}~N) = ({7} +N), which
1s also the number of restricted growth strings a;...a, with max(a,,...,a,) =7 -1
and an—1 < an. And the total is 3(wn + @Wn_1 + Wa_2).
71. {3(n1+1)...(nm+1)— 3], because there are (n;+1)...(nm +1)—2 compositions
into two parts, and half of those compositions fail to be in lexicographic order unless
all n; are even. (See exercise 7.2.1.4-31. Formulas for up to 5 parts have been worked
out by E. M. Wright, Proc. London Math. Soc. (3) 11 (1961), 499-510.)

72. Yes. The following algorithm computes a;jx = p(j, k) for 0 < j,k < n in B(n?)

steps: Start with ajx + 1 for all j and k. Then for [ = 0, 1, ..., n and m = 0,
1,..., n (in any order), if | + m > 1 set a;x + ajx + a¢;—1)(k-m) for j =1, ..., n and
k =m, ..., n (in increasing order).

(See Table A-1. A similar method computes p(n;,...,nm,) in O(n; ...nm,)? steps.
Cheema and Motzkin, in the cited paper, have derived the recurrence relation

a0

np(ny,..onm) = > Y kip(ni—kily. o — kml),

121 ky,ookim >0

but this interesting formula is helpful for computation only in certain cases.)

Table A-1
MULTIPARTITION NUMBERS

n 0123 4 5 6 n 1 2 3 4 3

1
pO,n) 11 23 5 7 11 P(0,n) 2 9 66  TI2 10457
p(1,n) 1 2 4 7 12 19 30 P(1,n) 4 26 249 3274 56135
p(2,n) 2 4 916 29 47 77 P(2,n) 11 92 1075 * 16601 325269
p(3,n) 3 T1631 57 97162 P(3,n) 5 36 371 5133 91226 2014321
p(4,n) 5122957 109 189 323  P(4,n) 15135 1663 26683 537813 13241402
p(5,n) 71947 97 189 339 589  P(5,n) 52 566 8155 149410 3376696 91914202

Lo
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73. Yes. Let P(m,n) = p(1,...,1,2,...,2) when there are m 1s and n 2s; then
P(m,0) = w,,, and we can use the recurrence

2P(m,n+1) = P(m+2,n)+ P(m+1,n) + Z(:)P(m,k).
k

This recurrence can be proved by considering what happens when we replace a pair
of z’s in the multiset for P(m,n + 1) by two distinct elements z and z'. We get
2P(m,n + 1) partitions, representing P(m + 2,n), except in the P(m + 1,n) cases
where z and z' belong to the same block, or in (})P(m,n — k) cases where the blocks
containing z and ' are identical and have k additional elements.

Notes: See Table A-1. Another recurrence, less useful for computation, is

P(m+1,n) = Z(:)("*T"‘)PU,@.

3.k

The sequence P(0,n) was first investigated by E. K. Lloyd, Proc. Cambridge Philos.

Soc. 103 (1988), 277-284, and by G. Labelle, Discrete Math. 217 (2000), 237-248, who

computed it by completely different methods. Exercise 70(b) showed that P(m,1) =

(Wm + @Wm+1 + Wm+2)/2; in general P(m,n) can be written in the umbral notation

w" qn(w), where g, (x) is a polynomial of degree 2n defined by the generating function
> 0 0n{z)2"/n! = exp((e* + (z + %)z — 1)/2). Thus, by exercise 31,

k

w m
Zp(m’ n)% (: -11;22 (2k+ +1}(k+m+l}l ;_
= k=0 :

Labelle proved, as a special case of much more general results, that the number of
partitions of {1,1,...,n,n} into exactly r blocks is

o0 k

I [T o™ —r+:2{e‘-1]f2 zk{k+1};’?I_

n!{z"2"| e E e R
k=0

75. The saddle point method yields CeA"" +Bn'/9n33/36 yhere 4 = 3¢(3)!/3, B =
72¢(3)71/3/2, and C = ((3)'%/%¢(27)"5/8 3~/ 2 exp(1/3 + B¥/4 + ¢'(2)/(27?) — v/12).
[F. C. Auluck, Proc. Cambridge Philos. Soc. 49 (1953), 72-83; E. M. Wright, American
J. Math. 80 (1958), 643-658.]

76. Using the fact that p(nj,nz,ns,...) > p(ni1 + n2,ns,...), hence P(m + 2,n) >
P(m,n+ 1), one can prove by induction that P(m,n+1) > (mn+n+1)P(m,n). Thus

2P(m,n) < Pm+2,n-1)+P(m+1,n—-1)+eP(m,n—1).

Iterating this inequality shows that 2" P(0,n) = (w® + @)" + O(n(w? + w)"7!) =
(nwan-1+4+@2n){(1+0((logn)?/n)). (A more precise asymptotic formula can be obtained
from the generating function in the answer to exercise 75.)

78, 233321000
100022320 (because the encoded partitions
221002102 must all be (000000000))
210220013

79. There are 432 such cycles. But they yield only 304 different cycles of set partitions,
since different cycles might describe the same sequence of partitions. For example,
(060012022332321) and (000012022112123) are partitionwise equivalent.
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80. [See F. Chung, P. Diaconis, and R. Graham, Discrete Mathematics 110 (1992),
52-55.] Construct a digraph with w,_,; vertices and @, arcs; each restricted growth
string ay ...an defines an arc from vertex a;...an_1 to vertex p(az...a,), where p is
the function of exercise 4. (For example, arc 01001213 runs from 0100121 to 0110203.)
Every universal cycle defines an Eulerian trail in this digraph; conversely, every Eulerian
trail can be used to define one or more universal sequences of restricted growth on the
elements {0,1,...,n — 1}.

An Eulerian trail exists by the method of Section 2.3.4.2, if we let the last exit
from every nonzero vertex ai...an-1 be through arc a;...an_1a,—3;. The sequence
might not be cyclic, however. For example, no universal cycle exists when n < 4; and
when n = 4 the universal sequence 000012030110100222 defines a cycle of set partitions
that does not correspond to any universal cycle.

The existence of a cycle can be proved for n > 6 if we start with an Eulerian
trail that begins 0™ zyx™ 2u(uv)("=2)/2 yinodd] £ some distinct elements {u,v,z,y}.
This pattern is possible if we alter the last exit of 0¥121"3-* from 0%~1121"~2-* o
0%~1121"3*2for2 < k < n—4, and let the last exits of 0121"~* and 01" 32 be respec-
tively 010"~ *1 and 0" ~210. Now if we choose numbers of the cycle backwards, thereby
determining u and v, we can let z and y be the smallest elements distinct from {0, u, v}

We can conclude in fact that the number of universal cycles having this extremely
special type is huge — at least

n-1 ne1
(H(k! (n— k}){ k })/{(n - 1) (n - 2)332“'522), when n > 6.

k=2
Yet none of them are known to be readily decodable. See below for the case n = 5.

81. Noting that ws = 52, we use a universal cycle for {1,2,3,4,5} in which the
elements are 13 clubs, 13 diamonds, 13 hearts, 12 spades, and a joker. One such cycle,
found by trial and error using Evlerian trails as in the previous answer, is

(G0000800T8000488008080008040808808004000000000004400).

(In fact, there are essentially 114,056 such cycles if we branch to ax = ax—; as a last
resort and if we introduce the joker as soon as possible.) The trick still works with
probability g if we call the joker a spade.

82. There are 13644 solutions, although this number reduces to 1981 if we regard

- B = — —
-_— — — R

The smallest common sum is 5/2, and the largest is 25/2; the remarkable solution

FEEEEEEENE RN

is one of only two essentially distinct ways to get the common sum 118/15. [This
problem was posed by B. A. Kordemsky in Matematicheskaia Smekalka (1954); it is
number 78 in the English translation, The Moscow Puzzles (1972).]
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NERHE . M Fh—RBuMead, @5 G EBRIENEYEANHE, BN
KNAnH)— N B ERAEPERKN AW —-NTFEOBE, NERX1.2.6-(2)q

S, WarA (1) A iskBox b S, i 342 hRATE %S T mfubaHLibE
B AA.
fEn MR EEA SN TEBER &N — (4. RETFXAR, @4
n=s+1t (1)

BATRIRX — xR mii BB LE FRHE T R S FRIE G, DAAT. Rk,
= (s, DA B RALsH PR R KD AT BRI T -

WREFINSFH217E D FAE, L ERALFTU
AEIORBANNES, EAB2INMHFER W FERET
N FE—HSE,

—— ¥ S ErHc - & - B AR (Augustus de Morgan),

An Essay on Probabilities (1838)

Fon(s, VABSERFTEENSE, WATTLFIHEHERRITHE 0, K
ZV LALLM Ha,. , -a, a, K fT LIE. &
a, +-+a+a,=t (2)
X Ja—FRAE SO, F N FAREERFSBEERTE. MRBNLSIETES
EA{0,1, - n - 1IIRCR . i B AR B 10L& &M K5 H EA ]
n>c¢, > >c>¢; 2 0 (3)
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MiFrRme, e ci@am TR THE. —ddlic Sl Barbic R X AfpF - r. HAT
H ol Zc, ¢, e, XF bz T Fnd

n-1

29 44292 429 o Zakz" =(a,_,aa), (4)

g’i?ﬁ?ﬁﬁ“ﬂﬁﬂ;ﬂﬂj&ﬂu- Uy HQEP %JOH:]{_'JZEE?; "'bzbj ! ﬁ‘l:[:'
n>b. > >b,>b, >0 (5)

HEREERN, AMUNERAFEERFPRELTR, @ BE£REAENZEN
T ZHMMEE. Flin, B06, DHAX N TMAs+ 11 EF Bk BUHA# €
1 654ms, A —/ % €444 (multicombination), BN L ¥ ¥d, ---d,d H)—/FF
7 H. ,

s2d 2 2d,»d >0 (6)
_'ji\'ﬁpﬂ%dr '”d;d]ﬁ(ﬁ)g]_ﬁ_ﬁgﬂ,"C;C[ﬁ(s), ﬁfq:
c,=d+t— 1, c,=d+1, c,=d, (7)

(ZW>]B1.2.6-60, EA B -NTEHERNAARE S AL LBEENSE

HE#E:. EERAEP] - X P (Solomon Golomb)[AMM 75(1968), 530-531)#f
i, BE X

c. e <s

. { f (8)

= e, ., ﬁu%cj}s

#%%ﬁ?i &EJ"'EIZ—{MLJE@%FFHJ@E& mgﬁﬁ%{eh €, "', €, }%Mf{fna
Clv ”'1":‘; }a ﬁﬂm%{fu EI! T E.r }'%_';[\'%%0 (ﬁmﬁlmﬂﬁlﬂ )
= (s, DA B RFH T+ 1B+ 15— 6, B HFNR

n+l=p.+-+p+po, Kp,, -, p.p21l (9)
B3 HIBE RBLIE R |
P=n—C, P =C—Cyy ttty Py=C— € Po=Cr+] (10)
Fie, R =p, -1, BAVEsH+ HERR DA — 6 B
5=, + 44 +q, g, . q:1,9.20 (11)
.9 =30 BURD'S X
q.=s—d, q,_,=d,—d,_,, -, q=d,—d,, q,=d, (12)
5(6)FH K1

Hik, BEHEBH,. —Ns. nHEFM T —4 s x tHIH & M A E] AR K BE As+1
(4@ 8. Bhxi—-RBROSANEEANSEIAKEOSE. Bk, 0
LA ARMERRARAE . RURH, FEs==301FR THA () =20F 6k
M.




156 FT¥ W4 %K

£1 (3, ESREMNNHEHY

a5Q4038381G0 bababi  cscacy  dadady  eszezer  papapipo  §3gaqigo  path

000111 543 210 000 210 4111 3000 B
001011 542 310 100 310 3211 2100 B
001101 541 320 110 320 3121 2010 (i1
001110 540 321 111 321 3112 2001 B
010011 532 410 200 010 2311 1200 H
010101 531 420 210 020 2221 1110 E
010110 530 421 211 121 2212 1101 H
011001 521 430 220 030 2131 1020 B
011010 520 431 221 131 2122 1011 BB
011100 510 432 222 232 2113 1002 H
100011 432 510 300 110 1411 0300 i3
100101 431 520 310 220 1321 0210 H
100110 430 521 311 221 1312 0201 £
101001 421 530 320 330 1231 0120 i
101010 420 531 321 331 1222 0111 )
101100 410 532 322 332 1213 0102 i)
110001 321 540 330 000 1141 0030 HH
110010 320 541 331 111 1132 0021 £
110100 310 542 332 222 1123 0012 22t
111000 210 543 333 333 1114 0003 22:]

E—F, AARMXEEETREEANTELH, HENK L EER T h =6
Fora, o AR, B, FIE BN 0 A H
a»-a,a,=011001001000011111101101 (13)
ERs=1110fu=1341, Hikn=24. HBRHED, ---b FIHORILLE , BD:
232019171614 13121141
BABREMMER, - 1TMEANUERL). FEMNHA A, cFIHIMEE,
A :
222118151098765320
SRS EHAL d FIHAER 1 AL0R T EC
101086222222110
MERATIE BN VEBGRAE LD TN, WA Bp, -po FIHAESR 1 Z (]
IR
21335111112121
mEAMI A Re, @it BH1IF R “EEE™ ZAA £ /D040
10224000001010
FR®MNA
a, »a,a,=0"10""'1---10710 © (14)
F P RE A — /R AR (S WL 21 E2).
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RAREFOER. RILLERAF RHH B0, -a a Flic,c,, B 4
Mol BT . R, B AD, b, X BLHIA B, pos g0 BRI LAY 1]
BN R (B

R FFRFRUARASANRENRETEL . B, BE7.2.12L848L11
a,.a, a R RR THARIRE, AAEMLBRERNTHG, NAaMEsEES
{s -0, - 1}AUHEFHEE. HEEHATEINHHRERE, ZEHRETLH %
BB 0 AR MMEAR KR L. (B W1ET7.1-00, BEHINEEREN--/MES
ERHFS], BRHIEEMAER I (0., a, a) ¥k k& e R FH T —
MAA, BEAAESHBENEKNIE. )

#hifi, BiEBRMNFEFERBFIEERc o 2 TARASMEE. X—¥
ANEAREFBRETFEREAANH AL, mE YRS, /i, Skl
RERE, WARMNMYSICE, YR/, — AN EANBEERETRERE S
BOXHEE. filan, =30, FTFIIELREE:

For ¢,=2,3, -, n— 13RI F)MLL F;
For c,=1,2, -+, ¢; = VAR LM ) BLL T (15)
For ¢,=0, 1, -, c; — WKL M)A T3
HRIA A e 0 -
(EFW7.2.1.1-C)RI%LER. )

B—HE, HRE'RKAI LN, B S EAEEET 2.1 2L B -—
R, BAVTLATE R SENY A RA A, Bk{H T miga cEe ., M
fRiR BRI T, ot R A EN B/l RERIE .

WELGARRMA 4L BEn> 130, XNBEAEEANK{0,1, -, n~ 1}
it Ac, cc00 HEIMAYAE Bec,, Filc. 4 B K.

L1. [#0gkfk. 1 XF1<j<¢t, Be, ~j—-1; HEc., ~nflc.,-0.

L2. [DhlRl. ] ihEE# Bc, e ci0

L3.(Kj. | Ej-1, MfGYc +1=c, Bt Ec, ~j— 1Hj-j+l; BHE AT +1#c,,

Ak
L4, [SER TS ] Rt R AR .
L5. [¥hmc,. | e, ~c+13RMEL2. |

Py 7 AR BEAGEFTI . FEVF R e =cti B AAA 2R, SRLIER
¢, -j—1, RfiXAENALHNECHRER
n>c, > >C,, 2 J (16)
HIRRRI AN 3. XA AREN Tr— AR {n—1, -, 3G -HEE, FLURE
¢, -~ REFIBL (17 ) tk. *F1 <)< il A7 KRG iR BAT, 765 BL3 i FEH &
JEHAT T
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i e R Ry e W PV IR T

K S TR E

n m n nl ot
(5‘*‘1) (f]_(3+1}!(f-m/3!1!_5+1 (18)

&, 2 <sERXAEEBIRD, RibfExHE—EE R TREL AR

(B riL T amistR/DE, BoG+D) LIS ARELIEER K. KL, S 28
F1j- 10, RELAMALERIREC <j- 1. £—PIFA2INEER, KA
A BREZBRESRIAFLSH R LRI oy, B A/ IE {68 % =T LA R R B
FISEh M %K. Blan, ERINVEIc WEHEEC c.c ABNFHNIE210/F,
FT—TAAN GRS RN, XEEARFEXANRIEN B A

WETOIRMAHBE) XPBEMBEELEL, HRERE, L {ELW,
iR Er<n.

T1. [(tafe. 13 F1<j<t, B, ~j-1; BREEc. <nHllc., <0, LARj—1.

T2. (1A, ] GXBHRSER . >R/ Thx. iRl &c oo, BRIFWME>0,
B x — 3563 5 HT6.,

T3.[RAEBERWY? | anfe+l<c,, W Ec, —c+1HERT2, HHH/-2,

T4.[5kj. | Bce, ., ~j-2Hxe-c+1. tnBx=c,,, MBj~j+1, HEE XN LE
BHEx+#c., M1k,

T5. [5EH T2 1 an B>t & s Bk .

T6. [(Minc,. ] ®e,~x, j-j-1, HRET2., |

BEEZRT2Hj=04 H{X 2c >0, FIUESRTIFHIBRELSLR. 2186
MEETHT T REN I
EBRREDHLSRLIFTIH (MAERELATHEERS ) AHASH

n, BRI AN SRS R R A FEOK (1) MEAARTRE, B

BT BT TN FEHRIEE SRR, ERNNLOZEZ T, Linf- S8 E
fe, FRLAHBLXAEL. BTFEXARE, Bli3FEBFFc, o L2460 T i 5
. AR s S, o 4T THE,

BB 5 - KM (Derrick Lehmen)iE B B FAELAITAY 57—/~ 4 A AR (3% -
& - WEE#M(E. F. Beckenbach)4s, Applied Combinatorial Mathematics (1964),
27-30]:

EEL EREDIN T

REENH
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NMRMWHHAE ZE, Abc oo #ifA,

B T3 jphR G <a, A (1)
E-ﬁlﬁ{ﬂt'”&ct_l}mkﬂ%u I

%ﬁ% E:‘EEE; H.- E; =€j * EI‘ICr'"Cht}ﬁm

Bilgn, 24r=30F, XM TRIPFHGC M

() ) GH ) MGG ()G
FURIE BGEFFI0, 1,2, -+, 19, FELEA T HA 1AREE A0 6 4 & 14 (Lt
M7, AT R — BRI T

n, n, mn,
N=(r]+“.+(2)+[1)1!‘!?'.'}”2}”')0 (20)

[BLEX BTG - dAET - (Emesto Pascal), Giornale di Mathematiche 25 (1887), 45-49, |

ZIAB . Xt Fa>0, H

| /N (21)
Tﬂ =, Tﬂ: U’ 1 n—1

T T, E Th-

EXHIRART, £E TEZRCSHHHIA, FHEASERE PRI K k. B,
T

T AEARBE VGRS EE, LUEZARMEXZAS KK
EE, BRIFXFT, Mgy —/AalAk z5h, T, /7T, X008 BT, 83t A

P Rk, EER AR TR AR () kA EsmE T <o
BB KA. B, EARITFREEIER NG A AEE . LS
2RI L — A, e TIEMABIAEFGEALLARN I, HE
LAIT AT (38 5 TR, (95 kY S 0K

QD An— o, REJTSH -FARAMT.. XIROREES 22X, 0
% TAEEORMBEA RIS, BATABE - HR B FROE. ET. 0%
S b, B T BRI AR A B SN B
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T 2 T — A W BB FTRER S, Rt — B R TINKH .
ERTIL, RN Ante. ENoHEEEFRNw, - w, wRAL, K

W, 2 2 W 2 W, {23)
BATEA KA g Ra, a a, #F
a- w=a, W, ++a,w+d,wo S N (24)

KN — TN TR ER. SO, BMEKRO, 1, - n- 1}WHAFEC,
ERW(O)=X.cc w. SN XFENFEERIERATE (feasible). f1 LBIMLE,
BATHXETER G EA RIS, RATEX AL &,

TR RN TT, B—Y0, B8 BRI & — i
Ao AR, B-TREIT N ARICEIERITRY, MRANIE, BERAELBHLERE
iy Blse—A ] R AR R R 2 B A i L1k

WEFCER—DRFFR) HEW.., -, wi, woflIN, XAE A -/
WA A TR Re e RETL<j<n, BAT48 =w,~w, 1.

Fi.(#tgit. 1 Bi<0, c,«~n, LLKr—N,

F2. (i), ] iRAAcc . BEREREIN - r/ L.

F3. [ZiR¥nw,. 1oHc>0Hr>w,, Br—m+l, ¢, <0, rer—w,, HiKEF2,

Fa. [Zik®hnc, . 1 mRr=0, MEEF. 60, fmRc, >c+1Hr>d.., MEe,

—cHl, rer+9, , HiRMF2,
F5. MEc,. 1 Brer+w,_, t-1-1, }EEF4, 1

FEAGESERUARTRIEF R GRET, 0% 58, Fdhddefiri . £
MEREOSHERGBERATE -1 ZBE THAAREZE, mRaEfT. Sie—4
TEECOMERA AR . iR E B R M REITA A SR H . (B0
20, )

mEfEL, 2ZFPNEeR "HaRE AR, BERMRESRVO)=X..,
V(o) AR —A I T-8C. Xt TFEED G ST —Miv(c). BEFAR
RRPX A R EE— N ik, RAEEE ZE TR — 5.
Filan, wRCHC FEA, -, n— 1HITFTHEAWOC) KW(C) KN —wy, v(C)>w(C),
BHFPHEBECU{0YMC'U{0}, B —4 FHEBfEAdlk KE. FlRiH%
BETL2ANEaRBN g BEFRERTIARITH R GEM A LM Al
5

MFASHBEBE. REMNNAERRAAS, BIEE EEREHE -
2ok R B, Bl R e ar i -SSR G Re -4 e

Fian, BATILAR —FEE KRB (Nijenhuis) IR (WD ZA “Hal R
" W—ARE BRSNS AR AR R, ERE ZRA— ki)
W07, RN NEAREEI I, WA A K. BIOELIXIE 1B
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FFYIER B, DA SR HFHI — K& WA ).

RIZFREEN, MEAEX EFEARAKBNXH
B, flan, &R, MRABNEBEBEHRE HHS
I AT TR AN i Ha, - a a(FR
7.2.1.145), HREEBFAENOFA 1ML, 153
FY BRI B — 5 30 [ THO IS

AT RS BiT7.2.1. ()M IAR T, = OF, , ITF, , % LK E it 4
i, BRI, )F 7] Ys>0nt, {2 aR:

L, '_ﬂrf:-n.-! lrj,_” (25)

BATHEEAT, =0 Al =1". FIRIAR, B2 X408, T, A0 1 FHAELLI0T
A (E(25)HRIE 5 RUEHE 242 2, MOT, ,, BJEMTHBNT, , , KIGHIT
#F, HIA010 "1 '=010" "1 1" & 110°1' *=110°"'01" %, PR ix i 2 44 3h| 1 W £ 5k
Wol=1a Rl 7, B, ThLAFR#ESIA

000111 011010 110001 101010
001101 011100 110010 101100
001110 010101 110100 100101 (26)

001011 010110 111000 100110
011001 010011 101001 100011

M B ] CAE XA SRR F 4R B . BB 1z — kiGN EL S
kh—=AwE. [T XEHEREERBFEERD. T. Tang)fx|JkT2(C. N. Liv) kB
), IEEE Trans. C-22 (1973), 176-180; £ - B - Eedgh(J. R. Bitner), & - JE/R
H2%(G. Ehrlich) 1% - & - HiA XE(E. M. Reingold)# i T — /> EHEHAILH,
CACM 19 (1976), 517-521, ]

Y BABEQO) P HIL Ha; a,a,a,a, a, ¥ LI FARE R c.o i, —/3)
AEHPBERHEEA T

210 431 540 531
320 432 541 532
321 420 542 520 (27)
310 421 543 521
430 410 530 510

kA B LSBT UL, (BX¥ Fo, B — 1" BERIE, o RELLE & REF T
M. mxtTFREAENCc,, cEBKE LM, RIbiE, FHEANFELHE:
& I BRBLH, FAHEc ol

(Coo —Crrn €y oy (= 1) M) (28)
ARl R P B . AT B XA MR, BAX Fsr>0, SBAIEH Fir#
il s E Zdfr Rid S, 253K
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rsr=r[: ) (s+1 — ])rffr'-rb (29}

Rp@ AR - S - MEW. H. Payne) R IR T RBiL(S WACM Trans.
Math. Software 5 (1979), 163-172]7] % #p H: X N F71:

FNEREH M EE) RE>, FEELLIZEFFI(28)R) i8] 5217 ¥ 4 B {0,
Looon— VBT R S G ace. BT HRITLRE, FERIAHERAE.

R1. [fsft. | M TFe>j>1, Be ~j- R, <n,

HE,[]‘,jﬂE]u ]WMQ%E:”TECM

R3. [BZASEMRG | 48 mBc+i<c, N MR ER2, G0E) -
2 HEEFIRA. RRBE: R >0, Wewl, HFEBER2, GRUE -2 I
RS, '

R4. [ZR# Ve, ) (XBic, = ¢, +Dike, 2j, MEc <, .\, ¢, ,~j-2, HE&
FR2. & Rjhnt.

RS5. [k nc,. | (XFte, =/ - 2B, +1 <c,.,, MEc, ,~c,, ¢, ~c+l, 3
REIR2, AR, mBEi<r, MEEHRe. |

A2~ 25 —F T TXAABFINER. ©M2 -REELY Mgz
Ry A {ERaFihR T

c, +1 ¢, +1 ey +1 e +1
v-(%, H A e P R UL TRCED
THRMHES G, BRGREBRHA S o0 FATATLAXHRAIERE SR %
BHABR™ NIRRT, B, —T8&RE, BIMERBEBAHE

N =(3)-(3)+(}) u&m, Hrhasb>e>0. BEREFEAEXAHA S il

LmEING

RAE(26)F(27)RY 8 A& Al 30 W10, B4 1 W&~ S8 &M A (genlex
orden)JE — AP F, XN 2T RBFEEM - K/RMH(Timothy Walsh) kLY.
t—AEFSa, -, oy, HHEERTBORE SESH NI, Wkekd T
SCIRB 2 F . Bildn, QR ALASIFHBREI3HAE -EH.

JUMCR SN R, EIAE6 3V E3 1 b IREE, BRI L HER R E
gy, BEANNANFLTUEEENRF. MUMEMBE L~/ s,
ERBEITVTRIEHECHERE 2ak G ibne, Ra®A T ERTRMN Y
MmO —ATFREEWNRA T A) ESh . XA FEEET iy 2
FE, BN TRRAERTE. BINMCLRa8. AFERncHmir 20k
B LA T SCIR) B A R RRRR A = I B B K0, “ER&aE)” Hik(R
7.2 2P)EERX BT RIER AT a3 T Ui ml4HEF

BERVEN VHER NIRRT, B8P THAR— I EN L
FHF . BEARTELS ANBEY, BAANT R > >c>c IR, ELF
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WA RN OB S ThRe, o« Bilan, BEkRok 21084320, f HRHEEIT X4+
X" &5

3 /R A I K IR AT LA B BH B 3 625l 2 B sl 1R AIER . IATABL, 4
1> 20, B0 11" ERE1100'01 2, Bk 4 11000:x BER) 1 &8 8 Bk
010018 fe it kit , #VIHED, W R an110°0 & 010° X FER)EE 4.

MTHAR -MHEEER, WRESE -PHEHK
A Thre, 22—, MIHERR%6. HTaz1, HHEIMA—
ANEREE S -ANEN, ~AREA S EEE S EX S
WX A T an10° « 01 W) &L i LALL B I AR RIER) . Bl
wm, MF-ATRIEFE, @ - kA8 —1FHk,
RIBEBLE— I FRHPIBE FEEAENE.

X2S)MIEE S, "TLAFAE4A AtmtkiEI BRI, 0@ &/ LR SL T 7 £,
A BAHRENELLO 1 FFEAFLLL O & RA—AFF], LUTRE A7 AR 7 H sk
&K =0, K, =1', K, ,=¢, LARIT-s5t>0

K

k1)

= 0K, IDK:-HM]* LK, (31)

F=lu*

TEXAFEFIRGE S4b, HATEHI0U 0 "ERICFEION 07, FH1107 1 BRI
G101 XA EREERKRY, REE A ER1BkEE 0. X T s=t=3f)
HAEK,, TEMBEEXATH

000111 010101 101100 100011

001011 010011 101001 110001

001101 011001 101010 110010 (32)

001110 011010 100110 110100

010110 011100 100101 111000

mixd R “ TR A

210 420 532 510
310 410 530 540
320 430 531 541 (33)
321 431 521 542
421 432 520 543

LB HH A, o — RIS BT ER - -d FA AR T R6)
i, EREXHE—-ER, BESSPERPE 1T, 8%, Ml ST ekk
A D, podg. I T RO)EA DR, Yc, SR, FARACHABR)H 7 5% .

EFFEEMNTER. HRMNEZALUREELSF! A6, oA TLUE T 808 £
01 > 108 &001 © 1000 — - BRIEAEBRTFFIER. 52, EITTLARR, @
ANEBEIR ) Thre, XEELH2. BINEXHMAR BHRAEF L L6,

BEIXHBNANKh EERHEAE S KBLLFTXNG R, BAATLMAR

10
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164 BT¥ 414 % 1%

AR T, BESE, MRINEH S REIBE At Z A BRI FRENT
SR MG RF ek, FE - P - AAEHR(T. A, Jenkyns)fifg - Z FE5(D. McCarthy)k 8L,
A X HER) J5 ik ER n] 25 B #b R AE [Ars Combinatoria 40 (1995), 153-159],

EEN mRse>0, MWEA2NEPEEN T HERIETAE S, DEEE DT X
W, EL b, M1<a<sht, BH—/XEERIEN., TLL OFFLE3HLL0° 1
O£k, HbsMalREMRBIEENS .

WERR  Ms=r=1B, XANERBGL. EM, WAVFs+oEH TGS, £N, R
FHERE, BEAMTENL PREN RSB FRERX,, Y, ., FIERIX. .,
0Y, e BARI=1, X, REAH0; EHlRae>1, ¥, BERN. 0 . 0B
Fa=VELERNE,, - B—FHHE, mEe], BPRENREEREX,, G
MR ARELLIFFSE; B FEAND, X =Ny po B0Fa>1, Y, | BERN, 0 1
FIb B R KM, mBs=1, WpLEL]. BRI Ha=1<s, fiELHTFEASN
¢, BEEY, = NE,, o NHe=1F1b=28F, 102170 FO-'1' 0Pk A A
LFeEr. |

Hsr>08F, FEENAJIE ™ & T Hr@ I3 24 A

IN.?{r-].‘.II ’UNl.s—l}rla—lil 3 ﬁﬂ%l'{ﬂ s
Nm = le{:—nz*ON:!j-lm , I l=a<s (34)
IN 01 _ , MR I=a=s

M1 B 428N ., =0,

ik EA, =N, f1B,=N,,, HIEF|YE - £ - & (Phillip J. Chase) F19764E %
BRX ST FRER, rANARHBELN RBA DL -FMIENARE, WA
ENHER THFEEE R T

A” = lBs{:_mUA{f-nr ) le' = IA:{r-i}*OA(:—I}r ( 35 ]

AREE—%, WEgHEE, faaER—%; AEEEE, WERi %, fiER
RIAT A —H " R Yselie by Hilt, Bl1E LA, FB A, BRIEAw=By=¢ (ZH),
W FsFep B A B EUE, X EFRAEL. TRA, Lhs EBmints, DEIA AT,
MB., Kb LM min(s, 2), Hiltn, RLRHX Fs==3004%%, HFHEHR -5 N0
ThEAERC o, AR Ba,a,a,a.a,4a,.

F2 T3 NESHEETFFR

Ass = Ch Bz = Cs
543 531 321 420 543 520 432 410
541 530 320 421 542 510 430 210
540 510 310 431 540 530 431 310
542 520 210 430 541 931 421 320
532 521 410 432 521 532 420 321

£WERE, MRBRNE L
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(36)

&

B, | tnBs+rA{BH: B, , tnEs+tA#H

XA T AL LB & A 3 0 R 828 22 W Congressus Numerantium 69 (1989),
215-242), TR#®MNA

___{Aﬂ , AR s+t AEEL ¢ ={A:f » s+ A B

Flen—il‘Oé‘fs—I]r ! ﬁﬂ%&"l'fj{]ﬁ'ﬁ

C,= . 37
*klcﬂ,_”,ucﬁ_],f , tnfs+oh B B7)
& =;OCU_”,,1(?_E“_” . AR+ kB (38)

" 10C,.1C,y, - MRS+ EH

M e, CMEELFRSCERY, R EOE R BE, BATTLAB MK
1AL VAR T Ab

BSE, B TR AR ORISR 5 B - B, @i
ik, TUAERFAIC, . il Zitfia, /£~ SCin) S Bk p B 2 —
MARBECELOEMERBESE ZAESENH. S22, XML
o — NG AL SARCRIIGENRA T & VEIRENA - H 0 #E
W, w W, $eHw, =12 H (U Ya, RIGSHOHFj<r, HKbhr&EBRa #a, WWB/NT
br; BeliThSdw.=1. TRETHIHEERMa, -a eI GHkE

Bier. Inkw=0, MBw, -1, j-j+1HBEFEEHRw =141k,
g, B Ew, <0, iBa, BH1 -a, Hxa afir 39
YRR LAY, 3 T R 8 (8 AR BRI SOim) 380 PR 2B 1.
XA KM ED 2T T -3k, IEFRIEAZR. ROTLUEY, ¥
ik, #E-j+1EBE—ERFPRHERTOT RS E36).
T H S LE RIS R A (o B R4, ol 1T LAZE 5 oo 51
Fanoam .

WECHR WA ) EREEUEBHFYIC, I FRERF. HRAG, DA 4
a, ,~-a,a,, EPn=s+i.

Cl.[#aft. 1 X¥F0<j<s, Ba, <0, X Fs<j<n, Ha, <1, MHEX FOL;
<n, Bw, ~1., tnEs>0, M Er-s; GHUEr1.

C2. [iflal. 1 ihAIA Aa,-, a a,.

C3. [Kjfukts. | Bj-r. infw,=0, WEw <1, j-j+l, HFEHEHFw, =1
Hik. mBj=nME5R; G Ew, <0, HIENMBEER: wmE A% Hq
=M FICa; R A BB Ha »0NEERICS; R ABE Ha, =004 F|
C6; R A% Ha =0NEKEBICT,

CA.(MABILE. 18a,.. <1, a <0. nHkr=>1, MWEr-j-1;, HME
r=f—1, M&Er—j. BEIFC2,

C5.[mAB2Mr. 1mRa,, =0, ¥FC4, HFRIRa,.,-1, a, <0. WMPr=j,

12




13

166 F1¥ w45 R

W Bremax(—-2,1); EManFr=i-2, MEBEr—j-1. KRRFC2,

Cé. AR, | Ba <1, a_,~0. tnfr=>1, WEr-j-1; HAmE
r=j—1, W&Er—j. BEHC2,

C7.(mEM20I. 1 ka, =0, WEBCE6, GMEa ~1, a,.-0. WH
r=j—2, WEr—j; &WmEr=i—1, WBEr—;j-2. BEBC2. |

*THERTFEINA . BECHE RO R E R -SRI, MHEF
M ZBRIEHR oA B4EM. fe—4 _dliFa, aa, BRITEXa=1, u,=
nmod 2H ¥ Fn>j20,

u; =(l-u,a

vi=(u;+j)mod2, w, =(v,+a;)mod?2 (40)

j41?
fjan, FAITLLAN=26, H

Gy, a,=11001001000011111101101010

Uy~ 1, 1, =10100100100001010100100101 (41)

Vo5 v, v, =000011 100[}101-1111110001111
wysw, w,=11000111001000000011100101

X 2 SCHAT T AR FNEEIE Sy, =0, M HY e, £4Ka, - a af]
#IARGHRE)HREC “H” WA RE ¢ K6, BRIEYqe BEART R
JEHIOS 1 FE BRR B B Sh . Bk, XFFr<j<n, w, RIBEZKCEH R, ,-a, a,
IR BT i RAEA 8. AKX o] FAkRib e EEMFId B ER
HEAFEHE(E N 21E39).

IRILATVERX FhrFc, o, coft it TEMA R Z#{iHa, a aitiT T1E,
N3HE SHTEE SRR G R, B Ys+r=nbHEC, () BIEC, HHC (mBIEC, .
FRC, (0= &, (my=e>» TAXF1>0, BARRFFIHA:

‘”C;(n)aé”l{ﬂ) * ﬁu%"ﬂj{%ﬁ (42)
nC,(n), C,.i(n) , SmiRn A&y 5%
C...(n),nC,(n) » BRnAEE
‘(i'm(n},n(?'r(n) . dnfRn A R %

Bilan, xR ER AT LAY RGBT

C,..(9) = 8C,(8),6C,(6),4C,(4),++,3C,(3),5C,(5), 7C,(7)
C..,(8)=7C,(7),6C,(6),4C,(4),--,3C,(3),5C,(5)

C,.i(9) = 6C,(6),4C,(4),--,3C,(3),5C,(5),7C,(7),8C,(8)
Ci(8) = 6C,(6), 4C,(4),--,3C,(3),5C,(5),7C,(7)

HE, AR R, hRgy -7 BB RET
I En<tEBATFREE HInC, () Fin ¢, (WAIFFAH T
BRI FIF KRR RAEHLFERPS, GOFHRIFAET RBEETESREK

C.(n+1)=]

C.(n+1)= (43)

(44)
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-, 10,8,6,4,2,0,1,3,5,7,9, - (45)

XN BE RN E LT FHMN— BRI A MEEEMBEE >0,
MBFATE EK<e@I@SHWI AT, NR TGRSR, BAERITEHN
S1s2, XFXAFS, BEEE - GEfl(Richard Stanley) LS4 1IUE A “(EHk 5
Wi F" (endo-order). B ATMIFTLLE TG “BEBER, %7 RicHEE.
(EE, mEBNRRE/DTNEITI AR FNFRS,  WIAE A TRk e 5 RS
Wi 20 2186.1-18. ) |

BAT AT LLE % 4 (42)Fn(43)p N mEF, [HEHW)ERF R A B,
ERBFRUTEECH N EREE. X—E&RNEBEOONTFMHET, fHY
FnAREL B R AR /MR, ERERIAR. IE4sE A K.

AT RXESEESHHT. BENFFILL -FFARNERSFBCHRLUE R EN
HRAEBREMAHRLERES {50, 5,0 1, -, 5, - dYHHEF]. EBER:

1) B—/\"¥#a. q6aa.Fa.,aa & a_ aa,,.

i) & "6 Aaq =min(a,_,, a.,).
RECEHEIFBA, Yd=104nfarfil, @t UL TS BT LR Y TR E X
{IE[CACM 13 (1970), 368-369,376]. [Bi%

auy al.'l T a.’u‘ |

J%{Sl S SRR d}mﬁkyhlm}i?%%%s ﬂﬂiﬁﬂfﬁufﬂh St +S, ﬁ%cfgﬁﬁ
fiianfar A= g — A4~ % |

A =a,0’, ....0%,0"" (46)

KA R A0 x0F00x<>x00; K TsHlr, BEH&EFa=142101F
F. HELFF)

A‘U"‘ hfghzj'.-!(ﬁhl_l ﬁﬁiq) (47)

IR 2L P e X/, mEX N RBACEHAH.

Bilan, LLXAST5 240, 0,0, 1, 1, 2}EIHES A
211000, 210100, 210001, 210010, 200110, 200101, 200011, 201001, 201010, 201100,
021100, 021001, 021010, 020110, 020101, 020011, 000211, 002011, 002101, 002110,
001120, 001102, 001012,000112, 010012, 010102,010120, 011020, 011002, 011200,
101200, 101020, 101002, 100012, 100102, 100120, 110020, 110002, 110200, 112000,
121000, 120100, 120001, 120010, 100210, 100201, 100021, 102001, 102010, 102100,
012100,012001,012010,010210,010201, 010021, 000121,001021, 001201,001210

«ERAR. AT LABRNERERC, ZHE-TEPEXNERERF, AZE
R R S8R B W R RERYIE 01« 107

—NEERTEHRHASNBREE. B, BIMET2.12-QFRB, &FAH
A R A AR BRA(L, 1, 2, 2YF A6 HEF, Bk, WA T2, 24 &

14
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MEXFE. FLL, BIAEAXCEHWIENNEN > Z—-

EEP @M HBOI-100FH (s, DHFa,., ,-a a, WEREFREN,
B Ys <180 < 18ist 8y 8.

ER ZEZEES{ 0,1 DMETAHY]. E2ES.1.2-169FNHEm, A
kA RIREX A HEFUR N Bom, BB 2T IR

S+1 Al 1 _ k=1 -l' k-1
r u‘l_](+<,+---+z ) H{1+Z+“‘+Z ) (48)

MR HIE RO + 1, BN 24574 HE5 T — 4 4 A R T
e RA R TR . ERH (7)< me - mtmy - iy
HOS + 1. 18 3497 W]

(7 (o) s
mikrEs < 180 < 18sthH %, SN NMERT.

RZ, MFs<1du<l, TXHERESHW, mBEYsChHFEN, =01t
ATRERT . X Fs=r=3 Ik —NMIEFLAE R, M AL EARARE, Xk
i 24 v B A SRR &

210—310—410—510—520—521—531—532—432—431-
421—321—320—420—430—530—540—541—542—543

(ZWIESD). X TEERFEsT, i £EE LW H7EH X B dpes % 65
B%; BZn, Emii(Eades), & (Hickey)Fl1HE f#(Read)[JACM 31 (1984), 19-29)
B HTRFE TR S AR, Af. AEALE, O
REREE IR B RHE - NERE R P ETREAR, EUISENA RN
L. FRERAGERBAERFEIEHEZ LA LHREERG. |

TR, B2, RINCLFH, X TG0, NDHAMNHASETIFLEANBER,
HhHERXEGREENEAE, MALENRRBR/SEMTC. B26575H

S HBL('S) =252 AL AR, fEs=r=SHSIR T EEMETR. 5500 FeHl A (BLIEL)

HAI T EGEER). COHRIREN £K.,, ARBLFRENHREEC), #
~Ti%EAa). b). o)fd)Ey. Hoeo)mnHREATREBETEENEFEESE.
i 3OE R ECEHR iR F T (S WL 21834). EFE1 ) 2EEN. Fr
EMBENERHE. BAE26gfE26h2 @530 a_ - ray-a,_ - aya BT
Ria; ea TR, BOEUFRET.2.0.2CH7.2.1.2E(3 L > 5551 >1 856) .

(50)
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+— N ERARGHAE. WRLZEEATLUAHA, ENbLEAHS. Fiwm,
ZELERA{b. b, b. b, g. g, g.rrr w,wh, BRBEENEANK. e
MER, =AML ERMRLARAANB GRERE— M. RX M, ATLAR 37T ik
FESANER: TS TIBAB A AT HEMEA), el
gbbbb, ggbbb, gggbb, rbbbb, rgbbb, rgghb, rgggh, rrbbb, rrghb, rrggh, rrggg.
rrrbb, rrrgh, rrrgg, wbbbb, wgbbb, wggbb, wgggh, wrbbb, wrgbb, wrggbh,
wrgeg, wrrbb, wrrgh, wrrgg, wrrrb, wrrrg, wwbbb, wwgbb, wwggh, (51)

wwggg, wwrbb, wwrgh, wwrgg, wwrrb, wwrrg, wwrrr

EAF KA RER A KRR T W A/ Sy, HRELLTHREEWhRKI1H
BE, ZEESH SRR T B ERA A IR A SRR

Aty - % F|(James Bernoull)fE b [Ars Conjectandi(1713), 119-123]+
ZI, BARBERB(++2)(1+z+2242") (1+z+242+) PRI R B, TAIREM A
XHIES. RE, HXARESHERE, EAMPERNFEL LK

(I+w+ww)(I+r+rr4rrr)(1+g+gg+ggg)(1+b+bb+bbb+bbbb)

BN DR BIMX A b BT A Al BERDE#E

LEEGHGBLFM TARGA, MESIB I Bor2ERANEHK. Bla, 7T
(SDPFIHRI3TR S BHAX T

S=re+ry+r+r, 0<r,<2, 0<r,, <3, 0<r,<4

3718, BI5=0+0+1+4=0+0+2+3=0+0+3+2=0+1+0+4=--=2+3+0+0,

AAa R, ZHifi® AN A(contingency table) UK BRI . BIRHEREL I
FPARAMNEER. MBASERELUAREFRBF T, a4l X%
HARE. JI0~63%H TR FEREARE,

K. AEMRALFHIALEPED. Flwm, 2040 —NEE (AIXHBA
Ba) Kk ER—AE, mEXT &8, HAN-TRAKREL A,
R—A O Z A ETRHBORHINEL, (E/EA =4 A3, AN A6,
i H— i A 1A RALF (- DEREERES, WBRMC- DEELE KT AL
R APARAEREEN “Ra”. HRENCLME, XFAANELA
A H A1) 1) ST A2 B SR BRI .

IR aRAEMEH B, -c;c,, EBRABIaRBTH BN - Dt F#e, e, -,
crescy, € GRS, B, 05310={310, 510, 530, 531}, Tl alE /4]
TRARA—AN 2L a,, a a,, EIEFRToaiBid] S ROBTEF R BT A
fI%4A: 9101011={001011, 100011, 101001, 101010}, #NEARHAAWIEMES,
B TE LERIBAR

dA=U {da |aEA} (52)

AEEHRANBEHRAEC- DASWIES . Fin, 005310={10, 30, 31, 50,
51, 53}, -
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e MERTHAEEMAS, AL EHH05330={330, 530,533}, LIk
365330={30, 33, 50, 53}, —#&HbiH, YARCTEEEARM RSN, JARC-1)

jﬁ;i%%m%%n %ﬁlﬁ! &E'r aA*%m}ﬁEﬁ:%?ﬁﬁa
X F—N2BUN LAY 0 ar] K{HhE L, BEMHEFERE+DHS:
Ca={B C U|acEdB}, ¥FacU (53)
@A=U{@alaEA}, X+ ACU (54)

Bilzn, % U={0,1,2,3,4,5,6}, H1H €5310={53210, 54310, 65310}; %%

B, tEU={® -0, o -1, -, o -6}, {1/ €5310={53100, 53110, 53210,

53310, 54310, 55310, 65310}, ,
AT —EEAER, SERFRMUHRILRZNE D PAET LM,
ENERFERINT— TR TR £/h.

EEK MRARGBEALEU={0,1, -, n- 1} FRINHGRIES, 1
10A1> 1P, | H. 1@ AlI> 1€ Q.. (55)

Hrp Py TR BEELERPIRNE A, BINA R 3)RY A SR 7 T B/ A
¢, e 0y, B Que RANAAIMMF TR, |

EEM MRARBEELSERAU={> -0, = |, o sHANMEEHA
S, 0l

1Al >10P,1 H 1@AI>I€ (), | (56)

Hoop Py, FORNAS TSR F T2 (ORIB /NS BH A, d.d,, Q. FmNATER
HOEF TR, |

XA R TAE A IE R — A RS RIS . EEK PRI s B3
RR-FEdhied, BAhekbs W @8 FR/REAIMHEA - WRE(R.
Bellman)4g38IMath. Optimization Techniques (1963), 251-278], H-H - KIEH
(G. Katona)EF KB [Theory of Graphs(Pdit), Tihany 1966, HIK/RZ W (Erdos)Hl
RIEHN G A (Academic Press, 1968), 187-207]; I - i - 47 %% A% (M. P.
Schiitzenberger)ff — AR KH LM HRY et e, HHEAATBIEYN
[RLE Quarterly Progress Report 55 (1959), 117-118], EHMun]8#AFIIF £ F R
¥ - ;- FEXEF(F.S. Macaulay)[Proc. London Math. Soc. (2) 26 (1927), 531-555].

TEEBHGS)FN(6) 2 A, 1A TEAF b 82 X e A R E 4. Mg LI
bl , BAREELFTIRRIA A PRENRE T, non ZATRIARE, K

n, n, n,
N = +---+( )+( ] , n>>n>n, 20
(:) 2 1

BN EBuIA S FR. AXANERRE LT AIE0E, EAn TEE T/ -1 A
IERMNEHRIEE, MAS

18
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h, n,_, n.
N=(I]+(thl)+n»+ y . ”r}”r-t}'”}ﬂ..>l’)l (S?)

BUAE Sk ()AL, e A0, o~ 1MIHRA; Fork () R Ferc, =nifi FL
¢, - IR A0 DHEG; FF. B, R =S
FIN=(2)+()+(3) » WANHAR

P,={43210, ---, 87654} U {93210, ---, 96543} U {97210, ---,97321} (58)

E£if, XTMEAPHIBHEASER, &
dP,={3210, ---, 8765} U {9210, ---, 9654} U {9710, ---, 9732} (59)

B M r=afid 22 iR B T ROk (2)+(3)+(3) A
BE 2, MBRUNAE—FR (57) B, RALEELR

N[ n,, n,
o '(:—1)+(:—2]+"'+(v—1) (60)

KE L E B RoRRE, ®iA
aPM = Ek,.ﬁ-‘lu—]l (6] }
Bln, EEKEFEN, RAE1005 ML)~ EES &

1414 1009
( 2 ]+( 5 ]=4T0?[103(l{]

A fal. BNEZA A, v, whI470 700 300484 Fu—v—w—u, J5FZ
STEE17, 1000000 = (") + () | i B8P ovoroo B T (V)4 (T) A =
fl: EMBREES, WK@K LERT DA «,470700301= (") +("7) +(4) =
1000001 L2 FE BN IR A .
T AR SR o 2
"

.JL t nr—i. n,
'N=(r+1]+( t )+m+[v+l) (62)

kAL GOX R EIRE . ko FNARR B L AE 1R 7 29 AR — />4 R E AR A R HK:

S+1 S+1
M+N=[ r ]ﬁ%ﬁ;‘m%sf}ﬁ, ) KaM+‘er=(,+1) (63)

3| EEM, 0P, F10 Q. MK/ B2
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18Py, |= u,N 1 |€ Oy, |=N+K, N (64)

(N >181), INFHSERODM, Hehlu #E
N n, ~1 n_, -1 n, -1 65
W) e

FR X T AING/NAME , X R BN, ANUL B u NEIEEYE . Y rRINTR K,
5 B T & AR pliG(Teiji Takagi)fE 190342 Iy — I~ F ek Frx), "TLAXENIR
b RUCOIE, 2 RE27F0>) 8182~85.

H3 RMFR-EEREWc. A MudEp

=01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
xN=0 11 1 11111111111 111111
kgeN=0 2 3 3 4 4 4 5 5 5 5 6 6 6 6 6 7 7 7 7 7
x,sN=0 3 5 6 6 8 9 9 10 10 10 12 13 13 14 14 14 15 15 15 15
keN=0 4 7 9 10 10 13 15 16 16 18 19 19 20 20 20 23 25 26 26 28
ksN=0 5 9 12 14 15 15 19 22 24 25 25 28 30 31 31 33 34 34 35 35
AMN=0 0 1 3 6 10 15 21 28 36 45 55 66 78 91 105120136153171190
AN=0 0 0 1 1 2 4 4 5 7 10 10 11 13 16 20 20 21 23 26 30
A 3SN=0 0 0 0 1 1 1 2 2 3 5 5 5 6 6 7 9 9 1012 15
AMN=0 0 0 0 0 1 1 1 1 2 2 2 3 3 4 6 6 6 6 7 7
AsN=0 0 0 0 0 0 1 1 1 1 1 2 2 2 2 3 3 3 4 4 5
gppN=01 1111111 111111111111
peN=0 1 2 2 3 3 3 4 4 4 4 5 5 5 5 5 6 6 6 6 6
psN=0 1 2 3 3 4 5 5 6 6 6 7 8 8 9 9 9 10 10 10 10
uyN=0 1 2 3 4 4 5 6 7 7 8 9 9 10 10 10 11 12 13 13 14
usN=0 1 2 3 4 5 5 6 7 8 9 9 10 11 12 12 13 14 14 15 15

EHKHIMAE B £ KIS FEGH)E(SIAM J Applied Math. 33 (1997), 55-59]%
BE)— 1 E— A EBLM e E, RNBAEXRHARE. ZEHLTEN
B m Ex=(x,, -, x)0 B ¥ntk BIRAKRT(m,, -, m), HHOLKx<m,, -, 0K x,<m, .
BAMRAEFER43.2- (F14.3.2- Q)h I E X R BIRISE.

x+y=((x,+y,) mod m,, *-+, (x,+y,) mod m,) (66)
x = y=((x, = y,) mod m,, -, (x,—y,) mod m,) (67)

WLy < y 2 H AN
vx<vysl(va=vyFI$& ia] H MG x> y) (68)

FATMEXENF & L2 B X kA, SEMBE -, vix, -, x)=x+-
+x,. Blan, Zm=m,=2 BEm=30F, FELWHIZE LKA FRII2 0 Box xxg
000, 100,010,001, 110, 101,011,002, 111, 102,012,112 (69)
AHGERR, XEERTHEILES. ETn, -, m)h, PRI
¥=(m~-1-x, -, m—-1-x,) (70)
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22

14

7

0

ks N—N

\

3 G+ ©

B27 LAEA R R8Ol — 1 e &8 R /R R
(5 B P A (B ¥ o £ T REEBORY PR KN - N )

¥7¥ w4 %K

FEx <Xy LYBMN Y Y > 7. HlkanRrank()FRAERXKF TR T2
AR B A, WA

20

rank(x)+rank( x )=T—-1, H$FT=m, - m,
HAVERBL, EEBEFRE S MULEEA R Xk Tk 64 He,, e,
ﬁﬁma TEE(GQ}':P?R{”%E?:O{}Z- Ll)&_‘ﬁﬁg Er=ET—|-! o H:E

e,=100---00, e,=010---00, -+, e, =000---01

XERFTEN$ 2. AR/INTRABRRES

Sv={es, e, """, €51}
A=A AES, M HERKRENN=n+] 2 FEINE
E={e,,e,, -+, e, }={000---00, 100---00,010---00, :--, 000---01}
RXPMEMESH —ATHLATHUME LAIEFX . HX LA %X
X ={xES5 I xEXH x—e EXB - Hx—¢, EX}
X ={x€S,;| x€EX H x+te,€X H - H xt+e, €E X}
X={xES; I XEX }
A AT B XXRIEAR ., S
X'=X+E
X+ YFER{x+yxEXHyEY}., B2
X*CYHHEMHxCY

it % /0 LR B SR AR L HEX=(00, 12, 13, 14, 15, 21, 22, 25},
B RIE St Tm=4, m=61)Xil SR, WEBE LE, BlllA

sRN BN BN

o

+*

+| @ 9|+ |+ | @

+|+

+ 8| @ |+ |+ @

L BN BR BE BN
L ERRR«EN JE NEs

CQ|O|O|0|®|+

X fix:

X°HX-

(71)

=]
L e R

(72)

(73)

(74)

(75)
(76)
(77)

(78)

(79)

Al LA

(80)
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XBELKRMERSNXBARIE e fe M mAK. X (XloHp, mX diE+HiH
oFNiEHM. HE, RBAVEZDX-XMHEEIS0", MBI TXMXAHER.
BE(, o+, )7 BB+, , 0, 0); MEFLE—KiH

X=X, X=X" (81)

o (W 215886 .
AEBRMNCEERTRIEREXRETME () FHEHE.

EEW AXEEBBIRAETm, - m PN ANEERS, XBEm < <m,,
QX1 > |sy| BIX°1< |8y .

WMEZ, REEASERANS ANEA DA B/NRIEBA SR KZD . KA
RERX—&R, Adakdd - £ - & - EE/RF. W. J. Whipple)ilk B & H M}
T HRILL T —8& 5 8:[Proc. London Math. Soc. (2) 28 (1928), 431-437]. L—5R
S IE BR b o SR B RO B B O AR ERY

SIS AR aFBER Sy =Sw H Sy =Sy .
WERR FAIVTEAMBRIEN>0, Ariflie €S, FIRKIE, HASaN=r+1; A 1LH0IE
X F0<g<r, ¢, €Sy . Ri%e, =x=(x,, -+, x,)flle, =y=(y,, ", y,), HEki&{#ix, >0

MK Fhr. BTYESy, A Ty —¢ESv. x-e,X y—e BIF], ifj>]M
BBEEIBX 1% .
R(EIL gij':l:ﬁN=T"£I(T_N), %Zﬁﬁﬁ’}ﬁfﬂﬂj‘ra @%S;'=ST_N s i
LUn=18, EEWRERN, FLLE S HAMERINBIR - 18P EEsiEH

T. T—HRIPAEEASXEEBEALENE, HT0<a<m, , Xifct#HEX0 %
AR EE

X, (a)={XEX | x, =a} (82)
S, W H.LA
X;(ﬂ)={(51r“'-5p|_ a~5;.~“'v5,.4)[(~"‘|~"'-3n—1)ES|x,,qun} (83)

KRBT —ITX (@), XR”R—-NTEFHRBITREVES. B)FRESSEN - 1)
IRIET(m,, -, me_y, my,, o, m)WPRARER . R, BRIOAG®, -, xo,a, X,
e X)) =XV Vs @ Y s Ya) s B, e X L X)) 2O s
Ve 2 ¥a)s B, X (@=X (@Y BAYER(x, -, X0 a, X, 0, X)EXRHI(n - 1)
B (X, oy Xy Xaas e X))y SHEEEEE(n - DEERFAER, ERBIEEDR. K
14

CX=X,(0)u X;,(HU U X,(m, ~1) (84)

R BADXPEGE . SJE0UER] TLA T A A S, BN S AN K/
F1<k<n

22
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176 $7T¥ a4 %I

X1 > (C.X)] (85)

Hik, mRELGESEX, EUBRRHMR B T#EERAEETICE. BHLBiI0O T
etk OF X THREMHEX =CX) MEGXFEIEWEEW,

Bilgn, %En=209t0. £ _ PR T2ERNEANA AR e
fricd M enes) a8, mEENHD SREaF

.|+ +

® |+ * |+ + |+ + +

2+ ﬁ."’* ﬁ..i‘ ﬁ.i‘-ﬁ- ﬁ.d-

® |+ |+ o 8+ e 9+ L AL BE B o 9| +]|+
" 9+ L R IR AR LN BN AR LR BN BB L AR B BR
slajaie L AR BE BN L BE B8 L 2R BE B8 LA 2K BK

X AR B P R AR RSN, T EA BB . I STRE S BB W
1EBH .

Yn>20F, BiZx=(x, =, x,)EXHx >0, FHCX =XTW%F, RO i<xjHi=*k
*j, MIE1Fx+e —e€X. T =ZANEHNAX —-FLEFRI, 8240 <i<ji
x+e,—e€X, FR, F0<a<m,

X, (a)+E (0)CX (a-1)+e, (86)
Kepm=m, BE (O)RE A {e, . €. T -MRFRIFEE .
&X, (BN, NLFE, EB/N=IXI=N+ N++N,_,, MALY=X", &
Y (a)=(X,((a-1)mod m)+e,) U (X (a)+ E, (0))

fEn - 1R EPREERY, TH (86) &iFF(]

N, <BN, &N, ,<-<N,<BN,<N,< aN,
Kb afIpRam R4 pr18n — 1. Hik
1Y 1=l Y, (O) |+ 1Y, ()1 +1Y.(2) 4+ 1Y.(m=1)|
=aN,+N,+N, ++N, ,=aN,+ N-N,__,
RAEZBEWHITWHAE - MEZNER. £Z=S,, HRIRIZ(a)I=M,, F{I1Ex
IEBIX1 > 1271, Bp
aN+N =N, , > aM,+N - M,, | (87)
BA LBk AR ZE T M ABIX. @dIE¥N, <M, FIN,> M, &
I HF UEBA(8T).,
{EH(n - DER o T, BATE X
N ,=N_,,N ,=aN._, -+, N, =aN;,N; = aN, (88)
Ng =Ny, Ny'= BNg, Ny’ = BN{---,N,., = BN, (89)

M F0< a<m, FAVEN, <N,<N', ifi RHHEFH

N =Ng+N/+-+N KNS N'=N+N/+--+ N

m=1

(90)
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JB92IEW, REEAZ =S5, 88 N, ~cEHNTE a0, EnRRFT
a; TiH Moz A A, FREEAZ =S, RUBBEN, M TELAEN
Mebra, EHEE

M, =\Z(m-1)1>1Z(m-1)I=N,_
M, = Z (0)I < 1 Z/(0) = N,

HAHO0), Z7CZCZ", REDHENEFIXIKIZ, |

BERINMNCSEY ritHEEKIMPES, BXEEMNEEHTFEMEEE
£ H 53[ 1 2% (Clements) Fbk 42 i 5 % 3 (Lindstrom) & — 8 78 £ 1) 72 BB ()RR R 47 17
[J. Combinatorial Theory 7 (1969), 230-238]:

?EifEC ﬁﬂﬂ'éfi%’ﬁ_lﬁﬁﬁiﬁ%lf#su 0, 801, s, d}quN}i‘"ngﬁ%
H{J_'j?‘ﬁ%: ﬁ;qjsu;‘sl}'“}'sda lil{l

I0AI 2 10P,,| F1 1CAI>I€Q,,| (91)

Hrp P, RARUBINA GG T T B/ 2 EH A dod,, THQw FRARNA RS
F T B KA
EBl UMZEHAAILARARABKBET(m, -, m))HIRx,x, . Hdn=d+1f
m,=s, +1. Blfi14x, Kyn - jHBKE, XD EFFERERF. o, mE
U={0,0,0,1,1,2,3}, WE3LEHAEFRBEFTH
000, 100, 110, 200, 210, 211, 300, 310, 311, 320, 321 (92)

ifiy EL X B Bx, x, x, x4
0003, 0012,0021,0102,0111,0120, 1002, 1011, 1020, 1101, 1110  (93)

AT, RA R+ +x, =wlE AR L, W ZHHSHE T RTFNESALT
R—AF%. ik, MEXBRER, TLUT, U--UT, ,UAREA &

GURU---UT_ U4 =17 UL U--UT, UA
=L URU--UTU®€A

F& ERECARARERMT, UT, U---UT, ,UA)+NT,,, EficBEWER E&k#K
fIIAI=NEH®RE| CA|> | €(Sun N T, HpM=|T,U - UT, |. Fikh3XKFrIE
o Suw T, RIASGF FRKHIN S ZEHE (AIQW) AR

H G BLAE R AR LH10Al > 10P,, IFIEBA(Z W21 &8194). |

3y &

I [M23]) RIRBAANT 4 X EBARRMEERFEES{c, . .} C{0, -, n- 11—
St EZEES{e, e} C{o 0,2 - n—1},
2. (16] fE11 x 13pglihise o £ 2 58 #& Xt B Tk fir 88 (13)7
P 3. (211 (® - F - EERH/RR. R. Fenichel), 1968, )iKIE8H, ssr+1 44204

(94)

24
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Biq, +-+q,+qo AT i 3t — /™ R B Y TG 0 R BV 7E 1] S WL T AE R
4. [16) RIEW, sor B4~ 4ER B B — 1 A kg, -+ g0 M B Fesy Ays+ 1B RER ST 0
BB, P TERXANFRLZT, 4 & B3R T 102240000010107
P 5.(20) HH2RER FIAGNA A REMRN -4 5
a) n>x, DX, X, 1 2 x,_>x, 20, k3 Bt
b) n>>x,>>x,  >> - >>x,>>x>>0, Hiha>>bEWFa > b+2,
6. [M22] BikTrh s — H BB THIA R nfal?
7.[22] Rigit—-AHik, CLLERAIEIEF (SR IBGEDRE @™ A a
bbb, FIBIETRLL, VREVRER Y86 £ RIOREMALENER.
8. [M23) R — Rk, CLATHA BB AIK AR LR (s, DA Fa. aia.
Bigsr>0, BImEirRtiERL o)) -
9. [M26] HLARBMFEFIHFA (s, DHAa, -a alt, 424, RIEMPHN S ZEHE
S, Flan, A.=25, BHTERIMI204-& ZE 5 51A
2424 2444242444 24246424 24442+ 24+442+2+2=50

AL .
a) i IE B 2Ysr>00F A, =min(s, )+A, ., +4,, ., Hst=00]A, =0,
b) RIEHIA, <2 (*7')«

P 10. [2]] 2K “HFERE FHLEIFE-ATERE, HPXEKEEEAMEKIX
MEEMN)MLZ, HHEMNPMH /AKX FEK. MHFAETENSEBHAAAA,
AAANA, AAANNA, -, NNNNH M kR A7 f2 BAX St R T E LM
t—/ B

1. [19) {E20HLE2HD, STREIOMEIMIA 4 Rk 23 B0y BA-E5 MKt ity (7
A BRI EL S RTFE R A P IR A B iR - ]
12. [HM32] £ fn#Emodulo 222 FHHIMInA~ iR & — M EAVEE 1 =#&4 "
s DR
a) IIFMIM TEANBE:, BT EENVRE2NTHE, mATLERARE{x a
@-®x,a,[0<x, =, x, <1}, Hhrka, -, o BR—1RA T HE R RTEEIK
(canonical basis): H{0,1, -, n- 1} B¢, c,c), (FHmEa B dtHR e, a0 a0,
15, MF1<j, k<1, a,, = [j=k]; #FF0<i<e,, 1 <k<r, a,=0.
fhn, *Fn=9, =4LlFc,c,c,c=T641[FHRRER, H—REXMT:
at=+00%0%%10
a,=+00% 10000
a,=+01000000
a,=+ 10000000

/2 FH ERIT LR/ kRSN E S, MR XEfE e — " BEEK.
FATTFRCA VAT HES, .
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b) X Fa—tfrm &, H L/ TRERY A% [H]?

o) Rk — MR REREBCHMIE REEK (a, -, @), ®&F: SHRIKAA
e o RAE R L b AR AE 45 17 800 34 fn .

d) 4n=9, r=4it, BTREVELIHRIAE 1 000 0004 K& H 2.2

13. (25] K BEn. WBRBERE ) — 4 L F (Ising) R E A XFEM it Hl HBa, o a,,
BN Xioa, =t F130b,=r | Hhb=a ®a,. . B0, a,a=11001001000114 B 6H
fielfi6, FE#b,---b=010110110010,

BEn, thlr, RixH—TRERAERREXIHNRE.

14. [26]) MUARIHMR FA R (s, DR AR Rl Ha, --a, alft, BATHEIEELE2
min(s, O/ H KM —THARB T 4. Flan, #14011100 25100011, FHHAT
CANERERL LA RE AR AH S, BRAERNEAEA b 5% U5 R e,

SR, WRIERR, R TN ESEREREREIES, A - THEOBHITHE -
NS TEH AN R R e Bk ik 0L i<n, HHAIO], -, l[n]F0r[0], -, rin){#E 13
rll=j. andex,=I[0] B & FO<j<n, x =I[x,_,], MFHFO0<j<n, a =[x>s].

1S. [M22) (ERLLFEE, AIXHBE A b, b, b, L EE 7 S0 B, S UF 08
fa (0 )+ +(2)+ () g () -+ (2)+ () 5w 7.

16. [M21] *ri(a)2, (b)3, (c)4, (d)S, (e)10000008F, RFLILLAKAIF100D51M4H &
2T a?
17. [HM25] #gENFl, HWRHARRRQOM -1 R A
P 18. [20] HRIEZIE2.3.2-5FMHE, LA “HILF" M “ERE" BHERRR TIHART,
rr, BB 2 HlR?
19.[21] RERAEQ2) F BRI ARRE R T, #9 3T#H T8RS, BATTLAREXM
FEEL A R L SR R M g — A R TRR S .

0000

SNT——

L 0100 1000
0011 o101 0110 1001 1010 1100
o111 1011 1101 1110

1111

MBEAXB S ROETAR 7S, SEMASFE, 6P M 2 60 S 008 5 0 5N ¥
B—FEN, BLAEI1005 A AL EA£11110100001000111111. {BELEE ARM A FT.HIE 100
AN A

20. [M20] RKH: R R e fun, ERREFREFKIZgOITREITNHAGHBBTFE -
t+13L [ h(2)IR

21. [M22] RIEBAZEBRH A/ (30).

22. [M23] M4r(a)2, (b)3, ()4, (d)5, (e)10000000t, MHIEH:RPBriHIEAE 1005 5
i TAARHA?

26
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23. [M23] BiRELSERIFE o B+ 1 3RA0HRER, i HaRRIEEHFR2T]
B, iR AR CHESE. X TREMN G BXERETL?
b 24 (M25) (KL - M - BB, 1974, k&R |- -8, £ BB EREHITEK ;AN
AME, BRIEM., — A1 <2, FFi5e B anfe] @ FIl B X 41 B E X T RS LB
25. [M35) &c, o e ¢ ---cje] Rl HEEN ) ik, BDRBRAE I ENIRFIEN IR
WMREAC={c, -, e YEMONALE C ={c/, -, ;.0 } RITHE, RIEHIN-N'"I> f.}'[i'f.) .
26. [26] R RANUHMBUXHEMIncda, g, a,, EB(a)a, + - +a+a=~t, (b){a, .,
a, apy={r -0, s- 1, -2}, RIn| =% R FELEGH LKL FENEFET, R
b 27. [25) (WA EBAHE #0101 <10, RIFBEA—/ &85 g d4 K0, 1,
n- 1B TREOFALSG. MEZ, B—FPRNREUEA—ITE, SME -1
., KBa) -1 E L LR O FItn, Yn=4F0r=20F,
0000, 0001, 0011,0010,0110,0101,0100, 1100, 1010, 1001, 1000

B— AT, T EEhER.

28. [M21] HME: ELBHATNG, N4 aa, a,af)—/RETET LA SNF T,
%4 B (X 2434 FE B0 F AR Fb, b, b, (R FOMi ) He, ¢, ¢, (i F 11fii ) EBAES SLIA SN T .
b 20 (M28) (I - £ - B, VREH S+, - HOM—A 8, B—REELIOEFGL
FBA - M -4 FH8; —ALRRELBE OB+ - -8, ERFY
R, BAk>0. Blin, EHMEMHRAT, B0+ HRHALE AR, X
B R REE R

HMEDIEE AR, RIVERXE—A B0 RN T: mERARE - RE.
ML — +03 AR BB AT D0 — 1, BRILAO+ SR A BB AR+ 10, MBHMIE, Fak 4
HER, CHAECEXDIRIAD. Bl

-H00++~ — ~OfPH+- — -0k 0FS = -0+--fPp — ~0F=T+ — -00+++-

% Bt B a—~ PRk ¥ PR oty R4k,

a) H 2 BE 0 & Tt (B T 48

b) REEH — A BRIOEHREa~ o~ - ~a, = a?

o) iIEMtNRa~pB, W -B~ —a. KB “-" EHhH “WHAFSKR" HkE4
HELH 1 ETE).

d) RIFHINE o~ a,— -~ a, Bk>0, W afMa, AeeEMEME SR #E 00, (H
bR oA ERAE, Mz T (7).

o) IEAN SN FN B Bt BT M-~~~ “(su]_, :

30. [M32] b —EBIRES+ 0, — o O0LLKR0 1, & T2 Bk ded K s A 0fe
MW AEAHS . RIFBHXE ik dhfE — DR R BN SO . W -4 F 400
AR E L. BRIFFIGHRE XN —RAEN — /i ?

31. (M23] Q) BERa,., -a aFib) THREKc ¢ o P, HEDAT Lia B
(s, VA &FE?
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D 32. [M32) B £/, 0 A Ba, ,a,al) RIS NG R @)A 3 IR O E KA?
33. [HM33] ZEXfE3 (b)Y )i B iR F & b A £ /0 BL P52 R /2
34. [M32] EESIE33, WRLHT, YsHAEAR KA, & “FREN fHific, —c £ 200
OB/ E LT, BB A KIS AT RENL P2 XM T R
35. [M26) & Wi FFFIC, T % /0% [ Fl R 52 £
P 36. [M2]] BEAMEHX THASNEMT LiA#MFTH—NFE, RIEHA &

24l
I

3OV B s, L Ba. avaddt, BaFsiT T (1) - 15—+ 10088 ¢E.

B 37.[27) fEG)ISNIE . (O)BAERIEH TR, LUROGDRIFBERF A, 54—
P SIS J5 2 K P (s, 0L e, o avat, BEIEMIES R4 40
38. [26] MFIBRIFF] CF . Ri%iHmE BHECH — AT SR SRF B
39, (M2]] ¥s=I12Fr=14 , EEWFEHC, b, B F L& 110010010000
11111101101010RTHIE &/ £/?
40. [M22] %s=12Fr=141f , fEEWTFFIC, PUIFE1005 MA R 42
41. [M27) WIEB A — M HESUBEAHESICO), c(1), c2), -, EBEWFFIC, MTE.
AT 35 34 F0 < k<2 FIAT B (c(k)=s M T Foc () B A BcR s+ “HEGLBANE B (Mg
B, BHKFH 0),--,cQ2" - 1) BEFERs+=nIFAC,, sanEHEE _i#HlE%e0), -, g2~ 1)
B& BRI TRFIC, —4E. ORI 3 ZRk=C b, b, bo) W B = Fmc)=( -
a,d,ay),?
42. [HM34] RAIEANT, 8. w2 A B B BOR P BEEECIN G %
43. 201 IERREE: MBsORPON HFRAE “BERBRA" BUF F R S48 F06
I, Qs(x+1)=p(x)+1.
b 4d. [M21] 4C,(n) - 1FRiRIT AR BT c ORI ELE . RRERM TRAE DU - 1)
(e~ DRAEC, o, TIHC, (WBBMIFEF]. RIEVIC, (n) - LRETPREM.
45. (32) FUH “(BECRRRA" FUHEEA) T FTARIOE R, HAE R R — /b 35 B
£/ FINC, (A Ac, e
b 46. [33) M TEWFIIC, BIAHBAAD, -b.b,, B TFEa, - o ahMEBHOLMLE,
A3t — i R R
47.126] RZBLGOFUATINIE P52 %0 % TALA BT Iy b
48. (M21) BiRay, @, = an. BB EEELs - 1, -, 5, - DHBHFIRIEMR, Koo fn
o B RBEA TEETRR . 480 - Bu s, NEAMERBEHIMFR, Kehis=s,, =5+
cors, BM=(7). M4A, Hlha 1 BIFRE, LRSI 1 BB RIMMA THEOR; X

ot pEAERBEARFT, BdblaficHERELPMIBAME. G, mRL, .

B. 0110, 0101, 1100, 1001, 0011, 1010, fiH#nEa=12, WA, 0120, 0102, 1200,
1002, 0012, 1020. (¥3hiIRITALR KR, )

RIFARAEE {50 0,5, - 1, -, s, - AYWIBTAHEF, T ELAHSBAYHES 4 b il i A 47T
FR M AL

49. (HM23)] tnRqR 1 RIEmAA TR, Blame=", RUEH:

29
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(n] =(|_nfmJ] (nmodm)
k), " \[k/m]) \kmodm)
p 50. [HM25) £ LRI ARHME Flg s AARK
n o+,
51. [25) iIR#RH FTEGHFAREGUAR: BT &8 o M 8H ' A xm{0, 0, 0,

1, 1, IYROHER . FEOFN1ZSHAn/ sk Ao A7 BRSO 4R 1 T BP L8 B8 5417

52. [M37) #)"EEP, Rk “LEEA{s 0, -, 5, - DRIFTAHEF Tl AR Ba,
4 wa R HBERT S Kl

53. [M46) (1 - % - %B, 1965, WRi%{s, - 0., 5, - AYWNDHEFIARATREHR — 52X
HEER, FAENPRN)2EBEANRE, x> 2. ¥ T1<k<N+x—1, JEIEIN+x -
2AFHARAS B s, < s B AN FF . REA ATRERE TN BAER G R? oy - 17
T 3 i 30 e {145 18] B F A TR A B B AV HEZIADS, =8, /Y “BelhST. Hildn, *F{0,0,1,1,2,
21904 HEFI A — A& M 5516, 6,0, ek x=(357) =6 . mBR®Mhasad a.a,
a,=221100F-44, WN|ER234535432523451a42a*51 ad2a’51ad, Hha=45352542345355,

54. [M40) B T #4872 #a, «»a, b, MBRATAFLKRMI KL Ba, <a,, T ok
sl . RESBA AT A RI(s, &7

P 55.[33] (3BBAW - hilr, 2004, )a)if il it Bk g, a—a, - -a.a, WILA
b R (s, DPIBT A4 Ba,.. . ra, a. (b)Ys+1<64ft, fHLMMIX$EL W (a,., . a a.)
B A E R a4k

56. [M49] (.5 (Buck) M {88 (Wiedemann), 1984, )fiif & & Hhitla, [FX4Hfboc
FHZH, EEERIAEC DRG0, - aa,?

P 57.122] (FBBAT - Rl )~k RME—-IFHEL, —ITHFHEZRTRENA
REMAETF, CESBET -AATFE? ZRERFAEXEHHA S o, ERn>c>>c,30
Fiic, — c.<mfIfR) 8, Hipr=4H @ MBHINMLEE -THENA T, Wm=8, n=52, (b)in
RBENNOFERFTTF, Wm=13, n=88,

58. [20) MEANLAF &t , ZEESTRRHERES WE: EAYRMEPHER. BS
2., 3Fej> 1, cu>c+l. XERZERTEMIE. )
59. (M25] M F4SHMERELZNE, RTAH N ENM RPE8IB- 1T
SLF|—A~HHARR B L.
60. [23] RGN FER AR A K694
t=r, +--+r+r,, HhTFs>j20, HOKr, <m,
61.[32) RiEW, B EGL PN MEN L, AIUERREAEFTEK.

b 62, [M27) — A AR ARIENER (@) —AmxnfEfE, FAEASEMST

for = E;_t a; 55|Fc; = E?_] a; , ir+4r =c+ - +c, .
a) IRIE W2 x nfBRARMR TN THF S 8. |
b) MLIMERARMMITH KN T HARIZERENFEN, BILA(a), ay, -, 4, @y, -
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@) IR TR, 3TF(r, s ras € o 0 AT ARTET ST T R AR BAMER?

c) HLLMTHE EEFM LB AIFIL AR iRERN R AR, BILA A, a,, ) @, ap,
a4, IR, 3T, e, e c), fHARTETT BT T BRRIERER?

d) FELMTAHERELFN A RER, T (r, oo, ey oo ey A 202 76 18] U8 T /)y
HIRAMER? - _

e) TR U8 AR an (o] 26 T BB A 2R B Ty, om0 o, o BT TRER M 20

63. [M41) WIEMXF(r, o, ri ey o, ), FRARRMER TLLE T F S Db E
FERE RIS 5 B R A .

b 64. [M30) R{EFHB#00x, xlolx, 01, HFHERAAKTIANALS
tr2° (%) Fask, R —AT GRS B EER. Biltn, Ms=r=2fthef— MBI

(00%%, Olsx, Oxlx, Oxx1, Oxx0, Ox0%, *x00x, 01+, *0*]1, «0«0, *+00, **01,
#kll, #10, =10, =1x1, *x11x, *10%, 1%0%, 120, 1+x1, Ixlx, 1lex, 10xx)

65. [M40] £ > ER64 2 A8k R iF B f) Fartk b, RBcEE T ST 3N # T B
fE%. XEERPESLREBEHRN?
» 66.[22) KER> 120, RIEHEFSPHEE -0, A - FHESd%Ent > E
2 REEE(a, -, a). Blan, Yn=3F0=20F, —FoxFEAER L

001 101 101 001 001 011 010
010"  010° 110" 110’ 100° 100’ 100

67. |46] AZE I3 L FEE, M FEHa=0. HEn. hir, X FHPRATH
MAEKO 110" H01' 1" 0f)X e B, REH - THETER? Hltn, f£n=9, =5, r=6
MIER T, A —RTER

(010101110,010110110,011010110,011011010,011101010, 010111010)

68. [MO1] tnB ok — e, 4@ a? (b)d'a?

P 69. [M22] A S HIB/NERA, M T EARIAKIAL, AFHK?
70. [M25] 3 FN >0, x,N- NHJ KER £
71. [M20] /1005 &AM ERER £ /DE4?

b 72, [M22) RIEW, MBENAERAARRGT, WESN<(7)H, REE-AH
B iERK BB M = () - N E R A %oR.

73. [M23] (% - #9 - B - #/RW(A. J. W. Hilton), 1976, YA ARSH AN — 8L, W
BRAAAH—IRE, BMERHBEEU={0, . n- 1}, Hin> st RUEH, EX TP
HoEAHBEBanN f+¢ MEX T, MRAFBREFHA XN, WEEEKYE LHEE O
Mo, i, HPM=IAIEN=IBI,

74. [M21] f+ 2 R ZEKS W e P JF1l€ 0,17

75. (M20) (60)IAL A B NI ESG - DIHASER, HAv- 19EELF. Rl
RIEH, MBRRMOALGFEGCDFE =0, M- EEENZELAERHNFTR, MHHERB60)XH
PR EMRIRCNRE. Bl F1<i<:

31




32
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N n: n:—l nu
K 7K, _(k—l]+(k—2 MR I PR

76. [M20] 3 T'x, (N+1) — kN, iRF—RAEBHLA

P 77.[M26] R EEEEK, @il O AR, RIER R BAILL TR
a) kK, ( M+N) < xk, M+x, N,
b) x, (M+N) < max(x, M, N)+x,_\N.

s (F)e () (F)es (1)@ F (V0 )ros (M) (M0 (M) Sy

A R AR/

78. [M22] RIEBAE LRSI, R EKBESMRSROBE. K2, HMFSREH
REHKARRE R, RF AT EEATH S MA=A+A4,0, HhA={aEA0&a}.

79. [M23] IRUERH R > 2, FeiIEHEM> I, NY B Y4M+r, M>N,

80. (HM26] (i - B ILIE(L. Lovisz), 1979, )2xMh— k3 ot s (/) s imme
WO 5 BRI RATAT AR X

x,N:(H] ﬁﬂ%h’-( )#nx:n—i

IRIFR TR %% > 1HIN>0, K, N>k N, #7: Mx@8¥it, EXmor.
b 81, [M27] AL B EEEM AR /N SE R K/ (64) 85 H .
82, [HM311 #F0<x< 1, B2INEARIITERE R AR

T(x) = 2 J:ri(r)dr

EM, Hrp r&[;}-(_l)[z**J EERT.2.0.1-(16)0H #E D ) of ¥ .
a) WIEH ) EX 1[0, 119 &L, (LENSBERMARAIFE.

{ L lnérm M — A R

b) iIXIF B r(x) &3 F0<x<1, iﬁ,ﬁ!_r > s

""'--__.-""

c) MefR/Nit, wWe)fIBTT{E A% L

d) RIE 0 xR A BB, R AFEE.

e) KA Bx)=120FFH .

f) iR FH R r()=max, .. )R H .

83. [HM46) RIRAEHE B HF B )= R o B L/ MORAEBRE-MEAR. IR0
AT HRE TR, tOEREG AR (% XTRBRESEAFTXK. )

84. [HM27) ;m%_'f-(“;'], AMFOKNLT, KiFHERE

85. [HM21] 40 6R A, NFnu, NE A 0178 i o) B .
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86. [M20] L B A /O dHBME E &, BIX=X"",

87. (M21] H&fB: (axcy ¥HMXYy Cx"; x =X (C)aM<NHFHATS
M< BN,

88. [M20] i@t 52 RS 1 RSHIEN, HiEm AT 42 X WF&EA .

89. [16] # T2 x 2 x 3AFHFHk(69), H+H PR

90. [M22] i{IEBH & A 54551 F(85).

91. [M24) 3T HERAKET(, m), I<m, JEHEHEW,

92. (M28] &x=x,x, RBHRET(m, -, m, YWENIILE, MBSSRAERXEF
T = xx, (m= DAT(m,, =, m, ., M)A EICENESE. mB X TF0<a<m, SHN, 17T
ERRGEN Sy Ba, RIEAH F1<a<m, N, =NHN, =aN,, {HakET(m, -, m,_)H$R
ik Sidiof @il e

93. [M25] (a)FX#E—ANWE, MTEefs, 48%8m, m, . m, LREHEFBAEE
BN, EEWRASEAR Y. (OEXNSEBROIERAS, B #ERn <m<---<m,
1% ?

94. [M20] IRIFEAMEIECHYIX R E T oiX . #£F7: HWXTU, FHEAFODMFE
3211, 3210, 3200, 3110, 3100, 3000, 2110, 2100, 2000, 1100, 1000,

95. [17] BN 2 EBKMEEMAB#HIRCHEH.

b 96. [M22) ISR EBBAITS FH (s, 51,5, ), &

Sy T
( r )—[z ]H(HH +7")

B i Rese=s,=s.==1, W (°7) R@HM _HA R (1)
R ANAS, ERE—MEFBENE M- MET

Sn,)\  (S(n,) S(n,)
N'[ r H (-1 )+'"+[ 1 ]
#iehn, >0, > >0H{n,n_,, . n}C{s- 0,5 1,52, -} EHENR=KS
HiE i Ch¥aP,, I —/~H ALK,

b 97. (M26] IF X RBEBR—A ML D EMTUL T AR R E s, 5 ERBTA moh A
. —th, AERATHTEAHENEAOEMES US4 8L L6, RitcE
—AEBLOES, YEMNY aChMBLECE.RFacC, HHMN Y TERABRECE
MEREMR.

YO RS KN HHON, AR AR, A THA LA REHEACH X PO ERN, N,
..+!Nn]q

a) YEAMMEECUERSE, A&, AMEHE, @A, S HEmE)R L M
it e R/ EERM 47

b) - F R /hEE(1,4,5,2,0), KAE—EBRLESE.

) RE—/ B EIA/DFE RN, Ny, o, N)AREITRI L BT 53 R

[33]
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186 FTE w4 %K

d) RIEBAWN,, -, N)REEFTN, MBMEYEN “3HE mE(N,. - N ORETH. K
FRATEL N, =(7)-N,, -

e) 5 BT A REATHI A/ R B (N,, Ny, Ny, Ny, NOBCERTRIAHE, Ehmpee A XHE M

98. (30] 4k££ 1097, %4n< 1008}, KK RFEIT KA BN, N, -+, N )R8y —
TR k.

99. [M25) fE FRIEX T, Bl a S B Fla, eC, BB a=p. I #Hk(clutter)E A H
RAMASMELC. — I REA/N &R E L1897,

a) KEM,, M,, -, M)A ZEH XM ENLEMT o &E.

b) fEn=4K LT . FIHFRA XK/ NE &,

P 100. [M30] (M TRFHEMFF&E. ) RAR 1 “"HR LML EES", WARER
AERIACAMERCY, FERGUNFE2EESNES. HIAI=NE, BIHMR
vA=3{|a||aEA} ST LAE £ K7

101. [M25] anRfix,, - x )& — MR AN, S840 % &y, MorLipl b6, 4
Fp)RES (x, -, x)=1HIBEH .

a) ¥FMRARgw, x, ¥, 2)=wxzVwyzVxyZ Flh(w, x, y, 2)=wyzVxyz, +BG(p)F
H(p).

b) LA —ERF(P)=G)H R IAR A /KR K w, x, y, 2), BT Fp)=H(p)H{& A X
BRI R . 00 A — i an T i X A i

102. [HM35] (3 - % - EF X, 1927, Ve E{x, -, x }h I~/ % A X2 L& E Nk
A AW, DR EHEN S BRARERIEZ TEHARN 2L, mEELn
—HEIEEMANFAESEA A, EHRALFREY, BXLZ A2 R Ro+iX
HAHRERY. AN, BE PRECHISHE T L TEOBR K K. Fltn, mRs=2, FiA
alx,, x,, X)Xy X7 = 22065+ B(xo, X1, X)) X0 x, X HVES (b a1 fHIE {xo, x., x. 3 B AT RER)
LK), #XFTN=N=N=0, N=1, N=4, N;=9, N=15, - WIaHKEZHAHLHE.

a) iEM, MTEMXEEAREI, FES -PEAN, KRB Al K2 H0EN,
AR ¥R XEHEAS . (—MROGUEE RAFEH, B nxiiXF. )

b) {# il E EMFI(64)KIEHN FRRA120, N..>N+kN, .

c) RUEBAN, >N+k, N U AERZA B . (X8 %S0 TS - & /R{A%F(David
Hilbert)fE[Gottinger Nachrichten(1888), 450-457; Math. Annalen 36 (1890), 473-534]ATiit ¥
1 “FRAEERER". )

P 103, [M38] —AFirtka,a, BARKS, HhE e DA 18+, ALEELA0OE I
BEAmER . Hlan

0% 11%0={0011x0,0111=0, 01100, 0+1110}
K —ANEAP,,, EHMPBARGNEFRANBRSHINA FrEa o, FHERES, WI0AIS
Py
104. (M41] —A Zilthl#a, - o, WFARE T R4 T EE, M,
4110010010={10010010, 11010010, 11000010, 11001000, 11001001}



72 4% BFFAH T M 187

Rk— AP, EFMBARNS —HHHa, o, WIEFTESE, N6AIZIP, 1.
105. [M20] ¥ F{0, 1, -, n— 1}, AL 5—AF H W3R (F’H‘-ﬁmii#—ﬁ‘-fﬁﬁﬁ, o

TESZTRIRERBT A {c, . ). B,
(02145061320516243152630425364103546)

B He=3FIn=Th ) — AT AR
RIES, Bk (7) nly— B8, U TR A b — A BR.

106. [M21] (8% - HEFE (L. Poinsot), 1809. )¥F{0, 1, -, 2m}, K24 &M—1 “ik
X" WHHWEH. &7 FBEELTENZEmod 2m+1),

107. [22] (M - $Z8(0. Terquem), 1849, VEFEMSTHEK Y, EF4H0 “WH6™ &
BRI A28 2 KA R AT LALL — B mLAZHE, (FH4HA 2K G L8 S i
PUAL.

A £ /DX TR R ATRERY?
108. [M31] Z4n mod 3= Olt, X FRAE{0, . n-1}, KIHANFHERER.
109. [M31] %n mod 3 + ORH(BNX TR IF BRI &(d d.4)), k{0, 1, -, n-1}13%
HHAMHHTER. Flin, Xn=58f
(00012241112330222344133340024440113)

X TE.

P 110. [26] RH(JE &Kk BIAF (Cribbage)) ik A2 I S25k Mk Buir) — bk, $L b 4ok
M EBk. £UBk. KL, A WUEMEEfA, 2, 3, 4,5, 6, 7, 8, 9, 10, J, QfIK)ix4tE
HE. RN — R TSI A C={c,, ¢, ¢ 0, c}HIBy, Foh—ikhie, 1Y
ke, BoBWMTHRENAKZA, MTFCHIED FESHAIGERERE, £15=s.

i) 150 IRI{v (0IcES}=15, HA1(v(B), v(2), v(3), -, v(9), v(10), v(J), v(Q). v(K))= (I,
2,3, -9, 10,10, 10, IOBr A

i) ¥ F: aniRs=2, woELMKMAHBOEE, WBs A

iii) AL s> 3, MAmEEESEN, MAMRCASKEs+IEA, WAL,

iv) BRI fnfs=4, MASHHREMITEHETLE, mBmE ¢, €S, MW le, HH0
HibHFERER].

v) BRI dnffs=1, MiH c, &S, fRXTKMERC #HEEERT, WA,

Glan, BHTF FEBOM, 586,50, 60}, mMAME4IS LA, #TF15, M
43 A4 x 24y, XF—AT, Bl A2 TR, Blaoh2 <3 X FRERaBs1,
B 25 A17.

*Fx=0,1,2, -, FEHASPHATLREFESEANBY?

&
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7214 £BHRESY

B 25 48 - Wy FIE 4 3% Enumerative Combinatorics (1986)LATH S “12Fp 5 #&7
s, XBRERBRBSHHAMEAL ARG <2 < 3H (L&) 124
H77 38 1) g 2 s () AR BT LA BY T — A48 A B BR w] LA B B 25 7 7~ B e R
Hikk oA . Flan, mBERNGETRT S, WHE2ERBOE3 A IR G

8. ool gue ee. LB, Lpg o.e Jeo .8

(FERER . BERAOKFTLAZGES) . (HRAHERIbRS, MXELHHRIEET £
X By, B R aTREA 6B 3

B B9 ohe LB o0 LB o
J

mRRAIES, W gly | sHnTIR ) g 75 LR, R

MR HER RA2HE AT MX BIM. mRBMEAIT I THRSHIEK, NEEEMTK
3K bR SRS, NERIAE G EE:

e 0 e !

BoJa, MBEBEAXMBRB MRS, WX SHe Al REPERRw D F) KA 3F:

o
By Bd) by (3)

12805 k% B M BRFNEEANAR 5 S IR S, DA X6 FoTRE s Ak b &
REDE-ANREELE I, FiA ATRERILHE.

®1 2BAE
=1 s JC Bk il <1 >
n/i~ bR S I EK mA~ B irIn A m/-E ¥ infE {1, - n} oy Him
m/~ bR A : A R 53
n A~ AR B mA~FInt £ LA mA- B Entl £ §Bnsy KmA~ 45 ¥
/i S TR
n /> #i B R {1, -}y AR < ity nSURS P AmANE 4B, <L n}arom
m/~ Fbr 5 ) sy s R 5y 4y &
n- AR br s RIEK 1ensy B < mitgiB o) 3 R n RS AmA-TR fensy Hom 4y 1) 43
mA~F b S el

EAELANE YD, RNEL%E I dntdl. H5. AaURAR: EX]
124 & B, ARAMNRELNEIR “88F AXAVIBLE). BHEBRTLLED %
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HERPE TR RERTHEA TLBH S BFORE, XSNHE /L%,

U ERNUAN "R —AEEFEFTHIFL BT,

e fE, YEEIERLBE—BNFHE, 9

— i BR R K.

—— & - &4 # 7 (George Andrews), The theory of Partitions (1976)

Bt RIS ER—12F: — A28 2B XN EESBEA
FAZCH 7385 BB R 7{1,2,3}/95 Fhor &), HN
{1,2,3}, {1,23{3}, {1,3}{2}, {1}{2,3}, {1}{2}{3} (4)
M—MEEGF XN BB SHAEBR 2O, MAESHET; Rk
(3)E 7R T3/93%0 &1, Rp
3, 2+1, 1+1+1 (5)

AR E R o RS B FRE “2 %", MASEMESENERIR, HEAE
RIS — KM “BAR” DR S, MARRGHBEREE, HRERITE
R R EN.

ER—TNBBAOFENR. nf) Do RTURRE AT B a, > a,>
B, [Efn=a+a+; B, 10—t RFa=a=3, a=1, a=a="-=0,
EFTM TR AR>PEE; TATHOTEEEM . TREY ETXiEent,
BAET=3+3+ 1K B B 5331, LU &2 .

HERE R BER BT, MAhEERMW A2 —, RUAGHA
W DFEVEANT, LA “n” JREAFFLL “11--17 S5, #lan, 400X A5 4t
814y Rl A&

8, 71, 62, 611, 53, 521, 5111, 44, 431, 422, 4211, 41111, 332. 3311, 3221,

32111, 311111, 2222, 22211, 221111, 2111111, 11111111 (6)

MR UMA2AHL, WA TFENST, BUx+ I FHRENHE /14
B, BT SMFET, T —A8/Ms Rk i A E 4 RIer<x, Llxxr
KERRE+D1-- 1B . mRHL - % - 8 - £391J. K. S. McKay)[CACM 13
(1970), S2]Fr&iLRY, MR NcEMa, = INE A Tirg, WX EB 0%

WEP(LB )i BMA TR Hikn>1, INEEARFAE D Ka >
a, 2 2a,2 1 Ha+a++a,=nFll <m< n,
P1.[#1%G1L. 1 - TFnom>1, Ea,-1, RigEa, ~0FIm—1,
P2.[fikfaili4r. 1 Ba.—nflg+—m - [n=1].
P3. [i5MAl. ] il 4r ®la,a,-a,. Ha, = 204EFPS5.
P4. B2 i 1+1. | Ba,~1, g—qg—1, me—m+1, IHEMP3 ({fFiXx—HxtT
g<k<n, Fll1fHa =1.)

37
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190 F1¥ b ER

P5. [#a,. | inRg=0MEREEZHE. dMEx-a, -1, a,«x, n=m-g+1,
LLEBm<g+l.

P6. [tnFF LEME Filx. | tnfn<x, MEEFEP2. K Ea, —x, m ~m+l,
n—n-x, HEEAZE. |

EBWMREE D2, WA Do &R S -2 RNRERE SR, REd
BPAgE A A e ARI2B BB — N UNE ALK IS -1l E. Efi, X4AH
AR RS ER . Glin, Yn=1008}, {EFTA S IHRIT9%EEE /2.

URANTEA By BE E A B E I A 2 RIeE, "R ST RENE
. UTMIE#, BTER - 3 - 8AH(C. F. Hindenburg) IStHLEHIE P EE
YE K[ Infinitinomii Dignitatum Exponentis Indeterminati (Géttingen, 1779), 73-91], LA
i S, BDAER S P a, - a, aRIIE S T i (e] 4 3]

WiEHR R AmEr ) REn>m>2, IANFEERFTAEEmT4la, a,.
#8a,>---2a,21Ha++a,=n, .

H1. (#441k. |1 Ba,=n-m+1 ¥ Fl<i<m, a1, B 8a, - 1.

H2. [i51R]. ] R a)---a,. #fatnRa.>a,— 1, WEFH4.

H3. ({izha Ma,. | Ba,<a, — 1fla,<a+1, HRMEH2,

Ha. [Kj. | Ej-3Ms—a+a, -1, RgRa>a -1, WEs-s+a, j-j+l1,
HHERABla<a, - 141k, BlfEs=a++a,,-1. )

H5. [¥hna, . 1 tnRk>m, WEKR, BT Ex—a +1, a ~x, j<j-1,

H6. (##ha, -a,. | 2j>10f, Ba, ~x, ses—xLARj~j- 1, BJ5Ba s, I
HiEmH2, |

Bilgn, in=11F0m=4ft, BRI 153 A
8111,7211,6311,5411,6221,5321,4421, 4331, 5222, 4322, 3332 (7)

EABERE, bhis s @t 4 5 Ba, o ¥ e B/ R8s, A K zha,., - a,,
HIEMN =5 Ja, - a, 7B T —o 8. BRI Ra' a0, W HFa,'> - 3 a'=a+]
VABa'++a'=a++a;, MHXEEERLHYHMN Ya <a, - 1. Hik, £
NG T B/ hESX FER 4y ’la, - ra, B a'==a,'=a+1,

SRHMCE R EH =2, EREAAILBEATEN. mB LXK, /NELE
o3/ FERBATIEN . BIEHA SRS TR R E £ & —AS/NE BEELLRT Ui lA]
5> RIBL, n_t0(m).

YR EMERR. BRIOCL2ELRE L HIENERN N FHlaa - Hfa >
a,? - Ma+a+--=n, HENTLHEE M EIE BRI~ Tl o, . [ER

c\+2 cot+nc,=n (8)

X e REYGEFMa a0 P HERKE; B, 2RI331% 6 Fe=1, ¢,=0, =2,
c=cs=Ce=c=0. ERMIBB WM Ac+et-+c,. RUTHREPHI—TEEBAILIASH



72 ERFTA T REM 191

ik, LAERERS 8B TR R,
HANCLEEMEX129- COHOXEMAXPER X ENHS HEF R, it

X FR ER 4
h, = Z,:vcﬂ..:rﬂ,2 Xy

Noady 2 2d22d) 21 (g)
FRA
s sp s
1“¢!2%c,! n"c,! (10)

€, 63 7 0,20
C+2c+ o+ o, =n

HorhS, BAHREE x +x) +-+x}, . (9) PROMLR ERBBNIFIAn L EH S,

T (10) B RRR Tl B 5 RAHAT. Bg, Bifm, =55 +555 43S
i EL V=28, BATH

X+ xly+ayt 4y’ =%(-’f+}')3 +%(I+}’)(x2 +y2)+-;—(x3 +y)

o Eafn B -F2]8.2.5-21, 1.2.9-10, 1.2.9-11, 1.2.10-12%F Y4+,
BFXANRE, BHitoMEXREE— — R ER R E LA — XK@ —n
WMRdt+4oEE, [BEE - WIBH rEN Enumerative Combinatorics 2 (1999
FIEMMNHRASHECARBE S EE THEAMNTE. |

B ES R —8E, HEEBTRaATR, BT —frAal i, #
%, ALV AWSI AR RRBER Y . & A RXEE—FLHERRA 2 R % R A6
R, A& - £ - R/RAIMN.

M. Ferrers) [2 W.Philosophical Mag. 5 : . EE E E E : .. :: "
(1853), 199-202). MAEFEEH AN soeee oo rees
Bk T A MBE REF R, L PN
LA - B - BI/RIE(W. P. Durfee)[$ ..
WJohns Hopkins Univ. Circular 2 %) 8887211 b) 75434443
(1882412 H), 23]. fil4n, 8887211 E28 A 565y R 2 AR EIH
i) 3% SR FI U HE B E R ERY4 * 448 /R IE EE R #ERIES R

e tnfE 28af R .

WA #1Ra, > kIBRK TRl , BREHFREELCA A, Fel1a] LAELY 5y
Wi iE (trace).

MBSy Ra, arr, EHIAKA =b, by BB 1T X R A 1R SR F T HE B A
TR BEMET . fin, E28bsri, (8887211)7=75444443, Xp=a’ v, A
BREa=p". ¥ BHas, afb . WX, oIy itfi&marc, -,
sy Rb, b, 2 BAH —EIEFE R, BIXTHA 21,

b; — by.=¢, (11)

39
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RN RAREBURE AR ESROE, AEEIUABRRETERRRALEL
2146).

HEMBEREFRM TELU MBIy MR, i, BEARMNGE
MEXL, BIMRRAEDWES, EREHNPEESH) - HE, R R X
(a,a,) RIE A Bo/MOE sy . Kk, P WHARIHOH 3 E MLLSE A1 T 1
B, OSCR BRI KER S AymBy AR RIRE A B/ & U3 K/ EE L
R TUBAVERE, B AR/ JLFER 12 /DR.

i H, B HLUEA 1R 36 He i 15 SUBF o A ix 2oy R Bilan, (TRIIEHESy
A

41111111 4211111, 422111, 42221, 431111,
43211, 4322, 4331, 44111, 4421, 443

XS Rn=11H 8 Ko a5 R EEnfIFr A o R —f £ LLE LR “n”
TP, AREREAM Fm=2, 3, -, nRSITREH; X/ EBL o R S0 ™ 4 By
AaZWE7). FEEEEHRTLAHIA A2 EPRIXHE.

Z/0HE—-MEARHNFR RV TS, A% A+ (rim representation ),
BB FREFRRFASERO S, AEBImERNES 14 HREN 1%
ek, Blan. E28ard sy RI8887211745 k4

(12)

(13)

EANTERA DAL ATLAE M < nf) FRNET AEBL LA —FE . i
BIATVAFRT 2.1.3- 1508 , XA —Fadll st BT —1(n, M4 &
Fgn, (13)3%4RF704~ ZREALRYH:
0---01001011111010001-+-1=0*1'021' 0' 1°0' 1'0* 1 ¥’ (14)

Hep BANEFRC B RBII0, ERERBREBEOURES HBHFAN
L. 0OF R LERE MR, MIXRTAANEE. BHEH, LXHHK
E X ZHAL BRI AN RE. K2, AT RENZEES{(n -0, n - 1}
BAHEFIR R F o) — A3 . Yo RIAA AR ESE, EH9 ZFE60H ko LALL
U755V

Q"N G PN P92 L. P Q% PP ( ]5]
B, Kp flg R IEEH. TE>URERTZ
aa, = (p 4+ p)i(p +4p, )" (p)" (16)

AR B F Q1 +145+1)° (1+1435) (141)'(1)’=8887211,
SR 17404, FIHGTE - BkHi(Leonhard Euler)Z B JEMRH - &8
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(Philipp Naudé) [l fb @ Ry — /SRS, B TRREMMAEARIE, Khfbdd

WXl KRB kit EEMERA S RPN [Commentarii Academie
Scientiarum Petropolitana 13 (1741), 64-93; Novi Comment. Acad. Sci. Pet. 3

(1750), 125-169]. %3, FELEFRH

(14z+2%4+ - +2Z+-) (L4242 2% ) (14274280442 4000 ) -

W, 2 RO A R+ 2k 30 - =nfE TR BRI B i B 142+ 2 1/(1 - 27).

R R xS
P@=] 5= = 3 e (17)

Mintty5r YW Ap(n). EBPBIUEKEA BB FHER .
B, BKHiAkBL, HIEP(RISBIRMES, B3R RIBER:

(1-20=-2)1=2) ==z~ +27+2 =22 =2" + 2% + 7% =

- z(_l)nz[3n2+n}a’2 ( 18}

—————

EFRRFMHER, X/FANEFXN—THSUEPHBAE S 1.1-14
5 BT @ L 7E 3 hnE & M T EUIE % K

]i[(l V(1= V)M -ufVE) = i(-l)"umv“"} (19)

th Bu=zFlv=z2, WARTLAEBAE, BAGBERD [, 0-7"Ha-7Ha-2%) ;

20 216E5.1.1-20. BRAEFA(18)Ek EH o KBl 2 B 35K
p(n)=p(n—1)+p(n—2) — p(n —35) —p(n = T)+p(n — 12)+p(n - 15) — - (20)
R BATATEALLEND R RRE BT R ERE S R EE
n=0 1 2 3 456 7 8 9 10 11 12 13 14 15
pmy=1 1 2 3 5 7 11 15 22 30 42 56 77 101 135 176
BATANL2.8Y 5l , BEARBIARS (n)=f (n— D+f (n - 2)RIRELIEEOT N
K, mHX4f OFS (DHER, Afn)=60(¢). MR, 7EQ20)HRIFH MBI ° - p(n
~=5)=p(n—7)" X5 RNEE -TESPER; FXE, mREREE LB, T
BRI EEERMUEZRRG . % PRI “+p(n - 12)+p(n - 15)" FEHiik
HirgmEK.
T EANERA, p)BI KB KRERRAN oA /n - Blan, E33EEIE
BHp(m)E RN 20, BIEK . ME—-THAFHNRRAERN LA G E
efE (17) PR,

- -} x "

lnP{z}=§lﬂ1_lzm=;§% (21)

41
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mjad T Be=e KM B L =108
o~

. 1 1 1 &(2)
In P = = N — e g 22
nPe) ,,,_Zl n ,Zlne'”-l{,, n’t t (22)

Z8, RHTFpn)<pn+l)<p(n+2)<---Fle'>1, XFHES0, HIE

oo

ll[i(:_)r < Z P(k:lf{"_k“ = Ean{e-I] < Eﬂi‘-&;ﬂ}."r (23 )

ﬁh-\[é@)fn 25

p(n) < Ce**" [\n, Horh C < JE(2) =n/ /6 (24)

B FBCBLRY R FN A A (1.2.11.2/0) SRR A . (5.2.2%0), TRATTRTLAS 3%
TPe MMK/NERFIEE; SRIB25. B4 LB B 58 A8
A ORFHP(e VHIREHEE, FHit, BERRNEA CRIBOR R A b ¥ hn—Fhig
REBFMEHET.

BRBLAI A B R B P(ORE S Tiam s K42 X[J. Ecole Royale Polytechnique
12 (1823), 404-509, §63], MEXNAK, BUR— “BHRITF BIE B,

M

37 +0)= im

Fp-— Fr-—

EAARRLATFIH SN ERA, LR RMAY . Tifil R %K
AR BRI, IR R [ |y <o, TiHSRE

i) f (n+O)ZX TR SO0 RO 1, (R [S6] < e misg A 8 o0 AT
W, B ERDEZER D Bl &#H

e [ e f(y)dy (25)
M

i) % r B L 0, f{e)-%limﬁu(ﬂe—awﬂmf:’)-g(ﬁ)—hw), Hedghh

RL ISR, HHe(x <)Fith(+ <) RARA.
Mg RIEILER. (NS - T H % (Peter Henrici), Applied and
Computational Complex Analysis 2 (New York:Wiley, 1977), EF10.6.2]. & #h
KA, MRAXHER—FHRES, HmREHENE LRI, YLkl
R AR, ZRHTTLARIER.
AT TR, IR TR R 2 2 (18):
1124 = 3

< _ 2(_1)1125

P(z) &,

1.2
(ne—)"
6

(26)

FRHFHFES0, HBAVH ™ /Pe)=35 . fin) . Hh
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f(y)y=e? _” "} cos Ty (27)

M EREMOFG)ZT, XA R o FHRKNAXRELSSHR. Btk
frIRTEAZ Rk Xt e > f (NREATBSr, MBAX Tm=0, &XRE

> Ir_ 2
[ fdy = \’%e . (28)
BA 1A 4 L
Z'[:(Ezm:‘y e ™ f(y)dy = 22"' f(y)cos2mmy dy (29)

H—ik, EMBRoUEKRAT#ITH. MHXELERES LA toriRmE a6 HE

—k2, HHH
—tIz4 2 —6nl(ne—y it -t /6t
— -J—n E( e ! FE ° (30)
P(e ) Vi P T

SABRFIBRMELIERA TR TPOWN S —TEREHL:
EED YISO, XFor A4S EB(7)HERER &R

C{z) ! - 2.fJ'
] P _1 - P n
nPle ) / +In (E ) (31}

XNEHEHBESE - B4 (Richard Dedekind)[Crelle 83 (1877), 265-292,
§6) KB, Yz=e™"BF, HBEn(n)X A /P(2). HAERRELLAEERG LM
B R B R R . R, Yo —/DRVIEEE, In Ple ) tRumitb/h; Bildn,
Wr=0.1F, Fefl1Fexp(—4nt)~3.5x 10", HxEEDER b&IFRN S4B
Fint, X TFPQMERNFZEmENETLFN.

X - Wy - ¥3il(G. H. Hardy) il - $i % 3#%E(S. Ramanujan)ffi XA~ $F L, XK
S FIRKAInBIp(n) ¥R, W BRI TEE S 24 2o il - pifE
SWHT THS, B T AU LB SR —~% ¥ [Proc. London Math. Soc.
(2)17 (1918), 75-115; 43(1937), 241-254], Mail, S o & hifE S H#R A x
FrinIAR B ERCZ2LXINBHRANEERX Z—; B

p(n) = = A*(n)‘rm[ %%*J”_”M') (32)

25!433!’4("’_1!24)”4 4 k

X B, 7 8 ot R ER T D128 /1R R 3

( \ 1 (2 1) Ez(coshz_sinhz\l
hat2)= \2) Zgr(us;z) k! x\ z 2 ) (33)

M B A #A (WEAK

/2 w
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k=1
A (n)= z[hlklexp( ZII:E{ J{hz’:’m - ”:} (34)

E X, Hrpoth k, 0)RHBFR333- (16)hE LABEER. ®BIA

A =1, Aym=(-1)",  An)=2c0s 2+ DT

(35)

M B, A (mfLT - AFIkZIA

AXCOM —MIEHBERINEEARE 7, HEABBEHERET.2. 15 i+
e “DEATET. M Th=10I, B YMARE N PO RH RN, F -
W S0l T - 1t e e, Kb ELUTOHE Nl LA . —&
B, (B2)MISERINTE [ T X T4 A 43 BEARIA T 295y Bh/k, 2@ e It P(2) i) 2
ER IEBCRREXN TPQIMESFRRA, 2810 -2), 1-2), (1 -4,
R E—TRE T

AR BATRBEE—HEBRRELL, WG2)RHT 10 =] KA E L

HYEIE

P(fl)= 4”£
HA, MRENEERY L LAY, WE

(1+0(n™"'%)) (36)

Ehm ! |IIT —xjnib ' ]
p(n)= 4!1'\[5 (I—Evg)(l+0(€ }), i -H—E (37)

fan, p(100)FFEH{AE190 569 292; 2 (36)&E kTl 1p(100) = 1.993 x 10*, (fij(37)
# B 4718 £ 1E 11190 568 944.783,

LY - MERZFN(Andrew Odlyzko) L2 KB, YnfR AR, "5 — 7 84
H-PiESHANLER LAY MitBp(mER — ML PR S, AR
ABEHE ] LA TO0(log p(m)=0(n" ) Z P kitfr. ARG EMA)—LIEN T
ETHR, REXNRERIE RN bk ) — S HUL BB Ok R — 8., Kk, K
Z)—HWA, (MBRBERANETES N IE28). Flan, Xn=10%F, I -Fk=1. 2H3FITH
SO = 1.47 x 10", 1.23 x 10°°F) - 1.23 x 10°*, #2503 7 Fi = 1471684986---
73818.01, TiEIFHMER1471684986---73818; ;X25015 h 12315 AE .

AR X TR mA B Hnf 5 R B, Slidin S

n
” (38)
BHER . TR} THEBEmin, #I35
n n-1 n—-m
m - m-—1 ¥ m j (39)
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RS, BA || R T HB/INER S A R || THEE T R sy . (RN
DARRESL, BATTAENBIR, H BB FIn - moy Emisy @ oy %. @it
HAURIHE A ) T LA VS, || RenE £ 5 Bim A # 5y Ha 5y RIFOA %

B 2y m AN JE SRR AT . BT % BRI, RO, [n] &R
5y Smifanbsy AR, F || RFIRE— IR SOREHR, 3 Fm<Ofn<o

H=f
m

n-1
m-]

L
m

A
m

"as, g |=0
O = Ml *u m - (4(})
A T MR R || ot sy, BuesnaaaT (). (L] (b ()
WA SR, XERIARHE RS T; B0, ARERHE
HF" Em
2lnf T (41)
%2 SN
1 |n n n n n n n n n n n n
o Lol IS Lal 511G 151161120 18] Is] 1ol 1)
0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0
2 0 1 1 0 0 0 0 0 0 0 0 0
3 0 1 1 1 0 0 0 0 0 0 0 0
4 0 1 2 1 1 0 0 0 0 0 0 0
S 0 1 2 2 1 1 0 0 0 0 0 0
6 0 1 3 3 2 1 1 0 0 0 0 0
7 0 1 3 4 3 2 1 1 0 0 0 0
8 0 1 4 5 5 3 2 1 1 0 0 0
9 0 1 4 7 6 5 3 2 1 1 0 0
10 0 1 5 8 9 7 5 3 2 1 1 0 |
1m0 1 5 1© 11 10 7 5 3 2 1 1|

nf JLEFTA £ R O(Vn logn) AN 885> . I8 - JE/REWTFL - $hAFT R BL
[ Duke Math. J. 8 (1941),335-345)ix — 3%, A —/4E% A HEHIEH:

FHEE 4C= 1/46 #%mz;‘g«/ﬁlwxﬁ +O(1) , WX FHi e>0R1;
EFEEMx, X4n— o,

l +n -1/ 2+
_ (: F(x)(1+ O(n ) (42)
p(n)| m
Horp
F(x)=e* " /C (43)

Lx— — ofif, XNEBFOIEFREMLE TO, fodix—+ht, EHREHDHEI
F|1; BrLAVER—/BEES R, E290EM, HEMEERBS O=F ()XY

45
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m+n

FRTHE -2 <x< 4. H29am, Yn= o BOfE, LABEELER,

Elﬂzfﬁ‘ﬁ?= 2—6\/;111?1—184

Im-li-n

Fi+n

MERA AR |0 Bn RBKES <mPa AT BX—FK. TE, AF
FRIRE, BIER1.3.3-29), Rf1A

m+n

=pm)= Y pn-i+ ¥ pn=ji~jp)~ Ep(n Jimda= i)+

j=m fl:"h”’" _;3:-_;2 h>

BAp(n~j = - j)RZBLERBNED U, -, ) ) —REInR) 3 R B. IERATE
XEE

nm+n

1 pln=j,=--—J,)
=1-2Z +Z,-2,+-, 2 = ! " 44
ol m  +2, -2, 2 = (44)
T
1
a) |19}
0 8 18 28 38 48 58 m
ral "N\
b) f(z): !
| |
-2 -1 0 1 2 3 4 z

B29 2§ a) n=100Bt; b) n—~ =@, HmAHEsFInl 5 RS g #E)

A THES, . NFEALEp( - D/p)A)—AF R, mAEHNMTzES
8, RAZRCOB®RE, PO <n™

p(’;')’) =exp(2CVn—t =In(n-1)+O((n-1)""*)=2C+/n +Inn)
p(n

u1+2£ )

=exp(-Cmn™"* +O(n”

MiH., fe>n>, Bf1Epn-10lp(n) <p(n~n")p(n)~exp(-CnY), ER—/ i
/NIRRT .. BT ArA > ORE, AT LABLO 6 AT (A

P(H—I) -:ﬂr‘
p(n)

a =exp(-Cn™"'?) (46)

Bilgn, ®AVE
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m+l

_pn-j)_a
£ p(n) l-a

{1 +o(n—|f2+2£ )) + 2 p(n - j)

> p(n)

" }Pnla"l

-C.
€

CI (1 + o(n—l.“2+2¢)}+ O(HE_C"EJ

B b a/(1 — a)=n"C+0(1), MiH o =n"e “, —ARHI M (Z I 36)IEH,
fnr=0 (log n), M

-G
E FX

Z, = (1+0(n ") +0E™") (47)

C'r!

e Ji—— 1 L ik R — AR 2 R B A0 — /A £ B ——(44) RO B 4 FOAE T 51 3L
2T, BREIEME “FEEEIRST, XAy

|
-2 +2Z, - =2, & ——
| T4 2r-1 ()

m+n

m  1-2,+2Z, =2, +2,, | (48)
(2021837, )M42r86E Fin nifd HnfR AR, X, ARIHE/DN: FER TEA2e kAR
Bez b, BlfiEa42). |

EMESIRRAT, — BN IR LB R SV im0 . if

B 2Yn A B AR, bl ham Frr i, flan, BiRHMM2SK/A R
it ELBFE A B A S /RFIMTHE R, A ScE R E (mEELSZRP IR ) . B
B TR WG Y B3R AR AN R R TA -4 R
R, Yn-ofif, EEEL B

0 NN
SNEEEEEEREREN

A

2/n

HEEEEEEEEN

B30 — /MBS A B B AR 0 3 L B2 gl % (49)

A - Jg - K- HHEMH. N. V. Temperley)[Proc. Cambridge Philos. Soc. 48
(1952), 683-697144H T /RAXMER, MAEE— KBNS Ma, - a i 5K
Gy a, K R T AULE

47
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e-ﬂu}} +€-r:atm"?= ~1 (49)

i B AR L — AR AR GRS 7. G, MEET - B /R(Boris
Pittel)[t]— A~ Bl [Advances in Applied Math. 18 (1997), 432-488]7 313 H &S

W —ABEALAY RIE LT SR V2 s o KF@OH—B, filE S
C

£ OWnnn)? fig, REFHA BR/RFIN A b A 29% 00 FHRRIES e 2 M.
B, AR EBEEmA B Wiy, KhmEEEw, Wk
BIERRSE AR anEmaEm A, WILTFA XA A
m

a*-iln— (50)
m k

B317RtHn=50, m=SHIfEOL. H3K b, ZmbEni AR, MFERIHRRRL, HEAR
2 n T8 3 W S (B W 3B R & S (Vershik) B JE ik 4k 4y (Yakubovich),
Moscow Math. J.1 (2001), 457-468].,

0 n/m 2n/m

HEEEEREEEEEREEN

E31 S AmA oI AR BRI AR (50)

sy WML &R RS T RINA XA R RMOE—-FEL, XEELLT
BT, BRI UPREI R4, i LREEA oD 22AmA T,
Mg — K NEL A~ R, ATRA—Imx IR . FrAXEND
Rxt B TR AN R L B A (m - 0, 1 - 1IR9HEF, i LA 4E1E5.1.2-16
i BN T S EEAHVINRE. Fli, ZTEES T & An R
B — AR

EEC FniBor A £ TmA BALMERS BAK T, Mnk o Re 4 8h

[z"](f+m) =[zn](l_EHI)(l—zhz)n'(l“zhm)
m (1-z) (1-z) (@(1-z")
XAEERLE i - R P28 H [Comptes Rendus Acad. Sci. 17 (Paris, 1843), 523-
$31]. £, M4l B, 4 FRIEHEA]., —E-BRISRAABRH S UL
AN R 839, |

HER AT . BAETRAIS T4 MR E &5 AuE M LR EML £, "L
Sy b S REEPR R . RIRBEA B EPL, -, P6, BB RATT(n), -, Ts(n)
K. BIVBRET.()=1FT, (n)=p(n); i LZHFEREREFBEN, L= T()H

(51)
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T, (4T, (=T, (n). M TEEA200 28, BNEESBPI—K, Miix B
ep(n—2).

Bk k TREPRIGITH A, ME— v REM $ R & 3R A &4 1T 5 PO K 4L,
EHEAREE E . Rifi, HEBZ R, BENESEP2RIPOE /4 > 2/){E
FABHa a0, MABNMXENEKEESBPIXEESTPShBEAR], Hik

' (n)+ Ty(n) = p(n)-1 (52)

o T'(n) RERP24Ea, BA S 2MWEMKE. 4 L=T/(m+T'(n), FHBT/(n)
&L WRP2iEa, — 1HIKRE, T (n)+T, (n)RAE1FE RIS RIS, Hk

T(n)+T,(n)= p(n-1) (53)

P IRMIC LR 2B HEERERAEENE:
(Ty(n), =+, Tn))=

(54)
(I, p(n) = p(n=2), p(n), p(n = 2), p(n) = p(n = 2), p(n — 1) ~ 1)
M H M p(mMMI#LE S, Bl L sl w40 M ST E &
) (6,2 2€ 2 <)ol
(p(n}’ " p(n) ‘n'T AIn T AnT n *O) (55)

K C=n/y6~1283 (W45, FHik, ¥ T8—2r 872 A G k(L
(& 4-3C/n+0(/n).

FRRBEBERERFANIEX, BAUNEFECRET

EXMFHEZY, MAALAFEECA ST RERGHL

FRE, NEABRBTEHESE.

— 7| Fpokfk - BRAE, De Partitione Numerorum (1750)

BEHEMRLL 8, (HRMNELATLLGER B TR R A&/ L. 3

R RE/MIE, BERg <a - INB/NOThR. Ym=4Fn=118f, jH0FHE £

(2,2,2,3,2,2,3,4,2,3,5), maH.%5b, bR a-a,) I, BAIEB=b +1(F

R(NHF(12). FRHIBRHE =2, EAXMERANEEE, mAEhENE
5bHE,

Ben (M) - 1 RIMEISIE, BIXET i BEHA I F A [ 4 R KRS
Ban, c, (11)=1+1+1424+1+14+24+3+14+2+4=19, FATATLLIA Ke, () |2 B4 45
EATR AR — A PR E . BHT BB 1 5 B HAFIH 6 BF B I K0 RY — 25%
bl kA bec, () o RRAERE, B e, (m)=mifi [2|=1. BEEmEk, Tz
FRUE B BB HAR A 2

EEH BZEHNROEZE£43

+m.

49
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iERR  H1<n<mit, RBENIAAME Lc, (m)=1, WATLMRZ S#uiEutc, (n)

WA || —HEeEH, BIXtTm, nal,
c.(n)=c, (n—1)+c, (n—m) (56)
2 0.(39). HELTEDL R FH2&AER:
c, (0)=[m>0], cyo(n)=0 (57)
3 H M mAaniR /N, e, ()R
®3 WEHMRM
n | co(n) ci(n) c2(n) es(n) ca(n) cs(n) ce(n) cr(n) ca(n) co(n) cio(n) c11(n)
0 0 1 1 1 1 1 1 1 1 1 1 1
1 0 1 1 1 1 1 1 1 1 1 1 1
2 0 1 2 1 1 1 1 1 1 1 1 1
3 0 1 2 3 1 1 1 1 1 1 1 1
4 0 1 3 3 4 1 1 1 1 1 1 1
B 0 1 3 4 4 5 1 1 1 1 1 1
6 0 1 4 6 5 ) 6 1 1 1 1 1
7 0 1 4 T 7 6 6 7 1 1 1 1
8 0 1 5 B 11 8 T 7 8 1 1 1
9 0 1 5 11 12 12 9 8 8 9 1 1
10 0 1 6 12 16 17 13 10 9 9 10 1
11 0 1 6 14 19 21 18 14 11 10 10 11
AUEX AR, BO1EHE ERBUE PN ERBVER, HFnom>2,
n
cm(n}s’.:“ +2m-n-1 (58)
m

ARISORB, Zim<n<2mit, XAARFREL, FrLAnRBATREBUE B 2 n>2m
BrEaL, WREMBER T. R —FHR T, @dRmERINA
C,(My=c(n-m)+c,(n-m)+cy,(n-m)+---+c,(n-—m)

<1+(3 +3—n+m)+(3 +5—n+m]+---

n—-m
2

-
+(3["':{+ 2m—1—n+m)

+3 -3+m2-(m-1){n-—m)

n=m
m

+|+!-+3

- 3‘n-im

=3

n=m
F

+2m' -m-(m-n-3

mBHAFr22m+l, AH2m-m—(m—1m-3<2m-n-1. |

"SRNEET. LREEIESHAE, LA BE e, o, AR5y KB
EEdhe, MEDEZLRNANRERL. (BT FEE ZEXCERER/MEE A E 5 /Y
S, HELGXAE R A ECRAE K ES R, Bla g, a, FIf54RE Rl X T R
k, EpMIREa ~a +1Ma —a - RBR], WEET 213700 “%ZH17 FiEH
MHE. SRIELXORFTEER; FL L, Ln=068, HE—HEKEEIX A
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111111, 21111, 3111, 2211, 222, 321, 33, 42, 411, 51, 6 (59)

i B — i, $Ensr KEZmERsH |7 | A SR E & SRR R @R A .

HE, a- RN RE B —/1 R RiFrF#, X H S8R
Bahof) RRFIHHER P HI— 5, BOTRBPRR/RFIMER. Hit, o - f
R — e TERER. BEH, S ToREEnTEHETHEN, X
FoarREAEEImERG A — T EG. RITREEERL R TEST LE,

sy MR E DR B B0E B R Hn=T, HS28; fi4n=81t, HO652F; X4
n=91f, £298 896Fh; Xn=10K}, FH2 291 100 48:1$?|1u Lﬂﬂ&@;%ﬁmmﬁ]ﬁﬁ
BHEEH . RE KRR, BRSO AEBE, B Y 1<d<n Bd@niIE T,
Bd“A 5 8. ZFER S RLALA{(d+)d™ ((d - 1), d*(d-1) 1}EAT, THEAE
IpTeREE; maX AR B REHERR T (E A8 B A0sE 3 5 %

KL - W - BESE i (Carla D. Savage) [J. Algorithms 10 (1989), 577-59514:%3 T
DU S & B BRI E At e iR X WA — A k. £

Lnfmj

m+n
m

u(m,ny= - (nmodm) (60)

FEnBIIE R B A iR R R (BLEER S <m) 5 AP B AR RM 5 R Bluim, n)
XK VA by LT B EEL(m, m)FIM(m, n), HrpL(m, n)igim 35 R 5 Lim
S, mM(m, n)E ARy M E £ —5iyo 8. BRERM By 28
#/hFm, MM(m, n)DELIEH & AEH s Am+ 1853 8. Flan, LG, 8)£11111111,
2111111,311111,221111,22211,2222,3221,32111, 3311, 332, M3, 8)&
11111111, 2111111, 221111,22211, 2222, 3221,
3311,32111,311111,41111,4211, 422,332

LA4TF 3K 55 5h A9 43 )R £ 388 AR FUAb B0y 45 AN “1EBh]". X TR n >0,
BA VI E LL(m, n), (B Tn>2m, BATEXM(m, n),
ftFm=5RHUARLIE SHLA T HiE, JLFHAZ:

(61)

(L(3)
L) o M)
L(5) = {4L(=)" } nfn<7; ‘4; ) | #nRn=8, s4L(4)f | RN 9;  (62)
SL(x) s 55L(5)
53
(L(4) ) (L(4) )
SL(4)* SM(4)*
MG)=16L3) | wmBii1<n<13; l6L@4) | inHn> 14 (63)
64.L()* 554 1(4)*
SSL(w) S55L(5) |

51




52
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X BL(m, FIM(m, MF RIS Hn AR, FAEATM LT, BLME
AR LA RTE S DR AR, MITHERESDEEMSR. Bk, film, (63)
e

M(5, 14)=L(4, 14), SM(4, 9)*, 6L(4, 8), 554L(4, 0)", S55L(5, — 1)

FERILES, — DEBr AT, L4, 00238, FRLAMG, 14)f) 8 a5 RBIRS554=u(, 14),
mEERAZEI I, DS L(=)REL(=, n)=L(n, n), BInfIBTA 5 RIATEE T B
LA IR LAn' &R,

— i, MBRMSHIUMm -3, m—2, m—1, mHm+1LER(62)R63)H 1Y
B¥2,3, 4,586, AFFHAm>3, Lim)FIM(m)LHi @S HRBNE L. 76
Bn<7, n=8, n>9% fn<2m~-3, n=2m~-2, n2»2m-1, jef11 <n<13fn
> 14 E2m+1 < n<3m-2F/n>3m—- 1. FHLO), L), LOFHERMEX, H
B MmN EBRER . FTr>5, EAIMQEL, 2177, 31" 7, 221" 7,
2221" °, -+, w2, n),

EES M Fm, n> 0 E@EBL (m, n)FIF Tn22m+l 25HIM'(m. n), HA
ERMERAIBTA S RIFE, BL'G, )RR, miH, L7FM'8 M AH G % R
(62)F1(63), {H—LE4FULHISb,

HEBR WANEBZBNO62)F63)LPAA . %HF JLABIE, H(62)%H

L(4, 6)=L(2,6), 3L(1,3)*, 4L(1,2), 321, 33, 42
=111111,21111,2211,222,3111,411,321,33,42

B, {LFEL@4, 6)FIE IR FTHBUMIE A . mEm>4, B T, BEAHMLm -2,
2m - )RR RF|(m — DL(m -3, m = ) fIFFLRREM(m — 2)(m = 2)28]|(m — 1)(m = 3)2.
AAEFEA N REHEBR L4, 6), B AT XN MBI A E DL ESELI4T1,
33,3111,2228 %, SFELI2211E%K.

HT SR R, BROEEA8LH T, kR R “HEMRTEF
L(4, 6)atpF5, RL(m, nyFOM(m, n)H)E ST R . — A RPN HSEEETMT
HIZE X

(64)

L'(4,6)=111111,21111,3111,411,321,33,42
L'(3,5)=11111,2111,221,311,32

TR, RIOTMLE, 6)h & WE222512211; FAMLXLG, HEF @, EH2111

[@2214H48. SIE60K M, LG, 6P AHBIAAN o X "™ £ -REER
5. |

(65)

3 &

P 1. [M21] REBWME 12805 ET A REG AR SEM AR, Fla, mA i
AN S hm . C4EER, ERICSG8), il LEEERRADEE Ym=08n=00t, RAIZL
ANRIER. )
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> 2. [20] RIFAN FLBHIA —A/hikshal =M T RS 4 g EE2mA 550 BB
A5 %l
3. [MI7] nfl—Amisy 5y Rla+-+a,(a, > > a, )R R HAFHH— R T1 <1,
j<mfla,-a1<1, RIEABYn>m> 1B, BH T EXHA2R, HBAHEE e 1EA
i, mFnfy R B — R R A
4. [M22] (Fd% - [B/REE, 1974, T 2 BnWIFE RS NUF T B/ o MOEH A
SEL > r)? Flin, 4n=19F1r=5kt, ZFR4766.
P 5. (23] IR ERMNEH I H B R, e ZTHEBANIBTA > RIFE . LA a3
EREN, BlfEe, o MIEBEFT, CFM FX R e - WEAREF. A T 6 28M%EE
W, BHEFF—ABERLL L, ERMRECONARKMERL< <k, WHRAH

by =k, b =ky, -, b, =k, I, =0

(H s RI33 188t e, 6:=1020000, I=1, 1=3F11=0F; H4bBEEL, L, L, L] 3B KT
Al 75 (ERE. ) -

6.(201 & %Ea, a,;---, RIFWT—1HEXKTEDL b, -=(a,a,-).

7. (M20) &a,afaa. BRAa, > >a,>0/a > > a >0Mnskl., H4E
AL BIRD,b,=(a,a) F b-b) = (a/-a,) . RIEMb,b,< b, , HH(X
Ya,-a <a,a .

8. [15] H(p,---p, » g ¢ )RMEENS)FN6)H ) —/ 5 ¥aa, Bl & &R, 4
R’ R(a,a, ) =b by?

9.(22) tn&a, a,:-a, b, b, b, =(a,a,-a,) BRI EFESY, RUEALEESE{a+].
a+2, -, a+m}f{b+1, b,+2, -+, b +m}FH%.

10. [27] I T AMER AR — R AT o a8 QuFEmABRYN
s R —88, O)RFE - THEBEANFTA 2R —80 . X BoR Hn=81FiX py Rl 2
IR . |

PR S ) 0 13X Sy o U A B — AR AL . SR | 23 I WGPt Jos T 5 3l ) ] S8 GG 2

1. [M22] fE AL, 2, 5, 10, 20, SOFN/E 1005y URE T . A £ /D RR 5 K 34 TROT?
RGN E S RAFERRA, BLEH?
D 12, (M21) (BN - BREBL, 1750. )f FA B R BORUERA:  48n 5> 3 B0AS (8188 43 B 7 2 A 42

53
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nsy R HER I . Blan, S=4+1=3+2; S=3+1+1=1+1+1+1+1,
[iz: FRBENEERAAGEARRIEHX M ELEZBNTR. )

P13, [M22] (% - BEAk, 1882, )IRIXMHAEAMIBR A2 BER KU L/ 4 % Fun
AU 4F A IREA > B 5> R Z B 0 — —3F L. (k=04 D 3T 7 FRRBIADES . )

P14 [M28) (fF - &9 - Hm/REIHRE, 1882, )IAKTEn KB AL “HIR" MRS
a,>@,> - >a(F P a, >a, + DFHER s BB F I DA EHAR 82> R 2 BH— MR ¥R,
(Blan, Zk=0RFX-HEIEN, £S5 BOEEM B I kB RANSHEHFHA%. )

15. [M20] (f& - £ - ®/REER:. IR & 245 RENMEBa=a B4 DA —
A H R 3.

16. [M2]] iIR$EHEART 2 RIROE AR 2, B Atk R, CABRE - NEEALMESK,

17. [M26] nf)— /B4 o %] T8 2

a2 -2a,b>->bFa+-+a+b+-+b,=n

W IERE ) — X F5(a,, -, a; b, -, b).

R nRs=0, XR—TEXHO2R], Fanr=0, XB—A 850 W HEA R M5 %,

a) R HAEBRRBEu v I — PR RARK, KRN THAEE 5 a HsA A (65
5rb, PInIT A B o MBTH.

b) flith, A, WA Lk MRE X T A res=/ B 5 BT 64 4> %I
AT, ZvrR—A-EiRak.

c) freF it A tEFA?

P 18.[M23] (£1& - ¥E/R1E#%(Doron Zeilberger), )IRIFBH, 7EE7S
alra,? -2a, b>b>->b,
R BUT SR (), a,, v, a5 by, b, -, b)FIER
2622, MFI<j<r+s, dE{0, 1}
HIBBIFFIRS(cr 2y vy € iy o d)ZIRE A ——MFRER, BIETEEES%N
{a,,a;, -, a}={c, 1 d,=0}F1{b,, by, -+, b}={c, +r+s—jl d =1}

mAx. &%, WNEBHAEBEHVESX

Eur+.1vszul+...+ur+h+---+.b, - Eu:vdl+...+d'z,.l kg, +(0=10d &by

[ N T | T R T
b -z bl d, - dE {01}

19. [M21) (& - #J(E. Heine), 1847, )iFMApuSKiE LA

T A=waz (A -wyz™)  qw (-Dx -2 (x - 2Ty =Dy =2)-(y -2 e
e {l—wzm){]—w,ryg’"} - {]—z)[]_32)”.{]_z*){l_wz)(l_wEl}”_(]_H,zk)

BT ETFHNAEK
utv'z? (z-az)(z~-az’)--(z—az") (z~bz)(z - bz*)---(z - bz')
kzu (1-2)1-z")---(1-2")  (d-20-2%)---1-2"

HREFT R RSB R 0% 1B X b=auzit H B BIL .
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P 20. [M21) {E HBKRIRRITE(20), JF1<n<N, iHE¥pnmf)—ikE, T E
£ 9t £ < i|)?
21, [M21] (f& - BKBi. )4qm)R 5 REA R Mo %4 %, tnRime8a5Ep(1), -,
pOIE, W HE OB — A 7 R At 240
22. [HM21] (§ - Bk, Voo (MR ESKnMFH EE 28, B %k 5 8,
o (n)=n+1, fXnkteEr] &K, o (n)ealLitbn kKiRE. REA SRR &R0 %,
KIE , o (n) JLF# 2 12 R B AR A R(20), #Fnal

on=on—-)+on-2)~on-5-on-T+o(n-12)+o(n-15)— -

HAU—TE “o0)", HIERnERERS. Flin, o(1)=1+11=0 (10)+0 (9) - 0 (6) -
0 (4)=18+13-12-7; o (12)=14243+4+6+12=0 (11)+0 (10)— o (7) - & (5)+12=12+18 — § -
6+12,

23. [HM25] & M mT LU A = el e Ba X (19) H IE B ft % BLED 5 — A~ 45K

LED!
-
2

.H(I—Zk}g = l—3z+533 —?zﬁ +93'” - 2(—1}"{2ﬂ+]}z{ ‘J

24. [M26] (3 - Bi 2@, 1919, WA =[], 0-2")" .

a) UERA: Zin mod 5=4f}[z"]A() R SHIfEH .

b) IEBH: AnRBREAEM EAEAKMIERE. W(AQ@)BGC) BAHEHERK.

) Bl Zin mod 5=4}, p(n)itSHIHE % .

25. [HM27] 3 fE Fa)Bkhisk o2 sSFb) R AR e e i it In Ple ), 3(Q22)dk ikt
P R WL O)=x/ 1242241324 - B Li,()+Li(1 = x) =&(2) - (In 0)In (1 —x).

26. [HM22] #£ 315815 2.2-44F0 215 2.2-51¢1, AR RERR 5 i A B, 3 T B M>0

Ze'*m = %{v’(n_ -D+0n™™)

IRIEB R R A XA HERBR BN —IER.

27. [HM23) AT Q29) K (HEHE K FBERDIIITH R .

28. [HM42] (& - ¥ - ¥R, KW, ECHFELAMSE-RSmlk-fESHNEY
A, (m)F T EEMERK:

a) ARk A A8, MA, (km+dn+(k* — 1)/8)=A, (m)A, (n).

b) anRpHRE. p>2, Hikl2p, W

AF,k{k2m+p1‘n—(k2 +p¥-1)/24) ={-1)'P"”Ap,{mm,,(n)

EXAAKA, mRpalka] H283%ER, Mkt+p™ - VR4 % . TWILL24 % B 5 i i

modulo pk S .
c) inFEphEH, W 1A (m)l< 2721 p2

d) tnRph s, WA (M=04H {711 —24nRmodulo p —rkFis, MiH&Ee=1HEE
24n modp=+1.
e) 2Mka[4F N > S HBOBER T Hnkt — BRIV B, A, (n)=0FEKIT (LI %1 -2,
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> 29.(MI61 ¥ (41), HUREME, o0s 50,1225 02" @
30. [M17] Kk FFIFRE— iR

-k
@ nm_ﬂ ® Y,

k>0 k20
CEMZARR, FAIKRAR, #RMNIAHF. )
31, [M24) (L - 48 - BERR. 1843, IRIEW] || = |n/2) #1 || = [(n* +6)/12]; |7 .
R — A U 25K
32. (M1 RUEM, MFBiAm n>0, [1| <p(n-m). FXFH BT
33. [HM20] (A FHEEL, Hinsy mibar i f (L)) A48, B%BR7.2.13-9), ik

B—ATFR. REEm=|Vn| RBEpK—~EEHT R

n
m-k

9

b 34 [HM2I]AERR |0 Rensy lmA R RED S H05 RI%. 58, 4m<n B

n

) m!:m—l}lii-l-o(%)]
35. [HM21] fEJe/REW-BHABES H (A4, I LER @B ATRER? (b)H{E?
()BME? (dprMEEERT A7
36. |HM24) RIERTE ZBEPFERI X BT 47).
37. (M22] @it s — B B mm g A6 o sy REFE Ao b it E L
K, KIEFAZ FIN$ES 51848).
38. [M20] ntB lF A mA 8B4y, LA B K &R 5y Kif 5 IR 4 SR BOE 47
P 39.[M25] (& - EEwbk. ST ERC, WKk, ¥ F0<k<m,
(1-z"--0-")
(1-2)(A=2%)(1-2")
Bensy Bm /A RE LRIE a0 BIN 8, HAa <al+HRIMEHR.
40. [M22) (# - P15, ) RIkm A~ 2E8A RS L&/ T4 R R BR BT
41. [HM42) # W3l - Hi 8 k- R M)A X(32), KBHE sy E ZmA oA
5, T B A EEDr it
42. [HM42] 3t Fnsy 2 £ 0/n MEbsr. LA EMAE28E on , HEREOe>1, K
K H R T ORI REAR .
43, [M21) &EnFk, nB L/ Loy ¥Ha>a>>a,?
P 44.[M22] nF £ RRE B/ HER B/ NER 17
45. [HM21) it Ep(n - D)/ip(n) 85 1E B A MHAHRZE O 7).
46. [M20) fETF3CH TR PRI, T T (n) i — /4% K?
P 47. [HM22) (B] - RERITIA - F - BURSE, 1975, ) FFIE T4 R¥p(0), p(1), -,
pFRMEELEE:, FHGRES i oRe, o, EEnI— BN . Rk ELHF
B A5 R

m

[(z"]
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N1.[#t4t. ) Bme—nflc,--c, -~ 00,

N2.[5EK THS? | anRem=00I & 3% .

N3.[HEAK. ] fF0< M<mp(m)RSTEEN, Ak — 1 HEILEBEM.

N4 [EHiEHy. | Bs-0. BREXMTFj=1, 2, -, nfilk=1, 2, -, |m/j], REMWEs~
s+k p(m ~ jYHBls>MA ik .

N5.(#E%) Be, —ctj, mem—jk, JEEN2, |

o FENGERETHEEFX

mij|

i LZ kp(m = jk) = mp(m)
J=1 k=l

W), ELAkp(m = jk) (mp(m))Ho e # k B: 8 M E G, k)
48. (HM40) sy #r 1€ EBh Rk s T .
P 49. [HM26] (a)tt A RniI B A 53 MR B/ N sr Z I A iR B F(2)? GX A~ HR LA
437452497+ 122+ - FF 5. )
(DR K[2IF R # L B A HIRZEHOM ).
50. [HM33] £1E(SOFGSTAEAKXH . c(m)=c, (2m).
a) RIFAHANFOL k< m, ¢, (m+k)=m —k+c(k),
b) & &, MmBXTHAEmM, cim)<3p(m), MM Tm<n<2m, (S8)HLL.
¢) WERAc(m) — mBEmBI B 4 RIA K B/ M43 Z 1.
d) RRnHIZKk Be/NEB s> kBB A 53 15 < nB9 B (/B 57 Fok+ 1) B A 5 R A1) — -
e) IRFEARAEREB 2,00cm)”
) RFHER, AIATFHREM>0, c(m)<3 p(m).
51. [M46) RATREHEHE— /M ERE .
P S52. [M2]] M =640 , R EPEKMFI00A AN 2 M EMN 27 B+
p(64)=1741630= 1000000 +| 71|+ [of+| 7|+ 5|+ |7 |+ 5]+ 5] +|5) -

P 53, [M2]] Y m=32f1n=1000, ABEZHEXKPIFI0F A 2RMEMHL2? R
999999 =[] +[if]+ 7] +[ ]+ [3]+[¥]+ 3]
b 54. [M30) M FEEL>0, a+--+a, > b+-+b,, Wik Bla=a a,- £ &5 X
B=b, b, -, BRa> BHELX a.

a) H&R: o BESREa> f (EIEHEF ).

b) HEfR: oz pEKRES =~ o .

o) IRIFHnMEMAN D REBRK FRanpEFaz yFIBZy, YHMNHaApzy. K
iR it Ea A B,

d) #fisb, RILBAMME R TRE/D ERaV B, ERy> afly>= pHEMNYyZ gV Bo

e) a1/ sy, BAmANERSY, WMaABfiaV BH £ A5

N AERBR: mRoAAREES, pRAARES, WaApmaV A DEIERS .
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b S5.(M37)] 4ksk LiEE, fRax B, a=pHaxyr EK K y=agiy=p, WitaXEp.
Fian, E3ZTRHBI2MES R ZANEELR.

a) MBEMTEHAEL> IMEANI>, a=a,a, Fip=b b, HE > MHA A b=a,-
(k=l1+[k=l+1], WIS ar B. RIEVamELY B Yar BHA +

b) IRIEHA, it % BWafpn gz, H—NRBNIHEANIEHREH B %P,

o) A n=(2)+(1), efn>n >0, RIEWIA 5 RIh @A A EEES T - 245
®l.

d) dnREA S RIAMELEAE - A, B35 Bluch BN . RIE AR /N 24 B0 w7 45 AT
B4 .

e) Rie=arar -~alo=agr g .- ap., KdaFfla, B8/l RiEk=kHa=q,. .

) & 155 BH 4o ] 4 72 13 80 T B/ 4 R B b AL — A8 B0 5 Rl ot S R BB 4y

g) Wit R s BN R R ROTE T JFE F R/NG R RIA,, Bl Bn'=a0> a, b - > A
I BE R £ 207

h) fraRERn'=a, a,, -, a=1"IBEKENBEFERNOKE, KdHTF0<j<l, o BEa..

32 X F 12094 MR T ACHERE (B I > i 54~58)
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b 56. (M27] HESRAFIpHA S u, RZU—IMREREEFAS> Vo, FHAZaZu,
d: XENRRATEZAEM. G, EARAmAE oM L&A S8 IRA
SR, ATUAG AR BN X BER 5 R, BIAn[RIE 2 B3 ARRE [n/m)... | n/m |, 3 H & uRkhx

KB, B (n-m+D1"" YA (@ M (nmod 1)) . b, ¥HH - in - 2#E(H.G. Landau) [Bull.

Math. Biophysics 15 (1953), 143-148|/0F & EH, #15
H'I"I !'rn."l'r
[__ <a=(m-1)m-2)..21

m im;’IJ
ol

i) (;‘)H{]ﬁﬁlﬁ—*’?‘ﬁﬁ;fﬂﬂiﬁﬁﬂﬁfﬁﬁﬁﬁ ‘Blomi”, MESSNTRBANEFITRE B
LLBEH) 5y Rla, - a...

57. [M22] fRi&0FN I —A k(e YVEfTZ =30, F1FZ2Ff0¢c;=2,a; , WAr=r,
roe Fllp=cy o n= 2 a; KI5, RUE X EEAVAERE A 7F 24 H AU 4A 2 1

58. [M23] (st#Rk3¥ 1. Yo a=a, -a, F1P=b,b, Renf)or R, KIFWH FER(x, -, 1)
FAAENMIE, %X

1 1
— xﬂl...xﬂ"' ; _ZIh +.-.be

m! M Pm mr M Pm

BSL, F R T, -, myBIFAEm A HESHEST, YHRYax B, fEm=n,
a=n0 ..0f0p=11...1, x, =y "RIEEBRH R T, XA ERBEILAO++y)in> (3 v)",

59. [M22] fEBIERSFEF6, ST, -, TTLTLUFAESEREFI(LIILLD)YT, (21111)7, -, (6)—AEHy
BT, BEEBRGCOHRMERL. HREXHFX THRAUFEHEEER, -, a ..

60. [23] it @K AE(62)F63) P L4, Y1 B B L B b L(m, n)FIM(m, n))E XL, 52
B X i PR SHIAE B .

61. (26] RLBEFEESH - MAERSTE, HHAEZRELN ZE KR
P-4

62. [46] IEPASE &: X FHA T KEVEEAI3 <m<n, (£ n mod m*0, LAKRIT
Ha, <mBInWIfi A 53 Va, FEATD <mBIFA WA EER, H B FEMCLak
R, Brdka=1"ga=21"",

63. [47) X T — A~ WAFIu, FEAETHEs Mo —MEED, #F#HAZSaw?

p 64, [32) (=it 2. IR P ER/RHENEL ., BV RA2OKTORE 2

B, Hh@gPL2 K22, R k.

65. [23] KRR, mANEENE IR RAA—ITHAT.2.1.3-(66)1 Ik
BREME BB ET(m,, -, m), Khm=m,-m B} FI<j<n, m m., B— &K G,

gm:g&o:zi : 31 ) 5'“7!" ﬂﬁa:tﬁ]ﬁﬁﬂ(mh M, m1)=(301 61 2]! (60! 61 1)1 {gﬂu 21 2}! {IEU,

3,1), (180,2, NF(360,1, 1), HAF6/XFERIEE.
IR UL Al — N REEE PP ER Am, hIBA, RgitAd RETAMER.
b 66. (M25] (PaX%|. IAE T B#a,2a,2 -, RIGBRINEREZEHE TR EZNRFN
nBIFTAAERM S . Fian, B - M - ERSY(P. A. MacMahon) &8, “HlkE T~ A
FNa, a2 a, <a AT ST A HE RIS

[59]
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a, # .2 d; 2 d,; a, # a, # > a,;

a,>a,2a,2a,;, 4,>a,2a,>0,, a;2a.>4a,7a,

X R R — PR B b ot . A, Blfnae>a, > a> 0%t Ta.-22a -12a,-12
ay; Xt Ta,»0fla+a+ata=n, BEINBEE-1-2-0- 1 REZIETRIZ AR

PR i B an el e oK X KM — MR HaemATE LAEMRFEXER <, ZERAW
TH, B0 j<kBte, >a BIFAEmICHa a,. RIZCEH FirfE M&SE, R j<LE
th#Fi<k, REAMAXESEBERnTARGFHEANS 2, BGIMEFRET 2.1 2V E —
AME— %, HTERMRMENRSE TR XEMNa, -a,, EREBHEEMTL?
ERA I TN A B %2

67. [M25) (¥] - B] - Dk, 1886, )n fI—REIRREHE -/ ZEEE, BE
HntIMFR2BES, MBAXEZREEARZER0, 1, -, a2 R, B, LEEL{, 1,1,
L1}, {2,2,1380(3, 1, 1} B&SHIE XK.

IR 1% BA A e b 3 A Be /N T I a7 K 5 Rl

68. [M23] M () EmM, OImEER, npEm/~E8B2H0H L0 MERAFERG,-a.?

69. [M30] RKFEHH B+ ++x.=x, x,x, FIFB¥x, >x,2 - 2x, P {LHHE WD
FrAn<10’. (Fitm, Hn=2. 3si4lt, (UMM (HEHFS+2+1+1+1=5-2 11 1
343414 041=3 - 3 - 1 - 1 - THR+2424141=2-2-2-1-1, )

70. [M30] ( “BRMFITEE AL . D BnikRIFERRENIoR R LHE, RER
5 b A\ HE BN 25— R M T R — 1

RIEB, WRn=142+4+m, WX T FEEREH - BEERELA KDY {m,
m—1, -, 1}A0HE. Fan, mHfn=10, W HmERMCHE A3, 3, 2, 2 i0HEFG, WS
) 53 RIF5:

332242211 53114423331 -+4222-+43111—532-+4321—432] - -

MNP E, H a2 TERERKE?

71. [M46) #K&% | —8, TEnk R GEMFAII B A SRR LB MR E 28T, REH

BB AT RYERA 27
72. [M25) fRIZBATS FnlIFrA 2 R, Blan=in=681 74

6,51,42,411,33,321,3111,222,2211,21111, 111111
it L4k 4 58/ tH B
[,11,11,112, 12,111, 1123, 123, 1212, 11234, 123456

a) PRUF BHX AR 1E = A e EB)— A HEF .
b) JLELEIEHE 2 ik ?

7215 SR EESHNSR
RAERNSKTEE, ¥ THEAREYNS . —AM R0 532/
EXAEA YMERLRMIESAHE FROHM FE. #lin, BINE7.2.1.4-2)F
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7.2.1.4-(4), BIFE E—/NERIFFERAE, S T{1, 2, 3}A95/khr EASRIH 5 1.
XSFh oy R AT AL TR R E SR 5 1
123, 1213, 1312, 1123, 11213 (1)

TR DR TF. FEXANFIERS, BB E TLLLLE ] i
FSH, mEEREESRLXEE, BA “13127, “31127, “2113” LK 21317
EEERMHER R EEEMNTLGARTLE, Fiin, SHAITELLES ¥ E L
B, FELLEME/N TR IR F R LHigsh., @idix /&, {1, 2,3, 4
453 Rl
1234, 12314, 12413, 12134, 121314, 13412, 13124, 131214,
14123, 11234, 112314, 141213, 112413, 112134, 1121314

XA LAF A AT RERY 07 2R B4R HERI () S 13 B0
ReoUERZAREHFHI. Fln, BUEFRANBFE2RSERCNE
fEZ “BeHE” 5 HRILRER I TR ENE R ANF R &k rhéy
B 5 WAWAHENR “FYNHER” (BUIE34~37). #2335 RINBR,
MRZEPFH X EA—BR G, MHRAELOEM TR B —E X R
STRCBTIRE “FEME” -0, Rz, BIrEE2MEL -NEMER. 4
RIEAL, 2, -, n}B—A o R, WG 2008 T TR — kbt , |A1TLLS:
J=k (modulo []) (3)

E—8HRIS, R NEEIVNEHEAFR L -BREEHRBER -1
FEBKE, XHE - EREKN B a0, HPRITE:
a,=0F1xtF1< j<n, a, <l+max(a,, -, a) (4)
XEMEEREEG =a, YHNYj=k, i LE42CHENGRDHE/NEM, it
a, BEB/NAFI A Flin, Qa5 o0, REMEASS R
0000, 0001, 0010, 0011, 0012, 0100, 0101, 0102,
0110, O111, 0112, 0120, 0121, 0122, 0123

XY E P WL T BFFiE - W8 R (George Hutchinson)# 9 ] ¥4 5l 77
[CACM 6 (1963), 613-614]:

(2)

(5)

WEH(ERRMATORME KRG $) HEn>2, RBEIET LR F

WK EZUHEGOWRE SBa, aya, . RER{L 2, -, n}IAEDR. BROEHFE—1H

B8 41D, b, b, Hrpb,, =1+max(a,, -, a). HEBEER, b, FIEXE R
5y FFHIE Eemep
H1. [(#tsik. | Ba,---a,<0---0, b-b, ,~1--1, Bm+1,
H2. [i5IR). ] ilelPR&IH K Ba, - a,, BP0 RERE m+la=m), R
fatnRa,=m, W¥mH4.
H3. [#hna,. | Ba,~a,+1, HEEH2,
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H4. (Kj. | Bj-n—1; 3Rf5%a=b i, Hj-j-1.

H5. (i, | =1 %K. &IEa, ~a+1,

H6.[a,, -a, iE43. | Bm<b,+[a, =b, ), I} Hj-j+1. RFYj<nlf, BHa+~0,
b~mj-j+l, Ba¥a, -0 EEH2., |

S ATIEN ,, SEHA~-HOR/DRFER, Wi EHAFHOF AR JLF a2
). XANFLRBERR AR 182,

MEFVHBES. it ddAEEG RN AR, EEFH UL
BRI HRa, - o, —ANEF, BAXY Ta B BE RATERETHEMN
— AN RBHE B R, BHEXE -TEN - MBS EEAERE - T/RE
#HRI[JACM 20 (1973), 507-508]: FA'1nl L& o ib bt nde

Oom,m-—1,-, 181, -, m-1,m,0 (6)

Bln - 1N T EAS VORI EEA Ba, - a,,, HHm=1+max(a,, -, a,.), fFiX
WAE L Z E BT . ExTe=269% ‘00,01° 2 pxtTn=347 ‘000, 001,
011,012,010° ; i R Y THANCEY BEI=4/0t5 R, X EREK
0000, 0001, 0011, 0O12, 0010, O110, 0112, 0111,
0121, 0122, 0123, 0120, 0100, 0102, 0101

AWIARAE RBZHERSE - TEENRLE, EREX/MEELEF, X
UL BBEHME 20T E.

Rif, BRIEROHAXIAE D NELE, BAIUVEERAEN RO, 3R
FER M PR H K B A X —/NEIUE, MBRDARRKE - T &1, #
BAW - R C 2RI AR X - RMFEF 2 M S & Lecture Notes in Comp.
Sci. 762 (1993), 205-206]. fthe XA XBAIFFIA, 1A, . FEEBLLTE i) S iR
F T B/NImBr B0 "01--(m - )Fth. anFno>m+1, WERMKHE FA.LLL
01..(m— D0 &%, MA, L0 " "0l.(m—- 1)K, Ylam<nft, HilfiH1Ti$
USRI 40 T

(7)

Apn(m=1,A% (m-1),--- AX 1,A,,0 . nmA{B%
A, = |
VAL =1, A (m=1), - AL A0, fRmAE (8)

' &:m—l}n(m_l}*Amn(m-I);”"A.,MI,A:;"O > ﬁu%m%ﬂﬁﬁ
A""“‘”'{&m_.}n(m—l),A:,,{m—1>.~+,A,m1,a,‘:"o . IFmh A (9)

MR, EME R AT R TTHEREK,
A, =A,={0"YMA, ={01..(n-1)} (10)

WIS, {1,2,3,4, 5}y B35 {3} =257 9 RIR
00012, 00112, 01112, 01012, 01002, 01102, 00102,
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00122, 01122, 01022, 01222, 01212, 01202,
01201, 01211, 01221, 01021, 01121, 00121, (11)
00120, 01120, 01020, 01220, 01210, 01200

ETFHBROER, HENE7. )

IR RBEM R, a-a, BALHISF B , 876 H 357 5 )
HER, KERMERHRETLL DA, Rifi, ERMERT, &5 0UEMW
—A¥Fa,, Wi LXERERT RS, R MRITE, XECERRE
[BORI +max(a,, -, a, )Z A . ERBOBRET, FFIA A - A LIRE
2 6 98 3 B 4 R

EEFVHITE. RNCBER, (1,2, 3bF5098, m{l, 2, 3, 43515/,
£ - & - HAPE(C. S. Peirce) & ;] (it B X it B — Mg A, h7E(American
Journal of Mathematics 3 (1880), 4871) F#3H TUA T ¥/ = fA:

52 37 27 20 15
203 151 114 87 67 52

ﬂﬁ%n??% E W, , m”.' o0, W, fﬁﬁiﬁ%ﬁﬂﬂiﬁ
W, =0, 0., WEI<k<n; @, =, ., Wkn>1 (13)

MmBw=1. HAN -AFTTFLZEREEOMER, AB26~-314ET Hph &, f
m, w.&&{l,2, -, n}a R, KPR IEEHRENRP /NN,

B =g b & Bk -7 & B SFRINES T VO2H4 %, &
ERARNREK. BAK - 8- WURE THZEXTENNARIEIE X [AMM 41
(1934), 411-419; Annals of Marh. 35 (1934), 258-277; 39 (1938), 539-557]. %
1L w, I8 VURS, BBERS 51 - B4R (Louis Comte) I 61, LA IR I &
B, HHIRE. RO —LER:

n= 012 3 4 5 6 7 8 9 10 11 12
w,= | 1 2 5 15 52 203 877 4140 21147 115975 678570 4213597

HEREXA PR K, (A G IR, T4 F il o, =0(n / log n)'.
Frn> 00 k¥ o, =w, LEFHDLEPARX
2( k] @, (14)

P n
mﬂ+1-mﬂ+ l wn—|.+ 2 mn-2+“‘

RALL, o, n+ 13— RI@E (L, -, n}@kAS TR RBE & A n+ 185+,
LABGEIE N T34k, LA, FOGEEICRI TRIZCR > RIMAEE]. hitak RIE18HEELE




65

216 F1E o F R

EBUZENT21.TDHAXA#3, ST HE - B - BRR(W. A, Whitworth) X
B[ Choice and Chance, 3R (1878), 3 . XXIV)—/MTEEZNIH: 5% A5

H{z)=2mn;—f-e":'] (15)

R MBENILA /n! KT (14) FIPLFHXnKFI, BAFH

o k ac m
i o 5 3o e

mH (15) BXAs HRM[N0)=18-—/f&.
HT8ow FXNARARN -EHEAER, EERRABHENHESS
WWASKRZABRA, Bo REBEHR THEZE. #ln, BNEA

n.o.oe n e Ik
m T e—— _— e T ——— J—
=2 =12 ]E x EZ - (16)

[Mat. Sbornik 3 (1868), 62; 4 (1869), 39; G. Dobinski, Archiv der Math. und
Physik 61 (1877), 333-336; 63 (1879), 108-110, | E#i#Ed - & 24 H
K - - EBAK FEREI(Polynomische Lehrsatz (Leipzig: 1796), 112-113)eh i
B Te R, BHITRERENOFERMZ, WSERER0Y, $FERp(n)
TR KA. X EXFafiEA B E T o B -4 . (2 W5 /RIEIETER(Arbogast)fY
AR, AF1.2.5-21, wEWERE FREXANAN, BHRCOEEERbE T
WA, BANRBYRFERRE AR, CERE T 2HMAN ST E, WA
PR R, tBEH116015MmIE115975, )

‘R, B ERERREE SR EEEEY . RITL e, (e
KEZH. mEEYz<rb TR Sroaz Wk, B AR E LA
BB ] AT P — A 160 26 0P 1) % 3 FLBE B 7F Rl zl<r 2 R idEA T, I

1 aﬂ+alz+azz‘?+---
o= dz
ﬂ" ] Zjﬂf (I?)

<

A f(@)=3r0ad " REFEE. RAOVTHBEREMXEAER, B 4058
— ARz MBS (2 ) AFR, SRS ER. EAMEIE A SHHE,
®N1A

f {*-u,} z 2&
2

fzg+€€”)= f(z,)+ +0(e) (18)
i, Ef )R f"(z) BT B A E, tnilkf (z)=ul f“(z))=2v, I ARE
B, f(zo £ )RIEIL LA Tusve’, Mif (2o x ie) Ll Fu—ve, anfehhz, — ieBB B Fz,+1e,
Mf @QEEAB MR KEe. REHEKTR, BE2EKMEu+veHBLEXE
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B AOmAEN. 52, ~ANEXFEE LESRTABRLE, SELNEE
A RS (DN, fFz BB -4 “XxA7.
X — AR EHRE— T D&
RIS EALE B OREST, W RV
i REARD, HEAETXA KON
kA — AL, b E R4 A
BRI REIMUAEE S frf ()R L miE . Rk,
0719900 4 29 A 53 407 1 oS
EFwedE ) —FOE R, KRG RN Tl
g8 ik - B (Math. Annalen 67 )
g saesae i e S WA W R
A LR HE.

I ELMmEER

1 |

(n-1)! B mez"dz (19)
RI—/0FIFth, KRR -TO8E&AHZE. BINMNOBREYnB AR, KA0#5
{ER— AR B (D=e/z" B e, Hg(d)=z—nln z, BB HEH
KT, SANAR T (2)=1 —n/z, AFALL, BN{Ez=nib. tnRz=n+it, TG

= (k)
ny .
g{z)-g(n)+zg ) (iry
R A AR o
=n-nlnn- —+—S+—5-—5+-
2n 3n~ 4n°  5n

B A 2%k > 208, g% (2)=(- 1) (k— D!n/ 2. iEBRITEMR — imBln+imFB| — n+imF|
—n—im¥|n - imP)HBEEER _EAB2f (2).

1
- _dz=—f" f(n+u)dr+—ff(:+zmldf

+EL f{-n+ir}dr+§;[-i:fﬂf(f - im)dt

AR, MABAEFEm=2n, WEXFER ERERE=1D EIf(DI<27f (n), BN
le 1= ™ Fllzl > max(Rz,Jz) . PrLATRAT IR T A2

— s z=—f et ”dr+0( ]
zm 2"n"

BLAE SR 41150 B B CART R £ ok (Bl ndfe S 2851 4-(53) M — A Ry
AR, F(yRedFANBI—AEFHOERL, G HLATRFEAF Sens £ F Dy JO
ERA, W S FO £ S £ BI—AMFHBERL. FA—BkbERFRY. (Hi
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BRI AT 17824E SIARIX A — R B %, @EHRA “TRHRH" . ZU.CMaih
§9.4. Rl <n", TR

- tt i
eg{n-m'i =ex }_____+ — 4
p[ y 2n  3n’ }

i B Sll>n W, A

|5 1l f(n+ i) 1= expl - ZIn(l+ n2*)) = 0] E—
n \ 2 )lkﬂJ

i H., A7 i R &

2
= k+1 n 2,
-7 i(2n) k (k=112 (k+1)/2 - (L) -~ 72
_L.-:H tidt =2 n F(— ) =(n""e )

2 2
&R 2R, BRI AT UALE M3 H 18 3T
1 e" & _p AR 2
L -~—d _ - _ 9e-3/24 | 4
21ti ¢ 2nn" .LE ( ¥ In’ ¥ 4n’  18n’ + O J) r
é"n ( i ] ] Fr=-3/7 \
= 1 I, [, -—1
2nn” l\ o ¥ n® * 4n’ 18n* ° +0(n ))

b [ = ey o MBRMKCHA BN, L =0, HNLEEERLL T EF AR,

HP 24 a>0f
‘* 1 4 I'((2i+1)/2
-[xf_m fl df = {(a”“”) ) {2 };1g+”;ﬂ H(z,’ l] (’ZU)
FOTI 8L, e RAIRE &, e THRMNELrEL . Shge0
1 e’ { _3’_ 15 9¢-3/2 )
(n-1)! qhnu”’fk 0 e O ) (21)

XAEE R E A R e e — 8. E1.2.11.2-(09)p, TAMEH 7+ AW
1l RS E. Eer+tinfEIFA il —SRMAFRINRUEH, CDHPRHIE
IREMULREOM . HAHFE MR T B AR m™ A - X
e" IN2mn" (4 ¢ inve, In +- ke, 0" + O™
() 38 LT 2 3
BA VX — S R SR T A EEOHEAMT: A¥n 5 ERSEREA
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RMIEN, FAMRAIEEAERR, LMK, Bk, IAHLHE &
ARG, EEEERSEEAR. HEMOEEEERDY. B A 8mx
AN UHEAR R M n R BB (2)=e/ o HBERLR S, ME . ARnBUHIA R R
i, BV AT AR XA SN, e HL i i F iy 75 - oo Ab FF 885 bt b R 2851 A5
HB - oo ) SR ATy, MiE SR T R4 T A 1R Bt FS e 3 10
L5 /R(HankeD)B 4y, BIZER1.2.5-(17). TENEESH, Y- < B3 E LHx
ERIIELE AR

L _vge ¢ (1 L o)
I'(x) Znif:-;" @z mx-*-'-’zkl 121+O(I )} (22)
HAhODEAHELFER—REECARBI X S E& R . &
BRLE Bz ek 4 5 TR BORIUT (LA /)N
-1 1 gzl <
Bl O M BLTE Rz=5>040, K
Eet=n (24)

(FAVEBR LR S BEn)RAGHER B Tn; (BcBE PR —LARBLE. EHH
BRERNNECTR S TEE, RIS #H E=E+it 1 — KB ORIHEB Y,
TR AL ]

(i §+1_an’ & -2 (' §'+3

2! & 3 g 41 E*

Bt — & SRR BTy, AL fE B IREEEM, (23) b
(B 5y 7T LLE S T 3 AR A bl 10

g(E+it)=¢° - n(ln&—

o g(E)-nast® niayt® +nagtt .. Ek_l + ("‘ I)k (k - l)l _
0843, ERar REXANBRRIOM ), AR B fn
eg_l Hi+l
e (n-1)! b b b, (lﬂgn\
= S i [t S SR

WIS I, o (5+ 1) by R SHI R B A AKI) — A4~ B TN(Z W 21 /@44) . il 4n

28" -3E -208" -185+2 (27)
. 24 +1)°
b, o 46" —1565" —695° — 696" +10928" + 29168 + 197257 - 726+4  (28)
: 1152(E +1)°

TE(26) 7 (£ RS PR LA (2 1) =T HiE BA
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( ) _g 1 _& , ofloemy)
Eru_,-ex.pkn(&—l+g)-szln(§+])—] 121q+0‘\ . )J (29)
i HL > 45T B {01 235X
( 11 1o ofleem?)
mu-expln(§-1+§] 2ln(.‘;+]} I 12n+0\ . }J (30)
ERBNE o, /o, ~e =n/E . T
| 1
= -a(e ) 31
HEH2REMIHIIER? EXQHERE
E=Inn-InE=Inn-In(lnn-In&)
=]nn-lnlnn+O(M) (32)
' logn

BAV AT AMRAE I A9 Bron IR AE, Y X — G M4RER AT T & . HEx Tk
A RImAE, FXA RS SR BOL S ALY HELO(1/(log n)™) B 4F B H
#. LS EX To, MAKQIHX To, IaGO)F LA, E-EMBHA
Lo

B i R ILATEE(29)8(30) K MR WUR B A I BUA T LIRS, Betf iRk
BAMER - RBM AR, ML S TEM - M BIEE 4. ERZ
4. INRIERVER P BT B AR SRR, FERRRIERL R

&
E =Inn, &H-§+§H&—mai (33)
BHR M S B EFRIE. Flin, Xa=1000f, ES/ER
E,= 3.38563 01402 90050 18488 82443 64529 72686 74917 — (34)

£ EMBIA0R M. QO AME, Y% BTy, b, by, b, BT
Bl IE AR ML

(1.6176088053---,1.6187421339---, 1.6187065391---, 1.6187060254---) x 10'"
w,, () SEBRAE R 1154 B 2 16187060274460---20741 ,

BEARAAE T A9 Mo, AR, LERITERRBHENEE 2O M A
mAs, ERRE, -, MBLEFRAS NBARLn/E= S, i L BHRALHHE
SEF. Gln, E34m Ln=10083 {5} 09—/~ 0 B et = 2954,
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5 x 10114

dlL.

T

m 0 10 20 30 40 50 60 70 80 90 100

34 ZEREm=28Fm=204k, Wikekl () £ MKty

i B T A B AR 2.9-23), BATATLABEE {L} kol et

" =i! " i_ "'..EL minle® -1 )-(n+l)inz
{"’} A A dz (35)
&a=(n+1)im, 4
o
e ¢ - (36)
-e

i, H¥g@)=a 'In (e~ 1) - In LA AN DR A. EEMFI<m<n, ol
X Tk ol @ it
o=a-fB, B=T(ae ) (37)

i, KpTEFR2.3.44-CO)REE. KL, RO ZIAME, T e’k
A

Pe f=ae ° (38)

Hx MO E 18T, eh¥txe "MOMEE|e ', REEHKE/LEO0. FHLREE —FHER,
m H#A1F

e '"B*‘ (39)

8 R A K

=

p= (40)

e’ -1 e’ —1

B SRR BRIBAT A, BIANA a=ln 4%1f=In 245 Fo=n 2,
BAT AL —FIE B, (35) B BL5) WAE M S T 205 B o= 0w |- 0
e dy f)—ABoy (B WITHESS). SIEESGIER, % Fo=0 MESIBM
2 LY |
g0 +i)=g(o) - L EL g g) (41)
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222 $1% a4 &k

AU THRE, BxtFRiA0

g“ (o) <2tk -1)!(1-B)/ & (42)
B RATAT LA E A BB (n+1)g B ZN=(n+1)(1 - HF—A B, i B D8
RBEBEFBLLTAX, HN- <t

G 1 b b b ol 1)
{m} mz(a-gr—mﬁwm('*w*wz* +N,+0'\N“')]

(1 - B b RaBIBII— A BT . (53 B R(a - By "B B TihE
A%, B (37) 0 (39), (= 1yl o= (alB-1)y/(a~pr. it

p 6B ~4ap’-a’p 52-p-ap)’
! 8(1- B) 241~ By’ (44)

(43)

SIESTUEMN ~ = S B (R 4n—m— . {1} —ABHERIFRMT (43), (LR
ERE, EHEEBFIA - EHE(Leo Mose) 1L 5 - 48 (Max Wyman)5 Y
[Duke Math. J. 25 (1957), 29-43],
AR (43) BRREATA, BAEBIZH R FHFSR Tt S6H, 18
4 m AR /NS ARR B A , A FTREMCE A WL (B ST s0 e ). 0 {n ]} 2 R
KB, BRARAHHEEEHR TR R. SR ET M % B R
BRAOHEIR (7 B AT AR 1634 b 7% H 00 B S O
MEITE (24) hAEEELEet=n, HBE m=expE+r/Jn)=ne~" 1E ; Bl
B! r 1< n, EEHmEEE Tet. (43) dhIR] ST AR S B
n! I
m! (- By B"2a(n + (1 - B)

m” (n+1)! e"! ( _E)m_n e b (45)
-8

m! (n+ 1" m

i B (n+ 1) 3R A B B C e AR X RSP E M 25 . B Tt Bl B
Hah, #ATKB

m ((§_l+1]_%(§+,z+ﬁ\

L4/

! ‘J-Z—T[‘EKPLH E E J
rororyd P \
-(E'l'?-l*aﬂé]-ﬂ}—l-i*(}{ﬂ )}

i BL[5] o AR R Y B 2
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E _{Q: ?’f;:z 3 2e-2
. n+n~fg+0(§" )

e’ = expr—’g'« f_.,’i +O0(En*" }]
\ 7 n

(I_E)m-ﬂ =exp(§-— la r(& -E-1) +O{Esnzf—1))

a \ wf;
g~ R 2
{E;m. } - —J-é—;exp(n[&— 1+ —;] -g—l
2y 2 (46)
CE+1(  3EQE+3)+(E+2)r s et
2 (r+ 6(E+1)xf_n_"_) +O(En )J
=
_ E(25+3) 2. -3/2
" TEanyn T
BB fa—17 ERIE B R ERAF, W4/
_n_3+28 o
E 2+2§+0(n) (47)

BB KIE. @t (47) [ (30) b, #OEDH, XTI HEfniE,
BRI | E % T £, /2mn

OERFEEHTHRNEZBECLZIEN LW EE ERAER £ /W 8.
EH A BPEHIRBI X T HEBEANFTERAE: B - X - & HWEEN. G. de
Bruijn), Asymptotic Methods in Analysis (1958), ESHEMEE,; # - &K -4 - A
R#(F. W. J. Olver), Asymptotics and Special Functions (1974), $4E; T {4,
Asymptotic Approximations of Integrals (2001), $E2EMETE.

‘YRR S Y. FEQ, o Ao Rd, KA S Rl — A
HERSR. BRBIOFTEASMECNAMEH LXK/ R. 72.14TFPRHE
3077 HFE 25K B A p(25)=1958/ > K BR /RFI B HE R B S RUE5 K . X 2o Rl )
FHIEART.2.14-AORIXFREE L. R, B3R MBANEELS{, -, 25k
s~ 4.6386 x 10° 4y RIS R RMER B &K & EH2ER. B, — A BHILAE
&R0 R +oART—A RIS R,

XK E FanTFHEE, EES8K s REAES > RSN R LB
ok, BTHMGAONRAEE. Flin, oRn=1+1+--+1 DREEH—FH X HER,
HEWMFEnZBE, Wn=2+2+-+2Lh(n - )(n=3)--(DFFHAHB. Xn=25k, ¥
¥ 53 Rl

72




73

224 ¥7¥% 4 &R

EEENEEEEEEEE

ef -1

EEEEEEEEEEEN

B35 Y4n=25Ht, —A-BEHLEA SRR

25=444434+3+3+2+2+2+1+1

i |76 B A AT RO A 4 RIM2% LA brp BL. GX ATk 0 5 R 45 RAEn=251k
Soh R R EA. S8 2.521EEIRRA

n!
48
o, 1" c,!2!? oo, Inl™" (48)

AL 4y RIFE R T 8%y Rln=c, - 14¢c, - 2++¢, " n. )
R TR R 2 5 b T A 76 — A BE LI S & 2 RIFP KR IO F 398, anRBAS AT
o, TREME, MEMEEROTREERe, K, BHL-EHE0

n m-k
(k) w (49)
i EL, £ S1Ee4rhiE iy FE RGO — A FERY, Rk <n™
mu-i_(g)*{1+k§(k§+k+l) 0(5;)) (50)
w, n 2E+1)'n n
HehEfEQA) PR L. Eik, #Fk<n, ARAENEKFE LN
L(E)( O(i))-—(uo(n“ ) (51)

ERR, KA RN HIIER, K/NAH2ME 215k, FF.

3 S ik Y 5 Z R/MZ WL 2T-65) B i — A~ Bl WL 2 R 0 4 Sk B Lk an TRl ko
Heg /A R B BIEE k) — A ks e B AR A . 35 Fp g H A R o 25 B i 9% R
307 A B B AL (ALK, K,

Flk) = E* [k + 1)1+E? 1k + )14 [k +3) 4+ (52)

B IR RE T B /Ivk > O TREBER AL WABE B . (HnZERRKH A h £ R O
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EFEAT. ) )

Bk Rm TELhESes Mk, MH, SATHKINRA/NT E+a|E
MR/ G T IEREE /N Tal IR . (S N4% - 8 John Haigh), J.
Combinatorial Theory A13 (1972), 287-295; {k - J& - B4 F R (V. N. Sachkov),
MI19T8EH MR — A< e BB it k)45 Probabilistic Methods in Combinatorial
Analysis (1997), E4%; - BEBHEAEE(Yu. Yakubovich), 1995 K EN—R
B e S BiFE L KAYJ. Mathematical Sciences 87 (1997), 4124-4137; {# - KE/R
(B. Pittel), J. Combinatorial Theory A79 (1997), 326-359. |

AL, 2, -, n}RIBEALS RIF) — MERFER B - £ - BEEHA. J. Stam)
fE[Journal of Combinatorial Theory A35 (1983), 231-240]5|i#fy: AMZELL

mﬂ

Pm = (53)

em'w_

B REUEmR — T RELEH, xEmRBTOae)mAMEl. —BERE rM, &
R —BHLI T X, X, - X, K& X, FE0FIM — 1 Z iA] — B Rk 7 M5y 75
RIELEX R Pi=j4HNYX =X, XITTBAER, HABANkB K
LS SomtimMp, =1w, BRERHEES.

f4n, wnEn=25, HMAF

p.=0.00000372 p,=0.15689865 .= 0.04093663 p,=0.00006068
ps = 0.00019696 p,=0.21855285 p,.~0.01531445 p,,=0.00001094
p,=0.00313161 p, =0.21526871 p,, =0.00480507 p,, =0.00000176
p,=0.02110279 p,,=0.15794784  p,.~0.00128669 p,, = 0.00000026
p«=0.07431024 p,= [1.089?7 171 p,=0.00029839 p,, =0.00000003

i B AL B ol ZM& . BrLL, % A L@ Z 5L, 10, 1112112 Fiy-—
AREPL2SIL R, PIRBE2SA RN Ao R, ER3A1-C)RTLAVEREM, B
B Fn/E = (N 21E67).

= EERSHISR. —TBEA - RSN RO 1 E - RE LN
i, B2 HESNS VMR EEN . KL, npoREhs B, 1, - 1Y
S RI—AE, XBEHMEL.
MM E, t N TTEER EApMANAERZERE. Blan, Zin=4if,
i HBLS FpAS [R50 RIROA O
1234, 123|4, 124/3, 12|34, 12|3|4, 134|2, 13|24, 13|24,
14(23, 14)2|3, 1]234, 1|23|4, 1[24|3, 1|2|34, 1|2|3|4:
1123, 112(3, 113|2, 11§23, 11]2]3, 123|1, 12]13, 12(1|3, 13|1[2, 1|1]23, 1]1/23;
1122, 11212, 11]22, 11|2[2, 1221, 12|12, 12]1|2, 1|1|22, 1]1]2|2;
1112, 11112, 112|1, 11]12, 111]2, 12|1]1, 1|1|1]2;
1111, 11141, 11§11, 1111, 1111 (54)
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MEEESAEMNAFE, B %80, 5 -Ehn, g — %A n, 0,
Wx T4 R S 8N Bp(n, nyy -+, n,), BE(S4)F BBl F 7 BH
p(1. 1,1, D=15, p2. 1, D=11, p(2.2)=9, p(3, =7, p(4)=5  (55)

I Fm=2005R, BEME 28R, X Fm=3f15 KU 3R, -8
XEHSMRMUME EoX]. HTZ2ES AL EEI - W - ERDULERA
LLaif FF & [Philosophical Transactions 181 (1890), 481-536; 217 (1917), 81-
113; Proc. Cambridge Philos. Soc. 22 (1925), 951-963]; {HiXMMiEME Mt iz,
HiME A IF 2 RKRBEIRIE. EAGTHIRRH > MR8, 111G 2
AXECRBAZX— BRI EEBHNEAEENHE.

B, HEMNREEER, 2ESREE LREFHIENES RN & X/ K,
B X HE— /& RO B& 2 M0 %. i, & (54) $7HA{, 1,
2, 2} 94~ 5r RIFORERFI ) B (5 )R94 4 R —#E, AP

2 20 20 200 11 11 110 110 1100 {56)
2 11 02 011 20 11> 101 002 Q011

(HEEER, mEE—-FBE > RFME, RIOELMS. YRBMLAIERS HMA
i) B A 3R 7 B e R Ay, A 4 RIS gl — ML TE .

— A RANEERUAEBEMABESEESNH. TSRS, ®INE
WETTE T, u, VII—T e LR R, Kb ckrm— 1T oBASHE, 0%k
RES R IEF TRIRB S HAOKR, mv<uBRYAIEIcrR. HHHEE
W, =Xk EHBEERFE=A8H (o, )y (U, uy, LA (Ve vy, ), i H
LA —A “BRER” B £, ), FEERUOEDNmEBREC. oFIvBE
hRTCES BB - . B, THSS AR 3221190

ilo 172 3/4/5 67 8| 9]10

¢ |1 21 21|1 1 21 2022

w9 96 8 4,2 6|1 5|41

v; 13 1.2 2 2]/1 11 1|3|1]

’ : (57)
© - | = | » ~ j::r; E:I:
I o Pl I SN
- Y S < |28l e

AEMARZARAMATHEESY. ) HE-NLEESE -1, .0,
m}y, A EEBTRREAS fif., cociocoy touyu, ARV, oy, BBEEHE
IR A4 R, HKhn=n+4n,. BIHREm>OFA, -, n,>0,
M1.(8aL. 1 X TFO<j<m, Be, «j+1Flu, «v, =n,.; HES «~a~[-0FS
“bem, FELATHIZ TS, MATEERMNaRIDL - 1(F).

M2.[AudZv. 1 (BB RATERAE M ATAEZE S, W Rusy RERIA R <v
MEIRRAS X BEBIGERVES . YEj-afk-b, 2RJ5 2% <bhf
BT7%E: Bu—w—v, MEWMFu >v,MEc, —¢,, ve=v,, k=k+1,
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Jjej+le BIREw, WG, w/hFv,. Mzh1ESZ: HEEc ~c,
v —u,, MBIMBu T, Wk-k+1, RER/-j+1. Hj<bb}, Bu, -
W, =V, ¢ ~C, Vi, MMEINRw =v, k—k+1; SRIFE K~ j+] BH
j=bA k.

M3.[4nRAETNIEAR. | InEk>b, MBa~b, bk, Ii+1, f, b3} RE
M2,

MA.[THR] —A~ 5 % . ] iRl YATE&RP RN ER R GFF
0<k<I, ¥TFf <j<fir, XANMBEIES B, PAHY,. )

MS.[Dv. |1 Bj-b-1, HHmEy, =00|&Ej-j-1, HFlv >041k. RiFw
Kj=aHv,=1. MEBM6, HMEv, —v, -1, mHEX Fj<k<bBv, —u,. &
[|IM2,

M6.[[E18. | anRI=0N&ER, ENEI-I-1, b-a, a~f, HEEMS., |

FRENRERSEM2, CEYAYER A Eul/ MR K R MBS E,
X — 2 HLAE VIR K 1] S FF ) B KA < v B, BN T R% PG &
AE R A&

BLAEIE i T+ e 2 T 43 RIFN 32 il HE A0 B 1 A 280t S i B (i 5.2.5R)
ZIBIRIH IR R, BADRGRAN . @it % 58— T o] LA B o B ok A MLk
2R, KPP RORHE TG TF FR4B205 M. FH5HS0~00
BB T fEASRIR. ZWROEIA - MaEaym i, el g NoEts
BOKHEBGBRMIF; 20, PTWER). OF(OXMTFEI. E2MTUBAITHIT
FREMIHER . HEHHEFFEER RS RN, K 0 1] SN P e e b 1k

] HBHFMEESR

AU O0): [y 5y & L) HeEriT4 L2y HeFpir3
655432100 064350521 065251430
321045642 230424156 232516044
663115207 761160352 766532110
421331125 5,4 33,22,111 542111332
0101010IO1010I0]0)] P0OEOE®®O® QOREODEE®
o4 =(9,14528367) az=(1258,79,346)
LAY HFiT2 40K 4): HEFiT
123060554 6554,3,2,100
6,544,3,2210 321045642
251067631 663115207
113245213 421331125
OeeEOLOOE®® QOO OEe®
az=(6,489,2,1357) ay=(57829,3,2,146)

RixEXEREMNHFRIEZE, FISHFINDHIRa,. aa. aaafl
a, o, Koy, RURMTEFAL Yo, a. ao.falfE. fiHBREE
BixHE—m, EREBEWREY o F 4 TR, WEHSF ZEETHSEHRE
—N TR, BAHFRBEN. (XETRAERPHABRFSMREY. M, a
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AOEHMEET, HMNEMETICASFEBES. Bk, £PERQOZET3ILH
&Ha aARENZMAEES R, EMNLHHE
Q,2a, 20,2 4,502 0> 4,2 4, 2 4, (58)

HEKG -2,a,-2,a,-2,a,-2,a,- 1, a,— 1, a,, ay, a,) LR ERAIF, BE
(4+6)HIE IR FAEERA R, IR +6) R HB TRM ThRZ L. X 8Uk2
TAVES 1 RFRAYInd o, Hla i T 5.

B BB, A mEfs 050 8 E £ rifs A 2 K4 -CH i k&
RIFERVNBAR G Ar), ATLAB RS, . YOS, o, BI—DIF5] . (E15
Bl o, REAL, ERB( -ind a, -, n,-ind a,)F L5 Bl m @ e —
Heoy RIMFER) . Flan, 7EFE PRI EFFQ26, 27, 31, 22)4r KON M4 -— /A 4y
¥ Hlay o HBEXA RS, Wi R3#EN1AGnd a,, -, ind a,)=(15, 10, 10, 11),
%45y X4 Bl A

26-15=(322111100), 27-10=(332222210),
31-10=(544321110), 2-11=(221111111)

.z, EMXFERHETI S RIS, o n B — 2 B R nErfumiis),
W) =550 FHE T £ E oy KN, BB 4 M e N —H o R F I TREER
B . FRBIREIGHIPHRLT. X HE£HEPAR - ¥ (Basil Gordon)#
tHJ, J. London Math. Soc. 38 (1963), 459-464, ]

KT ZES VPRI TR — S AERUNEL, A5 5y A [ BB 4 F/ a8 2 s b 4 o
BIER s OB, HBLAER - ¥ - 3IL(M. S. Cheema)FIpy - §% - 3% 4:(T.S.Motzkin)
BIVE L [Proc. Symp. Pure Math. 19 (Amer. Math. Soc., 1971), 39-70) |-,

3 &

1. [20] (FF - "Mk Fk. YA Enfr 22, RIEB, X TREHM B S 6& 8k g
{1, . n}ysr B Zr MR A 57 8.

P 2. [22] HEXKPERESSUN, RNSEEREROCEREE B, Hitfs -
ANEEERO SR LSRR, - b BRAEN, R ochar MBE R TE R > >0,
Hrp

L=hy =l e io= 1, DR, =0
fidn, 137125148916/ F mF A 1=4, 1,---1,=001020348, fiH A, - h.=7596.,
IR THE XA F AR A R MO REEHR A .
3. [M23) H o R ABFEHAERM{L, -, 12}95 10005 4~ 5 %2

P4 (21] IndRx, ox, RIEEH, Splx, - x ) RMETHEMESR /=L =X =X, BRGIHY
Kd. ETR XA pE S, fildnp(tooth)=01102, 3415 H G A FE ik 4 5+ BF ¥ i)
. XK, SINTRBSZNEES VP A Z O TUREIARR? SERER R EED
LIPS
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5.122] BBMULTFEDSFEFINT —AnERt4? (@0, 1.1,1,12, 12,12, 12,12, 12,

100, 121, 122,123,123, «++; (b)0,1,12,100,112,121,122,123, -+,
P 6. [25] IRRE AL, - BT E X RIME S, B R A KN A I A,

KINA2MIBR A, FE.

7. [M201 {1, -, n}yHEFla, - a,PHZLHEXHENER, Ba, >a,>a Bk Hi>k?

8. [20] W H— AL, -, n}BrAXFERHFINE R, X EHTIEAmA 8 £ 3
A AR /)

9. [M20) S BBk, ko k. HELREIEK S - a B&L B

10. [25] —A-FAx 5B ROXFE— R b, i DR, - RS, YA
MRS, EHXFSATAKR, £& 15845 S8

AALARABAS AN DS D

12 3

AR, oo, n} 95 RIFLEA n+ 1N TH A A AR S B2 (R Y —— % R

> 11 (28] 7E7. 2. 1. 2 WA KB M) ¥ 4, R i send+more=money /4~ “afifx”
MFRREAR, AAE—-MO— N FRER. LMBEEMHE T NS TR —A845
B, T ERHIHEKEo(sendmoremoney) £0123456145217; i B HA' 1Al BEA 53 b E /6
FEZARBIIHE-AE. FEORKES T I3 HIM K $ k& ¥ na, a.a,a, +a.
Ay A1As=0y0,,a,, 4,0, IR F R A?

12. [M31] (2% YMBITMITRMEIEEGHA R, BNSOAT, mBEg Yx=
y(modulo T gk #x = y(moduloll). #& 2, ITX MEREITRIN—/4 “mam”, #@dop
HENFHEOGN > WEE, W ELITRITH Wb S84, @it mor kM A HE—
EET. ABEHXNMBFER -/, MBIV ITRITAIMTE KA ingy, wmaAIT
RENB/MOAXMBE. Fin{l, 2,3, 43092 e

R BATEL R K #Ha, 0,00, Km0 R, EXDEE PR FERIEEAN > RIER Y E
Hiimd. Ao MHBAEMNES A% L, mEBMNBEEER, . 08 8.
a) &yiEa,-a, Maj-a, , RiEAMEHEITVIT.
b) #&Ea,--a. M aj---a, , RIEHMEHRIIAIT,
o) FEX P H AR BRITEET (BN 287, 2. 1. 4-55)7
d) anRITHKANRs,, -, 5, BB, E—HBEL L9/
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e) aRITEH K/NHKys,, . s, )8R, H2/ 000 B%EE?

f) AsifE: mROVITRED MITEEONIT,

) AifR: wmRITWEDOANT, WIIVITRET

h) Sb(IDFAR RIS . RUEBb(ID+b(IT) K b(ITV IT)+b(ITA IT),

13. [M28](FF 9 + + - ®/R/E(Stephen C. Milne), 1977, YanBRAR {1, -, n}y5r &
M- RE, ENARARY TEANTCA, FNEEMTNHEITYROES. (RIHE
7.2, L3-S E Bt FREAMPALEST. )

LI IL, - RECNRABE K BEERNRET, (1, - n} s hdkin ], H4,
IT;, - RAEFSGF T~ DRIISHR]. RN A BEL MR, XTFo<N<r).

{IT, -+ MT3={IT - [T} 0}

®a HIPRAHERRHF0), -, fu(6)=(0,3,5,7,7,7.7).

14, (23] RV — /R, A LAKACT) DR A H 48 W 5t 4 0 R

IS, (M21] 22 i 51 1480 Bk Az Y B )7 5 307

16. (161 (1 DRBIHTEMA,, {TARA?

17. (26) S F{L, -, n}IBT A mik 3 R, TR3K BB B4 B L (B).

I18. [M46) 3 FAt2n, A ATRELLKBE—F R KA RFABBMK Ha, 0, BEGS
e R £ 17

19. 28] WRIE#, H@BNEERFTH o, Ha, - a,bf; F0)FATAEA K%L max(a, -
a =m0 {7} URBE, 3 FRRBIMK BIE7 B, X FERS, £E50, £ia
REKE £, RERE 2.

20. 7] BTN, -+, nyfg—A 53 %, B0 SSEIT fhy FHURIA 2 5L

Jj=k (modulo IT )esn+1 —j=n+1 -k (modulo IT)

1B 1% IT47 TR ) %4 5200 1010202013; {12 R IT HIBRHH & &0

21. (M27) {1, -, n}H £ B ILFER 5 12

22. [M23] MRX2RA-TRESHOMILER, X MRBEBREZSHN Eni 3
¥. HXEQRAYEIMHREZEEX34.1-A0)H, (0)%m> nbt{1. -, m}HI5E YL HEF
IR BEF XL 3.3-Q21)E, EnlshER £7

23. [HM30) fnRf(x)=%a, ¥ &~ EHX, &f (k% o, .

a) RIEAF S AXS (w+l)=af (@). Ftn, mBAOZEMAC, WX/ 2L
w+2w 4o = .

b) %fLlits, IEMAX FHIAERHL. flo+h=o'f(w),

c) mRpE %, RifWw,., =v,+o,. (modulo p). RF: HFHIFWH Lax’-x.

d) £ R Y N=p* '+p* 4+ 4p+1I, ®w,., =, (modulo Ple

24. [AM35) 265 | —iE 8, WIEB mRp R4, WIURKKRE AR, .\ =0,

(modulo p), #&-+: {EB 2 = g,(x)+1(modulo p*, p*'g,(x),---,and pg,_ (x)) » F**F
g, ()=(x-x-1)",
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25.[M27) iFw,/ @, <@,/ u.<w/ o_+],
p 26, [(M22] #BEBIR%ER(13), EAB=-MAPH¥e. HBELT AR E

PN @D B @ AR . KB AT 2N @D 3| @ M &M 3R F{1. - n}—1 53 R,
P 27. [M35) FnfI—A “BEAENRZTB/A" B FO<KAL2n, #HRay2a,2a02
BB VI =a, ana. BT, EBA=A=e, I T1<k<2n, WRA=A_+(-1' &
Fxt T HALIBRO< L <n. X Be, Rk 240<t < nbtH IO 10, fiHe A%,

a) FIH IR FF A4 BB BN ERRER. &7 BHAIST. ]

b) IRIEHB A w. TMRFnIEEAERRTBIH, A =0,
> 28. [M25] (" L &9 % 3 X YFBEEFTMIIPO A e+ +a, ) —LHe, HhiTh
BEFN, -, a, HOHHE. EXETRPEERSXEN “F, MABEBETLEZSE
£, HEBIIPHLEZE—1T%E. MR- ATHBERAGOLMERL FLERE, MEA%EH
MR H R, Fln, E36HORHMAFXHEMRE, ~TEAITELEKESG, 1.4, 1.5,
9.2,6, 54T, ME - REI*MWEFER A%, ARRABRSRE, =508 E
EBITENLLMED, RERTRREH HMZEH#.

ojo| | olojojo|oiocie|olo
o olo|elololol oo
ole| [of olo{o|olo|e] io]o
° ololo|e]o olo
olo ololo|nlo|o]ole]o
ojojofejof | | | ole o o
olololololololole

olo|o|o|e| | . o

clolojo|e

E36 FRHEA B G

&R, -, a)REFHSENENRE My #TRMBAFAYM LI, Kdrk
EWMAY, Wif REMSEGE. Fam, E3SHRAEEMTEHmARSG 1,4,1,5.9,2,6,
S TR Axy's

a) RIFARNIER @, -, a)=R(a,, -, a,,a,.a,a.,, .4,). MEZ, FTEIMFL
XRE, FHRRNTUMEE, RERLT7.2. 1403 R RFIBHER e > - 2 a,.

b) nka, > --- > a, BinEb, b, =(a, a, ) RIHHr R, KiUEWR(,, -, a.)=Rb,, . b,).

o) REKMHHWRG@,, -, a. ) —EAKX, HHHERITRERG,2,1).

d) i 3 0 A0 HL I (13) 32 B

Wﬂ{x, _}") - Itﬂ'{n_”*{x, .v} + }'W“h“{xs J"] , 1 <k<n
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BICHE=012), HlEo(x, y)=x+y, m,(x, y)=x+xy+7, o, (x, V=O+2xp+0 4y, 5,
WIEN BN R o (x, WREZTMARG,, -+, a,.), Kha =n-j-[j<k].

e) W (d)h i 2K @, (x, WTLABE SIED TR E®, (x, y), FRTE]H26
A RES N @ AR, ENALEEREMNRAILN “x3” ML ER A6 ED
“yA7. WRIUERR, XMATAKEAHIREIE K e, - a, K,

N v m=l=manlay ey ) @ ek,
mﬂ(‘x1_}.)_ EI }l‘

a1 2p

29. [M26) 4%k bF— &R, AR (a,, . a)=[x] R(a,, -, a )R FXTFyMETA, “ikdEr
NER, EREERTHRNE.

a) RIEBA{ER x nHIR LM BEa N ERHERFREAMNABESHBEEMA RIED
{1, - n}EOHERI A 8. R B RS 1. 1-8)f ) ES. 1.2-16, &iA

n n
R (n,---.n)= n!}_:- H{! +y+-~+y*"]}

) AR R armo ) BMEm x nfIHR_br /i & 00 AR M
¢) ka2 -2 a, RORAETUVES, WKIEW oK

m l—-- ﬂ-ll+ﬂl—'il+l' m f!ll
J= I-}r - ([..k}}

(iE: $k>1308f, & o -0, =[[[5W-y") -y AHF. H, Bl4n, 4:=01t,
HiB1REE AR (ay, -, a,). EidEKHIZEE=0, 1, m BAITIHER,. R, ... R,. ]

d) tna, >a,> - 2a,>0H a 3> a; 23 a, 20, RiEWHENAER@,, a., . a,)=
R(ahaya,), Y HN MM XBEMNLEEA {atm, atm— 1, - | a,+1}
1 {a, +m,a; +m-1,---,a. +1} 5.

30. (HM30] /= SCEIRTAS #R3 {n }, Reh F A AR 2 L0

n+l , L n | 0 5
{m_ } =(l+q+-+q }{m} +(m—l) ; (m] = o
q q q

o

Wik (), REFaropmk, ma{l) measmysnnll], BLEREESLL 2 6
(46) T IAK 7 -
a) PUUHERA 21 28(e)fy) LR ¥, (x, y)=R(n— 1, -+, DA BA

n mi (R
owsn-eens 7]
=i} ¥

b) W IEBAS™ SRR Rr PR3t <F 18 U35K

N P A L
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©) RARHM T (o}, WA AR . HH/1.2.9-23)F01.2.9-28).
31 [HM23) 47-(15), RIED, mRHATHER

o 'H-’n-* z.lc—l
; " (n=k)! (k-1)!
378 = A TR A — R R A R B
32. [M22) &5 R XHHIREPHK Fa oM, HTEN, Ma+ - +a, RIEKIIEKE
a+---+a, R G HAPLH M 8. KIEH, Ynmod 6=(1,2,3,4,5,0)k

6,=(1,0, -1, -1,0,1)

#T: FRB28(e),

33.[M211{1,2, -, n}R0HER IR, B/ E 1#2,2#£3,...,k—-12£k?

34. (4] FE MR R T A5 €, ENRAEA W PR —/MFH0F704 %, H
J= kS BACSTR TR . Bdn, —A “FATITHE — R EA LTSRS —
ATRATE, T ERA @R OO I0BT IR A B 5 .

fEHI(a)EFrI - 28 - FTREE(HAITI1270), (DEBRF(HAITI350), OHEE
(1595), ()P LLLE(1609), ()FMBH - CFEF - HBT1850) B HEMILB L+ w 44
(sonnet)r, {EHMRMLTHELE?

35.(M2]] & w, RETHELT “CLWE” MniTid i K%, DETELR -
friff). TR, BNE (v, 0),2],)=(1,0,1,1,4,11,41,--) . RBUXM Fo,+0,, =7, X
—HLN—-NHAUEH.

36. [M22] #REE 135, (HoREREEK 2, 9.2"/n! 9

37. [MIS] K - ¥/ EANET “FHHENR", R PRESTMESES L &
(pain-gain, form-warm, pun-fun, bucks-crux), fiB% F “PA¥EWE", B A XHE A HEE Y
FI# Y2 5 (humor-tumor, tetrameter-pentameter, lecture- conjecture, iguana-piranha), {F
R R /MR (& - BESY (1833)dh, RATH.LIRHMER. (e - RiEL) Wi
— AR A A 7 $010122334554770) — & HIU1TiE . Hb MR IBECE R AN,
WEVRZAKMIERMBEN. ¥F L/ DMINARBIEEIEFLACEIEL TR
B R HREREX.

R AN X RHREAM /ZAEEHBABED RYLBLHITE
ZEMRELRFES /RERAEHEAR)EARELNRARLA TR T /£ 2
REXNEEHREE? RAAFEZAEEEL, /AFRRRERRT AR, BLHE, BRE
MHEFHHAY, /EaTRAXBEHABRFHAUERN AL AL RS, /R4
AXBHARERC/DREAHR, ARE, TR, BEfT, /N ERLL+HWETH T4,
——#i R A2 - EH(Vikram Seth) , The Golden Gate (1986)

W3S, —HHTIHTLLE ©,=24 011 1574220 E R, BRMERY
i EAN B, BRECHTERANHOTEEMMEN, Bates 2040 5ER?
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p 38.[M30] 4o, RFIHRHFI(, 2, - k). SN B BRI RITRIFIIK koK,
MFERE, Oy 99 RIEFHS. Flan, Hn=4RHGA 15170 5, A
1111, 1122, 1212, 1221, 1333, 2112, 2121, 2211, 2222, 2323, 3133,3232, 3313, 3331, 4444

a) RKH{1,2, -, n}B 5 RIF0K B Anfo BEF Z B R)—— 3 RE .
b) EmFin, HEVPRKEAnMIBHREL<KL, -, k,<m?

c) #{iEi. jfn, FEVKE o TBE®AL =7

d) B £ VK E A olEHR Ak, .k, 227

e) HE{, - n}TRIA 1#£2,2£3,....,n-1FZnFInEL?

39. [HM16] %pFnqRib i Bht, RIFE 5 e rfdr . 27 FRI1E1.2.5-20,

40. [HM20) {Ri%{E D8k ik R itz e, IEXHMADFHEIIQ)HHE S
c=1/I1R I IR EEMEEY, SR g

41. [HM21] Yjc=— 1B}, KM L.

42. [HM23) R {8 8 A kG e LA MFHRZ O /nY),

43. [HM22) RUELA ()R B (23) b 5 W E Wtk .

44, [HM22] iR iR B anfal M(25) s Ha,, a,, - K iHB(26)R89b,, b, .
P 45 [HM23] Bg T(26)%h, WRiIRBH I 1A A e X
Iy b b b

= ¢ ‘ 4+ =4 _nf_,.{)(]\l]
“n E"J2nn(§+l}[+ Tt \n™')

n o n n"

Heh b = —(2E* +9E° +16E7 +6E+2)/2HE+1)) «

46. [HM25] ¥n— <8}, RIGTHERTE =M+ o, HE.

47. [M21] W5 BEHR E i) .

48. [HM25] WEnAR— 8%, WQRIHIT AR oTLAH TBA MU R E B8Ok
1. CEMFIA LB L4 XA W R w, . RUEH ., WmRE06)F AN

| = k°
W =—% —
X e 4 .{'!
P 49.[HM35) RIEW, HFRAMR, EERQOPELHBE ST
] k
Inn-Inlnn+ _;‘+k a’ﬁ—, n-_L? ﬁ,l"l“”
= PARE S Inn Inn

P 50. [HM21] tnRE(n)e*" =n B En)>0, W|E(n+k)anfal [&E(n)#H 3 Bk?
51. [HM27] (E 8k S5 3R ¢ = nizmes™2 » BBn/SJC R AR 8o (4 U ik
G BRI/  28RH{1, -, n}BIST KD
52. [HM22] — AR AR R RMEZAL. 2. 10-23)dE X, Y— LB % TL
B R (a) e w & k! (b)EJ.{j}e‘_]""f.’k! i, BB B2

P 53. [HM30] & G(2)=3i,p.2" BEElZI<1+6 — T EEE> 4 KA FR
Z%p, RIEMM, G)=1, MAHEMEZ5WEu=C' ()R o’ =G"H+G'D)-G'(1)*.
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RB’X,, o X RAEZA MBI, WX+ + X, =mP R E(2"G(2) *, M1 B YmiE
UL T EME palet, BAT1E W TH Al X A 8.

f&Ep, = ORI A ¥ ded> L& (Ep, = ORI BT A Fhrky— A RAIHEN; XABRE &k E Yn
RAKET, mATREMWEmod dREMKFRIIE R FF. RIERA Yun+rR—MBEE, Yn— it

—rz-"{ln:r:n
ol

oy2nn  \n/

21 G(z)" =

#F: EEBz=1 EXHGE) "z #HTES.
54. [HM20] i R afIBR (40)E X, RIEMH BN R A fJL {78 1E 5 3
a+f
- 2

= scoths 1 ,‘.,%-jcschg ’ ;1;'11E=Uf20

55. [HM20] - — /M ki BEG)H HEERN K.
P 56. [HM26] tnRIZFEGHIHE, £ g()=a'In(ef—1)—In zFlo=a - B,

a) RIEH (-0)""'g"(@) =n!-FL,(D)a'B™ | sehbkpid ()45, 1. 3%ehZ L,

b) BRIEMIR FHiA0>0, Lucsr (1Va'prt cm o #7: SRS, 1.3.25,
o

c) BLEERIEAFR(42).

57. [HM22] (4325 T, iIRIFBH(a)n+1 — m<2N, (bIN<2(n+1 - m).

58. [HM31] iR SEB(43) ML A T

a) FPiHo>0, IEHAE M Hr>20fEHFR2aM— M EMK, WHM F0<<
T, e =11/lo+it| B iEEMA.

b) iE# 7, exp((n+1)g(o +in))dr FF(43).
o) RIEM, MFMIBOXF —n<r<ofE H&iB#e=r + it LT, MMTF - r<1< oy
2= —n ik W B,
D 59. [HM23) (43)Fadl {7} MO AUE A 20
60. [HM25] (a) IR BATE T %K
{H}Hm" _ (m=-1)" . (m-2)" 0"

e (=) —
m{ ™ men 2moy VG

FRTE R i E G TR A R A A (DE5IE, 2m<n Bt

{"}-’"—"u—ouw'"’ )

m m!

(CYM(43)HE HH — A~ 2Ll £ 5 .
61. [HM26] IRIERA, nBm=n-r, Khrn fe<n, MEX (43) =4

oo (1 0eeeef)

62. (HM40) FEMMBAER , JEe t=n, W24 m=|e* 1| m=[e ~1]pt, WBBA
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wint.
b 63. (M35] (R - B4% 2. Pitman). Y iRIEAE 9% H B ER SR EN6E
FHF Z MM E, WF: RO, <1

a) &f (=(1+p, (z— 1))(1+p, (1 —2))Ha, =(' If (2); Fitka, fIEAA ST AIRE T 9547
AAEEp,, -, p. b, (REHLOBE. RIFHEYk<u=p+-+p,, a. =00, a <a,.

by Kl , UEWIE k> uflla, =0, a.<a..

) BRSf (x)=agtax+ - +a,x" BREFEFIEARZBAnAS LRAOTMET LK. RIEWY
k< uftta, \<a, , %k> ubtta,,<a,, Eu=f"' (DIf (1). BHxinEa,=max(a,, =, a,), T
R m={ujgm=[u],

d) fEEMMBRIZ T, LA Mj<08>nlta =0, RUEHGFEE Thrs<t, {#8a,., —a,<q,~a, ,,
HBEMNEs<k<r. [H, BFla,a, a0 HESE “BhE 19, )

e) KT Wit bhly, XL RAe& RNt 20

64. [HM21] { FH(30)F0 ] @50, ML {LLEL(50),

P 65. [HM22) FE—/A-{1, -, n}AOBERLSY R . K/ AR A B 5 £ R £/09

66. [M46] nf)f 25 RIS BA1, -, n} B 215> R

67. [HM20] £ 75 ik (53) b M A Rl 2R £ 17

68. [20] HHEMAERn, - 1, n, - myWIBTEp(n, - ) %N, EHRRMKEES S K7

> 69.[21) RELBEM, #5E B4 RE Lg%,
P 70. [(M22] Ryt En BB ERAR) {0, --.0,1}; (b)) {1,2, - .n—1, n—1}ebuEER
B RN % MFrkfn, B¥AHL09
71 [M20) {n, - 1, -, n, - m}ysp 5 L /053 RSB EF 2486432
72. [M26)] e & 72 £ T iR P HHE Hp(n, n)?
b 73.(M32] HEn20, RS ELEGNAE G R HPQ, -, 2)?

74. [M46] L7 a0l , GEERLEZ AN S IHERp(n, -, n)?

75. [HM41) E3Kp(n, mFI¥LIE .

76. [HM36] 2 n 20, Kkp2, -, )FINITIE.

77. [HM46) M & nnlit, RFpn, -, n)WIBETIE.

78.[201 (15, 10,10, INMH 2 MEBER 1P RENa,. a.. aFfa OHEF]?

79. 122) —/AFu,, uy, wy, o BRALL, -, n}5r RGO 7 A A 7| — 4R 3 F0 < m<w,
CHIF TN Uy Uiy, Up) RRTELIE G=h 2 H N Yu,, = u,.” Z FRATRENES >
gl. Blgn, 0,0,0,1, 0,2,2)&{1,2, 3} Rt — 175 H ¥ 5.

KEH—-BF, KL 2,3, Mo UNOFAEHEFNBBR TR () u =u,
=uy=u,=0; (ii) XANFFIERBIM K (i) 0<w, <35 (V) uy=u,, =, =0(H 1% 4 FF 71 2 B
EREARN),

80. [M28] LUEPA Mn > 4BF, fE E—BEIMEXL T, (1.2, .} 0B ERIAEE.

B1. [29] Ik tH— ROk RHORHE S22k 5 hR, (BB THIEETT R ATRER): 54 Echd
F—RIRRAT A (R A — /B HES) . AnfRlfb 0 18 B ST ARAE, RIS — Bk M TR -
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—3khE . —ARAWLEIIZEE ORI EEEA, WFE R bOAE R GRITR
HFRAE—R, ARRLNEN N EEETE -, ALTRWERS -4, FF. (R,
WS AR - RAKEN, MBREEM-TARAE, WEARFELAES. )

IR R, ARBEMEE, BAMTLLRHASKMIES, mREREE
F A 4 b e HE R I

82.(22] Z£ FFI1S3kBrhech, (ERMbEes), MICBKM AE B, AEORGELE
fi 15y R A MR RMAISTRAAIB A .
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1L B{E-NT2ERES, NI EELERIIMAR TR, AU MAKE
e, REEAHI =KL, F%, HEFdle ee,0 HTF0Lj<s=n~-1, H
ik 1Ee , ~s-j, ERMFIL<MIEBE—TLRe, FTEFFe e e, e, FEH
WHENTE. WRK-ATXHNTERE ¢, BONEICH—1T%. RZ, 3)
RETETE - MME—NZERES e, - e}, BHAMFILiK1, ¢ <5t
[~ PR R IL & - REEE(E. Catalan)f2 f: #nR0<e, < <e <5, &
{ci, -, c. }={e, -, e} U {s+jll <j<tFlle,=¢.,}
2= W.Mémoires de la Soc. roy. des Sciences de Liege (2) 12 (1885), Mélanges Math.3, |
2. EET A REXMTEANSE L, ¥ TEMmMAS). 22

3. EEXANRED, BRARFERg, >0RIE /N IE Thr.

F1.[#%aft. 1 X T1<j<7, Bq ~0Hg,~s. (FfNREs>0. )
F2.[15lE. | DhlRl e g, - quo fnifq,=0NI4£F[F4,

F3. (BB, 1 Bq-q -1, r<1, HEFFS,

FA4. (A BB, ) tnRr=tlg%. HW&Eg-qg -1, ¢.<0, r—r+l,
F5.[(#¥mg.. 1 Bq, —q+1, HEEF2. |

(2 RLCACM 11 (1968), 430; 12 (1969), 187. L ik i) SN ¥ A ploX FERY &
IS R EEAER . )

4. AT LA HOoRItER, #8 010%71...10710% = 1%01"0...01"01",
X #4 1 0'10°10%10%10*10°10°10°10°10°10'10°10'10° = 1°01%°01°01'01°01'01°01°01°01%01%01"
@,y ayao R B3 R For, o or, B TR BN

MfEed, AT L EEANKR: {d, -, dy={r,-s, -, r,- 0}. fHidn,
{10, 10,8,6,2,2,2,2,2,2,1,1,0}={0 - 11,2-10,0-9,1-8,0-7,1-6,0 -5,
0-4,0-3,6-2,2-1,1-0},

5. (@B x;=c,~|U-D/2|fE n+|t/2) &N HEH. DB =c+j+1Fn-1-
20 HA

(BBEX ., (6, -, O)Fx, E, — 1 RUMB B RN FOL i<, A%Kx,, >
x+8, KRR (x,, ,x). )

6. Bi%r>0. e >0t HAVEFERITI; Yo=c+1>IHERITS; Y =c+j— 1> jit,
MF2< i< 1B Ta, LA KR T, 1 T2, () T3, (V)
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T4, (72)+(m2)e+(m0)=(m)s 15, (1) me, (m)+(i)-1.
7. =/ MHELCEETE R AR e s [ RiRks<na.
S1.[taft. 13 F1<j<s, Bb, —j+n-s—1, REHE-1.
S2. [ijila]. 15RdH AL, b.b,. mEj>s, MEK.
S3. (Wb, 1 Bb—b— 1. fnRb<j, Bj-j+1FiEMES2.
S4. [EEb, b |M4j>10, Bb_,~b—-1, j=j—1, HEEFj=1%h1k. &
#s2. 1

(B A - EIKPIT(S. Dvorsk) Comp. J. 33 (1990), 188, {F&EaE*t T1<k<s,
xe=n—b,, WMEZEUEERBNFRE 2, - nyfIRAEHAY xx, HALL
X< X, <X, S, )
8. Al. [#%&tt. 1 Ba,-a, 01", g+~1t, r<0, (F{HREO<I<n, )
A2. [iilRl. | iR Aa, ---aa,. 1R q=0NI5EF]A4,
A3. [LL...101 fe&k..01°, | Ba,~1, a,.,«0, g—qg—1; RiGmFEqg=00I%E
r—1. BREFA2.
Ad [BBZh1Hk. | Ba, ~O0L Rr—r+l, BRfgmRa, =1, MRa, -1, g~
g+l, HEESEAL,
AS. [ ZA#FT. 1 anRr=n&K, KM Eaq, - 1.
AG. [FTEAY? 1 tnRe>0, M Er-0. ;BEIA2, |

Eﬂ%%AZI:F! -‘-’Iﬁrfv}ﬂu*ﬁﬂﬂ 1"l Fi_l%EE{JO*n]a ZIE-%AL T A6ﬁ}ﬂ|”r1
Lo () (i) (1) -1 ) (0t ) - MR BER AT
9. (a) 3k (") A~ HBLAOFF #41 LA 24, ., A AL HAe (1)) AL
ki HA2A,, A Z#r&E. mH v(01'0°" @10°1") = 2min (s, 1)
(b) BE1(H E:R): A B,=A,+min (s, H)+1, 02 st>08
B,=B, ,,+B, ,+[s=t]
Misr=0fB,=1. &R, B, =-3I(") . mBs<r, Wix L

< E:_ﬂ(:::&)g[s+:+l)=(::t)5+f+I{2(::1] ]

t+1
fR2(la4ERY): ZRIMNREER LT EA3, AHPEHITx, »ikE, A2x+0)4
Tt R, HiA, < (;‘_',')+(;‘)-1<2(f)n
(R ERT 211300 ELER T4 4. )
10. M GREMPTF— 4, ) ADb. bbb Sc,c cc,, HPARBELTE{8 - b,,

8~ b,,8~b,, 8-b}MINWEBLLFE(8—c.,8-¢,,8-¢c,,8—-¢}, AAHNAMRIE, @
FIBAEE — B E B ME M TAOELPE. (FIH, FATTLAAER{A, A, A, A, N, N,
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N, N}MUBT A HEF I A EEATIN R R a k. )EEMM S BN 56, #0, JHNA
c=0. AR (2)+(9)+(2)+(0) HEMHRMTOF69.2 M — M ELH .

@l tn, ANANAA <> a,---aa, = 01010011 < b,b,b,b, = 7532 < c,c,c,¢, = 6410 ,

i e e Ty (5)+(5)+(3)+(0)=19mma. GBI () #HhB S AN
Yedt Rt —AREN. )

[1. AAAA(97K). NNNN(8K) R ANAAA(TH)REE BRI . 10 FBE2TNA
HEL, SFELANNNATF A4 . (FRINAB S B FREERAI9074H, 1912
EF9224EHI4T E DRI LLBE . ANNAAARIE M i th F2 HEBR B, BB A E{LFE1920
EVEATEI N B — IRANNAAAAK —E o HEBL. 33t NNAAANNT-2001 4 3%
— kB )

12. (a)4 VvV, & F % i {a, . a€VIX F 0< k<j, a.=0}, f{#
B{--0=VCV C--CV,=V. W{c, -, c}={cV. #V.,}, MHaZEBT
1 <j<tifia, ==k VEIME—TCHEa, " a.

MBS, R T —ANBIEERE x nRIERERF I &M X T, @it —
APRdERT =R Bk, FTLAIREIE(E W 2184.6.1 - 19f15.#:4.6 2N),

(b) S1R1.2.6 - 58192 - AR (1), =2/(7), +(1), HFEBOKER, H

b 2(%), :iﬁﬁlmﬁﬁl‘ﬁ]ﬁc;{wlm(fi')zﬁcsn—lu [-ARH B, A4 RS

— /N RFEE RN BR 2 B E Z A E o f o RIB B RAEM o 8itn -1,
M ERT2.1.4 -1, XL (7)) . BRIE & - LE¥. J. Combinatorial

Theory 10 (1971), 178-180, ]

(¢) A FEEBE 0T T <j<n, au., =0,

V1. [#8&ft. 131 <k<tfI0< j<n, Ea, ~[j=k—-1]). HBq+-1, r-0,

V2. [i5lA. 1 GXi, *F1<k<q, HMBFaw =1, a,.,=0mHa,=1. )i
HWAEEE @ ., 0y a, 5 0 Gya0). RTRG>ONEE VA,

V3. [#Rig1AUk. 1 Bg-1,2, -, HFa e =081k, nRg+r=nlliZ XK.

V4. [in1Blg+rFl. | Bk-1. tnfa,., =1, WEay. =0, k~k+l, HHEH
H¥a,,.,=0k1k. R5mEk<qg, MEa,, -1 GUWEa,,. -1
Aoger-0n+0, g—qg— 1.

V5. B A, | tnBq=0, MBr-r+l. HULR>0, MHTI1<Lk<gH
Ay~ 1Flay, =0, BRIGEr-0. ¥mv2, 1

HWV2LL - 2 - D2 - D = 1 -2 (IR R Blg>0, FrLABA @ i sk
XA BL AT YT i
(d) d1F 999999 =4(3), +16(1), +5(5), +5(3), +8(3), +0(3), +4(3), +1(1), +2(7), -

UL B 1005 A4 A st wlE 74, 16/2, 5, 5, 8/2, 0, 4/2, 1, 2/2, AP
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a,=001100011
a,= 000000100

a;= 101110000
a,= 010000000

[A % sC#k: JC - Rhikb(E. Calabi)fI# - % - BU/R#, J. Combinatorial Theory

A22 (1977), 107-109, ]
13. Gn=stt, JA4 (500 [ ooy ) IO RERORRE 0 (0 N ) B

{r—l]u":] L{r—]J-‘l! LLr-l}I-’:’.J [[F‘-”-"z]
FRERRIRCE . BALAOFF A0 3L AL B 6 B2 Fs/M043 B A [(r+ 1)/ 21 N804 B & K
FUA 15 A [(r+ D/ 2| DRI A B . TATTRI AAE R A X AR A il H R e Al
BARE D, [BIEK - L3, Zeitschrift fir Physik 31 (1925), 253-258: #] -
8- R PFEN - E¥RL(J. M. S. SimGes Pereira) CACM 12 (1969), 562. ]

14. X F1<j<n, LU <j-1RIr[j— 11 jJF4k; 101<n, rln]-0. A43KHT
—MNH A, RigR0, WRI0)>s, Bpes, GNEp—rin]-1. Fp <OMLHK;
TN Eg - ripl. Hql-Illp1Far(lipll-q. BRIGmRriql>sHip<s, Brlp]«r(n],
Hrinll=p, risl=rigl, llrigll=s, r(n] <0, /[0)~n; HRIEr(p]-riq), lrlgll-p.
B Jq B rigl - pHil(pl - gq.

(£ WEH (Korsh)F1 B ¥ &7 4% 2% (Lipschutz), J. Algorithms 25 (1997), 321-
335; KA Baaf B2 TEAOHIINEB/ARS:. L&k R)8EH7.2.1.1-
16 —4F, XANZIEARM FRRRtERBE, REZFAMER, B DR EERAFIR
HETR EIHBR TRAE AR S — T8,

5. (PR B|LAE, BHc, o WX R Fa,, - a, FITRBRIEF, Ei
RF5HI--1®a, - aIERBIETEIENEF . )M EBL, A8c - o FRFHRE i
Iﬁl(b‘]+-~-+(?)+(f‘)2ﬁﬁﬁwi‘ﬂﬁ H Bl 14 EH

()=o) -7

wgg e BOBL, B F =1-x, B, Xt SR LS R b

=1 j n=1 j n
= xﬂ+."+.xj = xl}+"'+IJ ID+"'+IR_|

BB T FRX

n 3 n n+l R
X, +X| _ _|= -
Xo 44X, Yo+ + X, Xg+-+x,) \xg+--+x,

16. B F 999999 = (M5 )+ (“F) = ("%5)+ ('5)+ (V) = (%) + (3) + (2) + (%) = (%) +
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(2)+(2)+(5)+(5) , MurgRL@1414 1008; (b) 182 153 111; (c) 71 56 36
14; (d)43 32 21 15 6; (¢)1000000 999999 -2 0.

17. MEBL, n Z2EEN> (1) WEXBE & FHBRN - (7)1 - 1k

o

M Fe>1, —ABRAEE AU =1, c=tFthIFBc-c+l, x=xclic- )%
REZR, BEx>NAIE; RRHRIMMETEx-x(c—-0/c, c-c- 12 L—FTE,
iiﬂ?fﬁﬂ']ﬁxu(f) (.Nc(“jl)o Bn o, Ne-N—x; mRe=2WLAn,~ N&HE. N
Bx+—xtlc, t~t=1, c~c—1; MYx>Nit, Bx—x(c=0lc, c-c-1, BEHIT.
MEN< (1) . EAHHEROMKBEAGE, FURIERNTGNRA, BUER
FIEM .

ser=ofd, SIEE1.2.4-41 5 REAT n2=lﬁmz+%j . R, R X, B

1

rz_l =1
Sa DX

hxfk x' =N BRI, X0 8 K y-{x‘}”’-x-%tr-n-r
+o, ATDARBHEME RS B x= y+%u-1}+§5(ﬁ-l}fy+0(:.='-"’a o fFFIXAZFK

FEy=(!N)" B~/ ERECL, FezEHRNMNTULE (t;') < N< ([”f[) A fE—
REFWAE. [N - S - BEGTI/K(A. S. Fraenke )FIE - E/R(M. Mor),
Comp. J. 26 (1983), 336-343, ]

18. BB - IN P AR — A& X, mAENER - ATBIMITE, R
ERCERHF P “RBCERT CA1YRRE)IN. REATFERXMNH
%, Tk, FRAIA LR A2+, i B A2 bR 2k,

ZIARRNX AN RRA T AR, B Ak=(0"1a) % BT R b
01" &

19. E&post (1000000), Hpan2' < n<2®', post (n)=2* +post(n — 2*+1), ifi
Hpost(0)=0, BrLAEAA11110100001001000100,

20. f()=QQ+z"")-(A+ ") -2),8(2) = (1+2) f(2), h(z) = 2 f(2) -

21. ¢, e, c HIBT 2 ("‘;‘)-lﬁz&cr..-"nmﬁﬁﬁﬁu (& - 1R AKH.
Liineburg), Abh. Math. Sem. Hamburg 52 (1982), 208 —227. |

22T 999999 () () ()-(2)+ (1) (1)-(3)+ (2)-(1)=(5)-(2)
+(?ﬂ)_(l3)+(f), EIH &R (a) 1414 405; (b) 182 97 21; (c)71 56 31 26; (d )43

3 2

393212 3; (e) 1000000 999999 999998 999996---0.

23. %t Fr=l,2, -, t, H (7)) MESIAE. k=1, Bl c=c+l; &
®r=2, BfHc=0, c=1. fRr=3, Bf1Hc=0, =1, c.=ci+l, F%. )EHEY
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e () () (D)= (")) = e ins1-0 |, G—FrEREGH
AL S5 A BBOEEE . B AR/ X AN BER oA, {H XA4% T nit R

24, ] |, Y4/, =t (modulo 2)F}, j,—2<j.. <je+l, Y4/ 2B, j,—1<
Jur $JA2, BEAXMF1<i<), He, =i~ IRSA #HIT.

RISE AT AT, FER2E5 R, anReAS %, “wRki>4, Bji-j—1-[AH
8, HEBIRS". aROHEH, “wmRj>3, WEj~j-1-[hHEE], HFEBRST,
MLEEBRTEARR, BABKRUGNRIFIRSE L HHITHK.

25. BIRN>N' HN - N'tk/h, i Bigefic, fEABERIZ Z T AN, We>c,.

WMRA Ak xECUC BOLKx<e,, MXFjox, @ik j— IBSCU
C' BN E; REMER —-ATTEECNC, MBS WG 4 w5 5]
M- DEA, DR T Ti<x, &~ x—j, FE—MFRT, X/ it
RFF2CEFRVIBIRMT . BN -N LERBECHC MR 2 RIKAA . B
AR/, FRUAAFAEXHERX, R e=mB.c=2m-1,

BEmEc, <, 1, FAVE T M ATLLERAN-N'. FHilkc',=2m -2, Hifq
[R)BI sk V-1 55 A 3 #Xrank(c,, . ,---¢,) —rank(c',..,--c" )RR KIE, HArank al {7 (30)d
AFELH.

EREFLb, -, by, c,, -, c,}={0, -, s+1—1} |-, &f(s, H=max (rank(b,b,) —
rank(c,-c,)), WfCs, N2 FHERE T

f(s,0)= f(0,1)=0; f(L,n=t,
fls,0) =)+ max(f(e - 1,5 - 1), fls = 2.0)) » BASesr>0 Fs>1

HAs+1=2u+2lF, FRMEA
2u+1y 2u+l~2;) —(2j+1

f(SJ)=(I_1]+jZ( . +;( j ) r=min(s-2,1-1)

MHZs <, MAREHBRT(-1,s- DA, Zs2 20041 (s -2, 04k,
Bl e st T
C=2m-1}U{2m—-2-xl1<x<2m—-2, xmod4<1}
C'=(2m -2} U{2m—2—xI1<x<2m—-2, xmod 422}

B/MEN-N' B, TREETF (50) -3 (%) =1+ 3 (A) . (3R - 5 -
- BE(A. J. van Zanten), JEEE Trans. IT-37 (1991), 1229-1233, ]

26. (a) M. K—ANR 0TIl i g R — AN & 217 ez
EEMRIZAN02°1 21290, 0272<>12°1, 10°1+>20°0, 102<20°1f) F-&.

(b) & #nEs=0, MWIMO02'0 'F20" 2 ' A K HIBkEK . -

27. THE BB < tITnIrEH Gce; LAk ~0Flc, — nFF g, ihla)lc,
¢ . MBABEMB.c, =0, MEL-k-1; MBOHEB He, >0, nFk=Ec, ~
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c.—1, HMk-k+1fiBc, «0. H—Hm, wmEAHHK, Hatl=c,, MEL-k-1,
i e = o ({BANRA=0MEEHK). R HE%, MHc+l<c, ,, WinRik=t&c, -
c+l, HMk—k+l, c,=cCivr ¢+l HE,

(Ye=nft, XA TREAREDIALE 1T .2.1.1-12(0)384, {HidSA/DEL. )

28. Hiy. _#frda, ,-a=apFfa, ...a;=af’ M T FHRE®D, b =0y,
core=¢yY)HI( b b =0 /..ol =" ), [EfGap af' ZAIMIBA KL oI i
W HAN Y 6 Ox' Z I EANFRELLOF 6 B oy oy’ ZRINBAARAELLIF G
fihan, nEn=10, WHZRa=011013t kL T ATER 0=96F1¢=875.

B AR T SRR TiYe, e R— A BB EHE&E. Flin, Yr=15,
B X RERI SRS SR BB . )

29.(a) ¥t Tk, I,m»0, —*0"af-"0""++"8 "%

(b) ;5 FEFH0 i EicS T EdkdE SQRB /Y.

(c) XFHrfHamprAk, I, m>0, Tl1A a0-""0" ++" > a-+0"" - 2"
Al a+-*0"" 42" - a0+*'0' -2"; MW H a0-""0 -a-+0" M a+-"0"" —
a0+ 0" o

(d) &a MENTFER(C- DY, BESEFMEDb . 2, X T0<i<kHl <
J<t, MREBATLb=0, WA (-1)% "0 = (~p)fen e,

(e) li¥fisr(a). (O)FN(C), aB@THN B~ -~ a, Hda BRERN(LES),
i o R VBB (ERTIE) . (), BAEESH () A7k, BH@A2 MR
R, mEA ()N EEATFS A%, FLAKL R () - 1.

R A& SICOMP 2 (1973), 128-133,

30. Rikr>0, MHREREEHRNETE. M0 <2, Lo RMHENEO -1,
KEF#.I-_FI qk{S, T; m%k’??ﬁ% ﬁ}%:]&ﬁ(a; lal)zﬂ_-l-( - l}a" mﬁ%n @JH’.’.

GOm0 — 4k, 00~ ek, e, G, =0 ===, Ap RIERLET BIR
SR —MOTREANZBINE R ZEHA -0 B RNERNE. T&, p=-0++
+, p=— =0+, =, Py =-—...=0" Ff1E4 Oy =00 Fll Pyt = Po, HRL

FAVTLLE S AR, - F1<i<2 ", BT, X4-88llo Faaif HLLp,
£, mY4chargit, MLlp, &52. Bkl —p FHRAOBLL - o8- 0. & 2.

&A, (s, NEBELLo, TR SHOG, nASRFS, @B, (s, Nk
h - o, FHAORCGREF. FE, HT1<<2, ShBEe, BERF5IA, o,
0F B, (s, 1); MR AEH, E&B. (s, 0. Hs>O08FX AR

. 1A, (56 = 1,04 oy (5= 0", aRj+ A B
j50= 1A,(s,t =1),0A , (s-1.1), R+ A A

2]
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if] B 24 sr>0l, ﬁ&ﬁﬁfﬁpﬂ'{],@?ﬁznﬁxémlh—la
BHIFFIC. K A, :,_J(s-; o Gy R Ay (0 WIERH, GDRIR TS

Kﬂ% Azsnl 'lf:":lfﬁﬁ](j' t}ﬁu

31. () 24f (5, 0)=f (0, n=11F, ("1 BRPBIAS (5, D=2 F (s— 1, 1) f (5.1 1);
(b) BULES (s, )=(s+1)! £ (5, 1= 1)..f (0, 1= DA i

PRI EIPY Gl o AR e

32. (a) BIFREROAREE, BRI AKMITERmED B3, BEM

— A ERIR LR AT RRE]— M ERIES R A4 IEFR A AR B R S i) SN Y
A%, AF/hRIsF, afLAGLFRE . s+ <OEREA

1 16 160 160 16 1
1 32 2264 17152 2264 32 1

mHS (4, 4)=95, 304, 112, 865, 280; f(5,5)=5.92646 x 10*, [XIHAHIT
HhABEE - LRBEZHARNVACM 20 (1973), 500-513), {HibH AL B Fas
il |

(b) By FEENAIER, AMITLAUEBH, Brf X FER 26 3 e 10 e 44
BT HEAa, 1<a<s, NI 0@ 1'0- ., mH, AEs. tMa, Hsr>0, W
Al FEMERI S B, 82N, =104 K

Rt Ms-1yiga-11s mRa>1
n.!‘.m =

n +trodn M s—tyris-1) » ﬁn%ﬂ=l“:5

Meany2 s s(i-1)s

XA VA 4 A B rRgn,, =2, o

[_t+:_3)+(;:;;s)+“_+(:51), R A{RE
m(s,t,a)= [(s-r:‘ 3 {5-::? 5)+-+++(;)+£-£I—{G{S] N ﬁﬂ%fﬂjﬁﬁ

33. AR =10 NiBl>i, SR EEMEBRANERES G- i-[>0]-
Li<n—11), EHZ, (f (H7 =1/ -z-2). (X5, #HERFI ()HIAL6 RN LM
| (Caron) EHEBRESH, WFEKS4.2-2. WEOKi<gj<n FHIFIR3S (n)+f (n— 1)+
f(n=2)42-n; BERBEMNBAITXMNE, KEE>HIF.

U, BATRTCAE (7)< (7) MOAERE, ENEmA £ 0 id SR %
AR PR A FF ORISR . i SRR ) TC R 3 Fr=1 57 2% B MO T A 26 XUl B8 R AT,
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% Fr - UEDLAEREERRAI . X Fsrr <Oy EEERE

1 1
1 1 - 11
1 2 1 121
1 6 2 1 1201
1 12 10 2 1 12201
1 20 44 10 2 1 120001

1 34 238 68 10 2 1 1260001

KAL) =R KHERg(s, 0B, & - HRERES 4, 4)=17736; f (5,
5)=9 900 888 879 984; g(4,4)=96; g(5,5)=30 961 456 320,

Ys=2F1n > 4FF, BHAI0MXEENE R, Flan, Mn=Tk, B11M432108kF]
65431565432, #H# M543218kFI65420865430865432, £ 8t 3k .

34 XAB/NMER LR A @B R AREE LS, 0 4E B R N hn 60 46 B 5 i
¢, =min (@, +b, )i A BB BRI ERE R Hic, =3, auby . (Ms=1=5B}, (NHIOPF5E
AR E 26(e) R YT SO BNATF ()8 3% S b RN, X Ts=t=5, -4
SCIA R FRTE RN, BNASS A &M )

35. M HR(35), Fell1fa, =b,, , +[s>1][t>0]+a, ,,, b, =a, +a. . &
a,=b, +[s>1[1& ) Ma,=a,, +a, ,+[s>1]r& ). BH

”3(5+:—2—2k

a.!l'=
; 5=2

XA HUE U s s+ 20T (7))

36. ZEEAMT ARG, OR Z3UR, i HE Ys>08t, ZRAEHRAG - 1, DFIG,
t— DB IIE L FH; nRs=01 (s, n& A . TR, 6, it AHB1T
WA () A MR FRTA (s, 08l 8a, a ao. LEIG LRI AR T RT4E
A,y a0 ELEIER ERIH B Fr=n - INH S

*FH A, aa R ) SCIR SEF R, (f:*) - I XV ANKTE
SUEMEEABTHF ZGE, XS0 Eer. F££F, i
It 28 TP AR ORISR 5 R CTEI31(). MifL, ¥ F&E—41 A
fEj -+ 1A HEPAT &, BIEERAN TS E A,

GIEFS Y, SIE7.2.1.2 - 6(a)&Ehk s, rifER{E R s/(1+1)+t/(s+1), =0 GELE
Q(n), HEAICEFTEEREIM RZE R,

37. (a) FEIRRMAF T, &A1 L8Ew, K, BAAXT2r, a RG24 HAL
Ya, =0, {Eixla, «1fa, ,<02fF, WRS>1ARMHERELRE. wkr=/, WE
r—j—1; HMW&Ea,_, a0 1" "LiRrj—1-r(danRr -1, Wlrj.

(b) BlL{EM>1RF, TEMEALEME LK T, -a, ' F: 01'=1101" 2, 010"~
101, 010°1"~ 110" 1", 10r=010""", 110" =010"'1, 10°1'=0°1""; X6FhF IR

] (s> 11 HiE



J8ER 247

wHX 5, riERESBE.

(c) Bk, =109 HEEALKY. &N01°0 ~10110; 0°1"=10°1""" 101°0"~
01105 10°1" =041 T H WA A XHAER, N Ha,., 0., ZVEF -0
BHEAREHBL. i&k>j iR a, =000/ ME. WanFhZ %K, 100 010", nFk
AREM10-01.

38. R A Tl =RE N, RIEEMBEEAZ: () R AhEHE, PEC1Eaq,
a,<01'0"", EFMEABEH>1, A - EHUMrHE, Es=1,a, ,a-001
0% (DHFBCIZHBAMAEM, (iDF=1FERCSHEFIC4,

39. —fRHbiR, LAr<0, jes+t— 8GR, HERLUUTIERAR =041t

J
rer+w, =0](5—a ) ses-la;=0], t<t-[a,=1], j<j-1
j

WG, rfka, . a aft Br . B LL 110010010000111111011010108) B
2 (L) ( )+ (1;)+('§)+['$)+(';)+[‘i)+('i)+(';)+('§’)+(§)+(§]+(i)+[?)+(.;)-2390131a

40. FALAN = 999999, v—0Frth, HHEELI FAERAESs=07 1k nkv=0
0B —r— 1B ARN< () W Ban — 1. BUEN-N- ("), ve(s+r) mod 2,
ses—1, a.,-0. mmRv=1, BBy (s+) mod 2, s—s—1, LUIRMFEN< () 0l
a,,=0, HFMEN-N- (), te1-1, a.~1. BEMRs=0, W Ea, a,-
1 nfr=0, M&a, ,-a,-0°, EERasa,=11101001111110101001000001 .,

41, %c(ﬂ} o, e(2r- D=C,, ¥+ C,=0C,, ,, 1C,, ;; C,,=0C,,, 1C,,;C,, =
lcz., |{}Cjnt T+l lCEn UCz,, C C =F£ ?‘L’Ehﬂ (‘Bb b}*l&(by.:rl{b;ﬂ& (b;»-:l}))y

MEABE, b 1(b & (busl(b &), MRHETH. HE, HRMNMBLAEX
#el...a,a,a,a.ay),)=(...b, ba b, bl by},

42. HFRE0)EMH, ka =0fb>r, WE LT Xa, . a, AW BEZEE.a,
EWFT A B, RATTLLED RN ZH A RNHAS N BRI TR
BHC, HmEH, ¥ F - MEANLHNp(v, 2), BTRIEEBITIIKRETRTA
[w*ZIp(w, {1 —w?) (1 = 22) (1 —w = 2).

Bildn, *F¥¥a, b>0, HFFLAOI 01 EFRKAFLAL 01" FIE—4
A, BEMNCSHBICI— k. MEMAERBEEW 22/(1 - 2)(1 -w-2)Fl
w(Z’+z)/(1 - %)%

LA X EEER 2R p(w, 2). £W=1-w', Z=1-2",

C3 - C4: wzW(+w2)(1 —w—29;  C5(r+1). weWZ(1 —wz—-2°);

C3-C5: wzW(w+z)(1 —wz—2Y);  C5(r—j-1): wZW(l —wz-2);

C3-C6: W'z W(w+2); C6(j=1): wizW*Z,
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C3-CT7: w’z W(l+wz); C6(r—j—1) wz' W,
Ca(j=1): wzW2Z(1 —w — 22):; C6(r —j): w'z*WZ;
Ca(r—j-1): wWZ(l -w-277); C7-C6: w W
Ca(r=j): wZZWi(l+z - 2wz — 72— 2°); CT(r+j): w'z WZ,
C5-C4: wz2WH(1 — wz — 2%); Clir—j-2) w'z*W,

C5(re=j—-2): wWZ(l —wz-7);

*FEZMO<x<], Yn— b, ffe=xn+0(1), WEEEH (7 )(p(1 - x.x)/2x -
P U-x) + 0@y Bk, B, BATKE, ESTWCIPRINBEEB LI+ -
O L - 2 MR R

WS 0% B R SR (B R . AEAE T R3O0 S
MR T, &

E(SH' 2;' 2") 2k +21 <s+U+[s& 81250
‘-

XA~ 5 A A R A B sk Bowz/(1+w)(1+2)(1 = w = 2),
43, T A e B Hx, ESHE, BRAEYx=1/.

4. Lk, Cm)-1=C(n-D* . MH C(n)-1=C(n-1)*- (HIKC,(n) -

2=C,(n~2), %H%.)

4S. FEFHIB B, rRiRc, > rit i/ Fhn:

CCl[at. 1 M F1<j<t+l, He, —n—1t-1+jHlz, =0, HBEr— 1(F{1K
i%0<r<n),

CC2.[ifE]. 1 thmARc e RIGEjr,

CC3.[¥%. | ks =0, MEFCCS.

CCA.[ZiRM e, | Bx—c +(c;mod 2)—-2, dnfx2j, WMFc ~x, r<1; &
Wtne, =/, MBEe, ~j-1, z, =c¢,..—((c,+1) mod 2), r—j; &N
B <j, MBc ~j, z, —¢c.—((c+l) mod 2), remax (1,j-1). &NE
¢ ~x, r—j. REFCC2,

CCS.|ZiRHinc,. ] Bx—c,+2. nBx<z, MEc, —x; HM, mPfx=z
Zu*0, MBEc ~x-(c. mod 2); HMEz <0, j—j+1, HEFCCI{H
mAR>t, MER). mRe>0, WEr~1; HRUEr~j- BREICC2, |

46. ZX(A0)EWRE, Mj&MEL SKRIB /DB, w,=(b, +k+1) mod 2. W(37)FI
(38)7tE FHINRE S, KL ELREIMRES < s<n.
CB1.[#f4tk. 1 M F1<j<s, Bb ~j—1; HBzes+l, b.~ 1. (H4FfifFHIE
BB AER, ERMEB =2 1B/ THR. )
CB2[ijj|ﬁ]u ]iﬁl‘ﬂﬁﬁéﬂé‘b;“bzbu
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CB3.[#%. | tnR b A& % wRb.#b+1, NEFICB4, FN4anHEb>00 4
F|CBS5, HNanEb. BFHNHFCB6. Rs, AiEEFb>0NHF|CBY.
B anRb.. =b. +1 N4 F|CB8, L NEB|CBT.

CB4.[H#fnb,. | Bb,~b+1, HiE[ECB2,

CBS.[#itb Fb,. | tnb. A& %, MBEb, ~b+1F1b,~b+1, HWEbL ~b, -1,
b,~b,—1, z+3, ¥F|CB2.

CB6.[mAwzh. ) nfzAH%, WEz-2z2-2, b, —z+1, b.—z, L&z~
z—1, b,~z, ¥%|CB2,

CB7.[#fitb,. 1 nEb,. Z2%, ME,.~b+1, WBMEL>n, MGk, &
MEb,—b.—1, BRIGEb<z, MBz-z+1. B CB2,

CB8.[tRidb, F1b...o | Kb . RFE, WEb.<b.,, b, ~b+1, MHWE
b.,>n, MEK., GNEb., b, b.vb.—- 1, BRiGmEb<z, MEz-2+2.
#F|CB2.

CB9.[Wi/\b,. ] Bb,<b,—1, z=2, H#HKECB2. 1

R, FBEERLIEAN, LZWAE(Cong. Num. 69 (1989), 233 —237)rh#AH
THTREAICR KUfd . HE4AARBIA&NE, XN REHHRtE L h FE
B BT ) T hRe, o, UMD .

47. Blgn, FAVATLAE AR SECRIERSE(1838), HLL—Adfr Gt ik
¥FZRoRERANAREN ERED A Bw, . FEY TR 0. r, 1 K
ICEEENED LR/ ME. GF 2 R AT RERY. )

48. HHEF I, my, HRA, MBS TCHFERT 16, i H 4jMOEFN — 11,
moo#B{s, - 1,5, dIRIBTEHER.

B Lazad: MHF{s, YHAHN—NEENEDTHENE - BEE. &hX
A - £ % (Eva Torok) k £ I(Matematikai Lapok 19 (1968), 143-146), b3 £
BRSNS ERNESME RN . F2EEH GRS T XU EREERHE,
HA)EEH, REEHEVE.

49. Z0<r<mitf, FNF/lUm _ (- 1)/ (@™~ D=1, i H Y4r=08}X /|~ &
lim, . (kmz™ ")(lmz" ")=k/l, FRLA*4a=>b(modulo m)itt, FATRILAESS FIL, ez 1)
AR 2TR 2 B Mg (2 — DY B EC A

Zin: XAARE M - BEH(G. Olive) R BLHIAMM 72 (1965), 619). {&
m=2, q=- IHRETRII T . B A BRSS n A BRIk H AR % .+ FHi A
n> 0% (1) =(,5) 3L, g (o)) RS T (L, ) o A, KA mod
m > k mod mfI L FHA |k/m |+ |(n-k)/m|=(n/m|, BUE AREXAHE.

50. n, mod m+--+n, mod m>» mit, MAREAE. HHUIHZER1.2.6-(43),
£ T
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{ [{HI +“‘+ﬂ,}fmJ \( (n, +---+n )ymodm

L[n, a’mJ,~-~, ln, a’mJ)

KEE -4 B T2 f,

51. Fr A & B AR AEAE0001 1101111000 2 Rl §gah, HAXEMAA K. £
iR FEMHEZT, 14R2HIERIAL D4R, COPREM, FRITFBEZT,
M T A, B HOFFIA=3452132523414354123 K LA R . Hfb =/ %R
B=3452541453414512543, C=3452541453252154123, D=3452134145341432543,
. E . EBREIEBRCIAMM 72 (1965), Part 11, 36-46]; DLIR b & ik iy
(Eades), @& vidk(Hickey)F1H 15 (Read) &Y.

(REEYH, TENHFEHFAAFEH L, REFBRENMELURSIE.
(s, =03, SKIEILF H4 050 046FPEERIH E. )

52. HMEGTLAMRE, 4s dEF, MiBd>1. B2HBEA T K
SIZIERE, HTES0, (1% 7% ) > 2, RAFES A5 Eits RAH.

5412}

RZ, MRELERTLSENATE, Mk - HEF% T 57(G. Stachowiak)
) — Rk (STIAM J. Discrete Math. 5 (1992), 199-206)#%88, f#{F— ';;%
FE. AL, W EERA TEMEIMEFRE. FZEEANERERT,
Xt Fd> 170, 5, 3 BRI A I A HPA B IE 3R, BRikEX4d=2, sn=5.=l$ﬂhﬂifﬁﬁ
it 15 9b

53. ZEWAMM(EREBUE A 72 (1965), F 0 ¥4y, 36-46,

54. Rikst+0, —FWSHEGRERS Y BICYsF A2 ARE; —RBEE
MAEELYB Y, o4, (s=2Fr=2)dn=5, [f - & - BH(T. C. Enns),
Discrete Math. 122 (1993), 153-165., ]

55. (a) [HFT{E - BT (Aaron Williams)&y IR, /57100 1", W, & IE#RY
R, mEXMFse0,

wxr =0Wl;:r L IW I} 10;1.- ‘; Wﬂ:=wsﬂ=¢

mEA - THEYFRNLEEFR LI Rixs0,

W1 [mdsfk. 1 FFO0<j<t, Bn—s+t, a, «1, mMA# Ft<i<n, a, -0, 3
Bi-k-t-1. GZRAHW, HEARZ

W2 115 1 THIR(s, DA Ba,. ---aa,.

W3.[{EBRa,. | Ba, ~O0F—j+1.

WA [RAEBERD? | nka =1, WEa -1, k-k+1FHREW2,

Ws[E&%k. | tnkj=n, WEHK, GWEa ~ 1. KRR, MEa -1,
a, <0, j=1, LARk-=0, BEW2, |

n, modm,---,n, modm .

EE_ kR ZE, jR&f#ERae a =10008/NThr, B Ea=0rIE/h T xR,
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7 S WU B I () - 10 k=OMIRFIESTWSH I HIL ()45, K-
BT, MBENERAFRGT), FEBELFHNOEAHEEWHII N -r+(5)+v-10
[Lecture Notes in Comp. Sci. 3595 (2005), 570-576. ]

(b) SET bits (1<<f)—1 (e F2 AR 1% s>0F1r>0)

1H PUSHJ $0,Visit iflalbits=(a.., " -a, a,);
ADDU $0,bits,1; AND $0,$0,bite HE$0-—bits&(bits+l1)
SUBU $1,$0,1; XOR $1,$0,$1 BHH—-30D($0-1)
ADDU $0,$1,1; AND $1,%1,bits HH0-%1+1,%51«S$1&bits
AND $0,$0,bits; ODIF $0,$0,1 B30+~ ($0&bits) -1
SUBU $1,$1,$0; ADDU bits,bits,$1 Ebits«—bits+$1=%0
SRU $0,bits,s+t; PBZ $0, 1B 5 BRika,.=1 1

56. [Discrete Math. 48 (1984), 163-171. XA REZN T “hRBEM". i
M, B BER2 - LRRCH{r - 1, e RIS R EREK. Fk L,
Wit mER o o, HI—OFF, JLFRTLAEE, AR XERNG. Ko
Wt E R oML e EB D kkmodulo 2 — IR (A, Blan, =38, FWATTLLALA
a,a,a,a,a,a,=0001115F 44, HBEHFEHE#ha,<—a,, HFOMEIEI (4134 5245
1351 2412 3523), ¥F:<15, AP EHMAR. (2P - H/RELZ (1 Shields)
- & - BE8EE, Cong. Num. 140 (1999), 161-178. ]

57. &y, Xn>m>ilt, MFEAm. nfle, FE—-DEF5EER iR H N5
FrIME. i Ric ST, /" XENHE, FHCHNFA,, 1A, 0, 0,
01 Ap e 0 077 = 0771 A1y O™ 1 Ay = 0" 1 Ay s

58. @1k LAs — 1 fEmAin, Wfaxt T84 c mlyj—1, MANLEINE. (Fk@)
el Eite, AR HTEER(Czemy) K HH). )

59. 3T MO 1 FEkE Z N al X B EI B B grnes FEREAEG = 8 25 TH
B G @ = ("), #1 G (@ = Gy @4 2" "(151) s B A G — 5% i ffic, =nf
con—miENR. —NREHENY|G,.(— DI<IEAZTRERY. BEn> m>r>
28, H1(49), XA KM Ym=r+18(n - DA B A L. FrLL Yr=4Fim> Sk
BEZENR. (FEEEn=+ 2 NERNME . BTLLANTRER 2 HER X 415

W. MUnhBEN, BAEBRAR> m>SHI=30E R BARA TEAER. )
60. LT Home s A ia s, B/ OB SR iR ES T RERE K.
FHA Tl LAMBR & stm, - -my = 0Ft < m,+---4+m +m,,
Ql. [Wdatt. 1 ¥ Fs>j>1, Bq —0Fux=t,
Q2. [Hc. | Bji-0. RFYx>m b, Bq ~m, x=x—m, j-j+1, HER
HElx<mAik. BfiHg —x.
Q3. [if"]. 1 U5lRAFA g+ +q+qo.
Q4. (HHEBAMIMEEA . | mR=0, WEx-g -1, j-1. RAARG=0,
M &Ex-q -1, q+-0LLRj~j+1. HNIEAQT.
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Q5. ([{# T | tnj>s, MEEER. GMaRe =m, WEx-x+m, g <0, j-
j+l. FEEEX PR,

Q6.[#hng, . | Bg, —q,+1. REMHE=0, WEqg -0, HEREQ3. (FEHIF
T, g-==6=0). HNERQ2,

Q7. EmFnmD. | BEXMT>i20, g=m . )Yq=mit, &j-j+1, FHE
B HBlg <m AR nE>sht, MEER). RiEHEq ~q+1, j~j-1, q+
g, — 1. Eq=0, WE;-1. KEFQ3. |

Fhn, mBEm.=-=m,=9, SK3I+94+9+7+0+01 54k FE H4+0+40+6+9+9,
4+0+40+7+8+9, 4+0+0+7+9+8, 4+0+0+8+7+9, -

61. R t<O>m A+ +m,, FF, (=¢; HMWEF, (N=t, B Zs>0"t
F()=0+F_(D1+F_(1-DR2+F_(t=2),--,m, +F_(t-m)*"

EAFAATHIE R B AR KRR . Kb, EXEN M ZT, SHREA
M Fm, -, m BE X FRFFIR, EFNFODMREFTIK, FEXHER. (&
W& - KIft, J. Combinatorial Math. and Combinatorial Computing 33 (2000),
323-345; HOLEB/AMLIAE. |

62. (a)—AEiTFrflc,+ - +c, - rif)2 x nHBARERFN T KMr=a++a, H
WE0<a, ¢, ,0<0a,<¢,.

(b) FAVELL X TFj=1, ==, nFli=1, -, m, & Ba, ~min(r,—a, - —a,, . ¢~
a;,— " —4ay. L:j}s ﬁ"é!ﬁﬁ‘"ﬁﬂﬁ%l’fﬂu E’i%‘s ﬁu%fl < Clﬁall ~r, = +—a,~0,
ifo B T8 FRIATEAr Be; nRr>c,, Ba,<c, ay+~+a,<0, FHLcHr
KR TWF . EZABHERY, BEZ2Aman- 1 nFEAHEST. RIS T
BAAK

a,=max(0, min(r,, c,, r+-+r,—c,— - —C,_,, CH =+, — T — = —r,))

(c) zulalfE(b)—4E, BBHEERIERE.
(d) MmElbRMCFPIERNA, EAFMERTERE

a;=max(0, min(r,, ¢, i+ 4r,—C, = — ¢, CF o HC, 1= =)

(e) X HMADERELL R, TAHRMBF: R FrifEFaRAE, EX
k—f1, BAF(C\, . c); mXTET@,, -, an), LAREET 28 A b A BRI T
HiT, BAEFIZMHA(C -a,, -, c.—a,). KREBIEREERSBRIT L, HI4
T8RRI TREATEER, EdamfT LA EH LRI

63. tnka, fa, HIE, #HiFixBa,<a,-1, a,~a+1, a,-a+1, a,~a,— 1,
BATER B - ERER. BNERIEH, KA A T, - rs o, oy el
BARMRENEG, WHE X -2, XEMAEEAT#HEE, MWENEHE8
1, HXABH e % W0E R -

YUm=n=2bt, GR—/BI¥ER. Ym=2Rn=38, GH - _HLEH, fhX
NERRRNER, B—A"TARELSHENCEBEROEHBA, MEAARRER
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GEFR . Ym=2F0n > 48t , FTATTCAVAGHLIER, MEMTABEMEM TR, G
KB LA 2B B

Um > 3F0n > 30, MEEE2)WERFARE, Rl ) TLMBXA FIEMmE L
Sym—1, MBRIEEAF “ARECETEE 0iF. B2, RILABLE
SlxAE—FRRA, KPXTFRA b, >0, REFHHTOEETES (120) R, i
B tm - 247HI— AR ERh (35)) . 3 FATm - LRimity b —SR 1L wTLLR
SuiX REROBRRE , BRlEe=TRIEL (00 ) 3 (Vo)) PP, (HRR At AT A8 4

(T 2861 Ry —ANT Lia B 4 Bk R, mAe e/l ekt TEesd
R4 . et —&KREEH?2 min(m, D TE. )

64. Yx, - x, B—AZHHIHR, MBAR-AFIABERE, £A®x, ... x, RN
R4, @id@®x,, ..., a @ x ) RABANEAN Fr kb Fa, -, a). B,
0 *1%x10@21010=1%1%x00, WILA THIAHE#EHE X — M ETEHR, HHYsr>01t,
A B0 310 '+~ He BB, B, HHO* F+01 v B — KA E @B

A

it

=08, ,, *A,,_, ®00I"" 1B}

(=1} (a—1)

B:r = OAU-I}:.IBikIJr @0105_2 **Astr—lj @ ]s

Ys<2Bf, HOOI*HIO010° *RAAE R0, Al RHE ZHGIS; A, =B, =+. REHE
H, HHECERRAES

G,6=*G, ,aG_, a_ G~ a, =t mod 2

5 sr=10"ris=Ilw, =1 (5=l *

E S0 Bla, . # 0B A tREIAE B @ B -
65. AR — Folh B PHEIA A SFHT TP RIP®x, - x,, MLEEATLL I 7E 21 @33+
HE, RGmMLAHE, fmBMTs+1<6, ATHER:

A B RS
1 1
1 1 11
1 2 1 111
1 3 3 1 1111
1 5 10 4 1 12111
1 6 36 35 5 1 123111

1 9 3104630218 6 1 1 3464 11 1

— bk, Ys=10 A+ 1 5B, rﬁié’lfﬂlﬁﬁ(f”ﬂ*z]-(smoda%u s <20
R0, Ms=r=SKELIHE A 6.869 x 10" % i & F12.495 x 10°/~FEF .
66. Mn<tit, 4G(n,0)=¢e, G(n,N=¢, THMF1<1<n, £Gn, 1)k
2(0)G(n-1,1), gG(n-1, ¥, 2" -1DG(n-1,0)*, 22" -1)G(n-1,1-1)
Ko () RASKEE AW (o) BERTA EREA ALK — 4 ZH LR
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5. XA —BPIARP, BNSERN—-FTFTFCR-1,1- DIEE T,
Yr=10F, X/MAEBREEMBNES HEFOHE ZHH, H41K0---00, —
MBI TR TN, B () 4%,
67. X TRHECHHARAN —FBREEREKRES -REX, HbHaHkHt
O*'«>1'0* Hmin(k, ) <2. #FX b, thiffEm b F 35 Hmink, H=1.
68.(a) {¢}; (b) ¢,

69.{iﬁmﬁfw&aﬁzdmﬁ%(2’:1]+(i:-‘)+-+-+({)+1=%((i*}+(2::f)+---+(g]+1),
E(n) < () ME®RYn> 21,

70. 4N <(*7) B, MESR

k() W)= () M) () e )= ((37) ¢ )= (7)o -
e, BAER () (05) =5 e+ () MRS EENG

MERLHBL

T AC, RrA%E, mBERLFRIL (1) + (') A & XAEEA 1000000
FNRIASA TR A ERIE . RIC, 1 K2, Wlo2C, 14548314 1000000. Hptxf T
FiA > 2, BP oo E LRI A BRI KA 5K

72. ¥Fm>>m>ur1, M=(:h)+...+(:1u) , A {m, -, my={s+t -1, -,

3\, oy} (RSTEISHERLES, B8 (77)-1-N . )

mRa=a,. a3 R FH A -nf ZHM S, WU bab BE1A %,
MABuRBOWELAEZEAKE. flin, %a=10100011114, FHi1Hs=4,
=6, M=(%)+(1), u=3. N=(2)+(I). v=5.

73. ARIBRA X MM =3 T Hi G HIaEATIBEB, a @ U\ B« AN B =9,
K B ={U\BIBEBRM -~ AN A HA. BT Ow=Pu.,, BlTHF B>
10" Pyw_ols MEO " Puo y=Puss FAN'=K.k, N, FEHIEARIBREZL LA
{9, MBAVEMEN 1A+ B |< (1), LAR Oy NPy, = ¢.

R ZI0F Quas NPy, = ¢, i1 (1) <M+N'<1AI+16" B[, BTLLAFIBA al g
R 32 ARZEH.

74. | @ Qu =K, N (W1R194). B4, WELEGSS) S ARFEIENT, Hi1k
BAXFIEEHFN T, € Py=0n-)P,. U -UIOP, K543210,...,987654} , ifij A.

R, | @ Pul=(a+1 —n N+ (1)

7S AEER (") = (2)+ (1) + -+ (%) BER126-(10), ann>v, WA S
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oh—AFerre, BOOFZEM, EARNE (10)=(2)+ () ++("8) -

76. it dE (1) MBISTRAN+1; TR LE ST ERAERK (V+) -k N
=(12)=v-1.

77. (8 - & - #W4, Nanta Math. 8, 2 (1975), 78-83. Jdnlal{E =875 BRAE,
B FEFR M = (7)ot (0 ) FON = () oo () BEAT LM, AR SRRY TR
BvAE, REMNDRE SN, RNVARE S — R EFRNAEYMRARE 40
Fn, H4nEn, >v>0,

(a) BE—/NBES, KM+NEBM+N=SHIx, M+x, N/, HMR el
Ko ZFEN=0, WBHMEET . &K -HR/MRIERIFM+ NIk, M+x, NI E . Ff
PABAT A RiX, EMAINRE SR RPv2uz 1., MRNRARTER, NhET6,
K, (M+1)+k, (N - D)=(x, M+u — D+(x, N - v)<k, M+x, N;: FHIENLHE RIER . {HIP
FEFRATT AT LA R AR K - iR /IMETEBIMUL RN AN E M kR b, FHHmM; .

XAMEBIZRD, BT BYMN=0B], XA FREmI - F - EEK
TF19274E45H .

(b) 4M+N=Skf, HATEREBR /AN fEmax(x M, N)+x, N, XRENKR
H (05 )4a () o mBen, <m,, BA-BONRIEDT AT A RbEm A2, ERH
M+NFIK, M+x, NUL B cM>NRI R . nfElfE() R —#, mnRN=0, Fi1FEFE,
AL vl AR i%n, . > m,.

e, >m,, BAVEN>K M FEAAN>M; BIHMANAN+N= ("4 oeea (")),
fa B3 1A/ k. (M+N) < K, (A, N+N)=N+K, N,

BJ5, mBn. =m =a, & M=()+M FIN=(5)+N . F &K (M+N)=
(1) 5 M 4+ N M= (&) +x M, T KGN =(5) 450N e Ak

X R,

78. [ - | E K. EckhofOYFIA - @it a4(G. Wegner), Periodica Math.
Hung. 6 (1975), 137-142; % - %) - & - & /R, Periodica Math. Hung. 10
(1979), 25-30. 14 M=|A|FIN=|AJ; FAIAT A% >OFIN>0. ARG Ml ad At m+n+tH
3, A8 50A|=]10A, U A|+]|dA,| > max(|0A,], |A,|)+|dA,| > max(k, M,
N)+x, N> k. (M+N)=|P,, |.

RZ, £A=P,+1HA=Py, +1; XPTILTEKRE, #0210, 320}+1={321,
431}, BRIGK, (M+N) < |0Al=[0A, U AJ+|(9A)0|=max(x, M, N)+K, | N, B RGA=P, - +1.
[£F88 1A% T 1959FEKBL, xk,(M+N)< xk, M+x, NYB{{X¥x M> N, ]

it TFE—ANMAER, SAFBRAASWAMEKRES B|AI=M, |0Al=x. M, |B|=N,
|aB|=x, N, T« (M+N)=x, |AUB|<|0(A U B)|=|dA U dB|=|0A|+|0B|=x, M+Kk, N,
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79. 1L F, YNHOGDEHB, w (M+A  M)=MHu, N+A,_ u, N=N+(n,—n,)
[v=1].
80. tNEN>0H>1, WRIEGT IR RNHSN=N+N,, HF

n -1 n, -1 n -1 n, -1
o R SRV R
HN= () fav=(5) . BEEE R x) BIamE, Bi1A ()=N+
kN> () () =00% M=()-0) > (1)-07)=(5), ke N=N+k N, >
S)*(5)=(2) > (5) .
(BEELR LT T A EROEE;, S20181.26-66. %l, %14

uN> (=) BRAGLM(Bjormer). BIATE/RAMWIAF], Combinatorica 7 (1987),
2?‘28-5 ]

81. filgn, R p BKHITTHEA66433, KA

ﬁm={000(]0* -+, 55555} U {60000, ---, 65555} U {66000, ---,66333} U {66400,---, 66433}
FEAN=(2)+(2)+(9)+(3). emFmmR AL (3)+03)+3)+() m
3P, ={0000, -, 5555} U {6000, -+, 6555} U {6600, --, 6633} U {6640, ---, 6643}

I Qs W /NTTFE H66433, FM 1A
Qo5 ={99999, -+, 70000} U {66666, -, 66500} U {66444, ---, 66440} U {66433}

gl N=((5)+(2)+ () () +(G)+()+0) . & EwE R KA
30 ((5)+(2)+(2))+ () () () (2) NV 896 (999999, - 7000003
(666666, -, 665000} U {66444, -+, 664400} U {664333, ---, 664330}, HEN< ().

BAAAMK/E R LREARXRN; B, EBRINCLEENIHFDI T Quitdi)

TCF% 499966433,

82. ()X MESFHERI (), HIZEB K.

HEERHE, v ORIEREE2 “Ha KR &2 5 "7 . JEARvR
Y% F1E(Proc. Physico-Math. Soc. Japan(2) 1 (1903), 176-177)f)FF 61 E 3¢ .4 B0
BRET, WFaarie rsE b (Iwanami Shoten, 1973)H1, |

(b) BT 2k>08t £ (1-1)=(-1)* 1, Bl 1 S5 r(0dt = [, (1 - w)du = - [ r, ()
du=[or(d)du , FE=AZERM r(31)=r () x—FLBH. BQBRH, b
A, AT ERRLLE N T (X),
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(¢) MIFAFO<x<1, T2 *x)=a2 x+2 °7 (x), 42 '<e<2ff, KA
e)=ae+0(e). HF F0<e<1, (e)=celgl+O(e),

(d) RiX0<plg<1. aRplq<1/2, Bl1AT (p/q)=plg+T(2p/g)2; HWT (p/q)=
(g —p)g+t(2(q —p)g)/2. HILHANTLAE IR AT E . HqhayBbt, MpAHBEET,
&p'=p/2; AphEF BB, Sp'=(q—p)/2. W3 FO<p<q. tp/q)=21p'/q) - 2p'q;
Xq - INHEMHFBEAEN M. B, ¥ Tqe=3,4,5,6, TRYERZ2/3, 2/3; 1/2,
12, 1/2; 8/15,2/3, 2/3, 8/15; 1/2,2/3, 1/2, 2/3, 1/2; 22/49, 30/49, 32/49, 32/49, 30/49, 22/49

11 11 1 ©V 1 1 1 1 1

I
(© <5 HIMA "3 37167 16 644 16 64 256 6

1 1 1 . 2
(f)?'J':FI'—' rerTLiTre MR BEA, {EEQT’EE%“

83. {EALMEH >0, ZHEERNE

01+ 23«45+ -

R A

l1—+2—23—->4—235—=6— -

FONOFFRERE G, Lhve— —pIFth, HHEMXNEY; KEBZREv-2v; WA
af)EB R LY ~2(ga —v). MBRBNICHRAIERKEE DA, MX 4
EEEE IR, REZG AV — gy > ga, WX ¥ el R iFdEiT#, A TFv<
08y > g(a+1), WIARVFXS T Madb 7. XLEMREIHE X Fol i) K 28 H
. (EL—ITRITTRaBH®E “Mrx)=ax—viq" ; ETF - TE%RE “M)=vig-
ax” . YRR, MAXHNEREARY. T&, HB1=pqH HFx.

oo IR x=xe, K IE— A AT SR = yx |, fifE A EE SR
& x, "‘1_%In-l ; BT, ﬁ:}:i"‘i\'j{ka Xy =X;o ﬁﬂ%}oa rﬁiﬂﬁn%:q$%2m’i"?k

¥, 2> 120X e 2 7B R o(x)=p/qfIfR.

Bldn, XA EEBHE, (432 83581/870400F, (x)=1/5Hx>1/2, XH—Mid
i Qe o xu-l—%x”x.-—;—xz."ux.a-%xm , MHxe=x,. XU, BEHITE
x>1/21f B o(x)=3/5, FHH 822" - 1)/3.

mA, EEEKEAT ST RONARMBEPHRRAERERE LpMqlIE, £5
x)=p/qa Ao B EZHIRE. Blan, XM TEHOD, (0121), (012321), XHFMIEE
2/3, 8/15, 8/21, {E32/633%+ R F(012121)fi BAL* 7 §-(012101234545454321),
EA B A i ] B ORY 35 A~ b 38 855 -

84. [#BAR/R. oFH. PiFFELAIRBEMIE, J. Combinatorial Theory AG9
(1995), 125-148. JanRa<b, WH

2t-1-b
[r-e

)/T= (-0 /(2t-1)2 =271 + fa,b)t™" + Ob* /1 t%))

103
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Heh, f(a, b)=a(1+b) — a* — b(1+b)/A=f (a+1, b) — b+2a. HILARENEH A ERGT),
mH BRI EE, =2t-1-b,, WA

t b b_~2 b_,-4 O(logt)’
F(uf,w--r\r),.ﬁ+ TR e S

b, #it21g M, X EEIR R 2R . EE ATATLATE

XN

85. 1(63), N—A,_ NfFfix, N-N#RREEER, BA)="(1l-x), 2uN-N
th—#e, HBE|OT (log 1y/r). BIA2ib<21g . (*71%)=2(*2" )1 +Odoge)/1) -

r=a i—-a

86. xEX" <> TEX o> TEXB XEX + e, B TEX +e, > xEX B xEX -,
HHRIEX ~e, > xEX",

87. M A XCYrME X, A =ZZFMAHA, SHRXYXCY:
(A XCYe X DY =YY"V CX", OX'CX"'=XCX";, HEXCX",
fHXCX=X"CX ; HKEX"CX . (c) aM<N< S, CS, «5,CS5, «
M< BN,

88. fnRva< vy, MIvx—e)<v(y—e,), BTEABRATAT LA & va=vyifi FL7E Al H
Ty, IMNBEARY, >0, BNy —¢ ) F@Eidvx—e). IRMFI<I<), x=y,
B>, MBx-—e<y-e. {MITENI<), x, >y. Bk, BiEx-e=y-¢, &
MM BEx—e.<y—e.

89. AT

j=0 1 2 3 4 5 6 7 8 9 10 11
e+e=e, € e, € € €5 € € € €5 &, €,
e +e=€, €, €, € € € € €, € €, € &
e +e=e, €5 € €, € € €, € €, € e €,
Bl kB (a0,al, --,al2)=(0, 4,6,7,8,9, 10, 11, 11, 12, 12, 12, 12), (B0, BI, ---,
812)=(0,0,0,0,1, 1,2,3,4,5,6,8, 12),
90. & Y=X"#MZ=C, X, mi ¥ F0<a<m,, &N=\X,(a)|, W

g ~1 oy =1
Y |= 21 Y, (a)l= };I(Xk(a—l}+ek)U(X&(a)+Ek{{}]}l

)n‘Zmax(Nu_,,aNH)
Hra - 1F@-1) mod m,iff HatBB kA T - DERIRAE, BAHIEANEX,
(a)+E, (0)| » aN,, i A.
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1Z" |= le;(a)|= 2I(Zk(a‘ 1)+ e,)U(Z,(a) + E, (0))|

a

my =1
- 2 max(N,_,,aN,)

BlIAZ (a - D+e, FIZ, (a)+E, (0)PRH {En — 1 S ERREARMERT

N. SHE-NTL2EHBEHAN TaF AN, KPITFOERKRE, TRI=N >
No3 2N, > N,=0. BMHFEIEY, #E-ITEENOX, ¥FEm=E, BRIEY
N=0N=l B, A8 “B" KEN =N B4 HB. BAAinRak B/ TR,
RIZN.., >N, =N, =" =Npu>Noro TRENTEREX N, 1L FN 1B AL D < afty
N,, aAmMIX1, BRAEEA=1FIN,.. =N,.. ~ ILARM FO0Kb<a, N,=Nq+a- b<Ififf
Blo ME—BHIXHOER, mEXTE c>a+l, No<N.=N. ,, B1JLLE
N =N, = 1IN, <~ N+1. HBSE R P adiE MMN,. SMFEATTLARE — Fird
#1383 Fa<c<d, N.=N, +a+l - >0, LAREEN, =0 EN, <N, ,— 1., LT
a<c<d, XNBIBRITT, M/ F0<b<d-a-1, XN, fnl. (EEMHLEEE
B, mENSO, TAVEN2d-1, Hkd=mE%EFi=m, )

YN, * [FIN,., = OBt , EREXHENEHREBINSN, A L. BALAT(86)HIHH
O, REEESCPAEE, XU BHRD R] 52 B

92. Gx+kF B NE R Vx+kIT(m,, -+, m, )TCEde 1 HU0F 2 Be/NE—1n
REMXERTTRFAERIE. B, mhm=m=m=4fx=211, Fl1Hx+1=212,
x+2=213, x+3=223, x+4=233, x+5=333Hx+6 A F1E;, —RRXUEE, x+k+1 R Hx+k@T
LA TFHEmMRIBR A BRBRIR. mBxrk=(m,—1, -, m,., — 1), Hf1Bx+k+I=x+k,
RIGANRS(K)AZ < x+k@BIT(m,, -, m, VFBTEZES, FMNASK+)=Sk). mH.,
fEarh 5 REISHITTER I kn — 149 BAES(m — | — ) FIARLE,

AFRERTUEERBERRMT: MEMNEBBEEESS, S, B, #F
BE LM - DEFREEEEENREMBEn -1/, KERBERIBEFET.
kU, EENSEMB0E 28T, CIERELAIE.

93. (ARIXYEYHEFR, S8 E2< m < my << m!, HAREWHIE
m,* m, BIR/ME . SRIGEN=1+4rank (0, =+, 0, m; —1,0, -+, 0)o (AL HARi%
min(m,, ---,m,) 22, BAFTFIMNSEAKE FEMLE. )

(b) (O Fr=201&0, MECIAEINNERED. YnhERMEMN, X1
IERE R A .

94. R FMHC IR SR T BB R, W HAE e S aka.

95. X FEHEK, &d=n-1fls="=s=1. FFEHEM, Ld=sHls==s=1+],

96. fEXHERIZR-R T, N&&E TiREEAF Tan, 0 Z808{s - 0,5 -1, s, -
2, AN, BAS RS (7)) R A R A< L BA AL,

R BAVELAEBATLAAE T (50 ) 45 1L TG RTE A %R, BATRAH(60)
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260 7] B E R

W — TR FERIHET .

Sn,\ (S(n,_) S(n,)
| dP,, I=(.€-!]+( _ )+m+(v‘l)
(2WTF - B - m¥K[12E(J. Combinatorial Theory A37 (1984), 91 -97), *T451F

BIRCRIEHM, BEAERs > 5> 25, B3 FloP, IWHBUALE, 3F
(3 k>v, HUET () AR AT, FmAN=1R, =4, s,=3Hs5=2, R
ﬁN=(35;3)+(Sgl})=U+lﬂ ]

97. ()X NMmEEANEATE ., A8, WAE: (N, -, N)=(1,4,6,4, 1),
KAtlih, /ATEHA N, -, N)=(1, 6, 8, 8,0,0,0), fi_+EHEEN -, No)=(1.
12, 30,20, 0, -, 0), +AHH, BRI TE, HSNTIA. 12/ B H6E .
HrDITAE AT 5 A = AT BB F L . BRUARIIA Vo, . N)=(1, 8,
18,12, 0, -, 0), Hf5, + ZEHKIIRSII R E AR F BN, -, No)=(1, 20, 54,
36,0, ---,0),

(b) {210,310} U {10, 20, 21, 30,31} U {0, 1, 2,3} U {¢}

(c) MF0<t<n, 0KN, < (7). HIMF1<1<n, N, >k N. aRFAE L
Ad= B1E, I FICe<n, ETNFUFN TA N >N ZERMAEXTEEK
KRRV ER. fitnRA=UP,, HRTEHH.

(d) RE-NERMNETSAETRCHERMF, BEEH0, - n-1Na la & CHE
BT RENESE. (FEMLATRIECET s REK: N > Nei N >
Nk, o Nora < N, BHBIZIEY, «, N, =(7)-A_N,_ .

(e) 00000«14641; 10000«>14640; 11000<14630; 12000« 14620;
13000«>14610; 14000«14600; 12100«<14520; 13100«14510;

14100<>14500; 13200«>14410; 14200« 14400; 13300«>14400; LK HXH{AE
14300, 13310,

98. LA H#r - 3447 (S. Linusson)& HH A E B [Combinatorica 19 (1999),
255-266] BEHLEHB R~ HiERB L, WFELRELGE -RIRE. 4L0O,
h DG TFO< <L, R N, =(7)Fnat Froh, N, <(7)ELN, =0RIREST 1A%
M2, BIE-1<IKh<n, ZMWHL®n, h, D=0; LLKL(n, h, h)=L(n, h, —1)=1, #t
F I<n, L(n, n, D=L(n, n—1,1). %n>h> 1> 08, HAITTLAHBEL(n. &,
N=30, Lin-1,h, PL(n-1,j-1,1-1) , XREHEERKBHG B, (KN
BN TFEAEEUPy, THLn-1, b, DRAAERKTE - IHA, Tiln -1,
J- LI-DFRIBESHRATENAR. V&G, BWAE Ln) =3, Lin,nl) .

HAVELO), L), L(2), =2, 3, 5, 10, 26, 96, 553, 5461, 100709, 3718354,
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289725509, --+; L(100) = 3.2299 x 10'#2,

9. —NMEHRMEABIRKTELER -TA, 2, 8&E -1 ANH/C
FHHAEHR - RBOEAE. AN LR EEZMNM.

(a) AR(M,, M,, -, M)~ MWHP KN &, MaEN=MF3tF0< r<n,
N, =M,+K,, N.., (N, N,, . N)E—NHRBEEEEHNKDNE. Rz, mEHERNH
ial B TRIBAEIN, N A, WA XBERAW., - NER—NM,, -, M,),
[7F - #b - A 12&E(Discrere Math. 4 (1973). 123-128) X N R #E ) B — g
HEEEA L. ]

(b) ZEZRITMIBFET, 'Ef1£00000, 00001, 10000, 00040, 01000,
00030, 02000, 00120, 03000, 00310, 04000, 00600, 00100, 00020, 01100,
00210, 02100, 00500, 00200, 00110, 01200, 00400, 00300, 01010, 01300,
00010, EFM,, -, M)RBETHI Y BANHWM,, -, M)RBEITH, FrLAE XA &R
A1 A R I B A TR

100. fnlEfE MR CRIUE B AR, BARSRAT(m,, - m )W) FE. LY
ARNAS T BT Be/M pax, xR, RS B vARIAR K (H

EMTUEH B A AR EERIERITA. REESEELR, CRsEAH A
BXFEAN, A Banre « TR, ByREAMRATTE, i LEREARIE/NT
2, WIHRNTEBH<yBoREva>vy, EHEEVA{y} U {x})>vA. FEhInRvx=vy -k,
BATATLLREdy ) - XE, BARTx, mXFARBIESMRIEFE.

101 (a)— MK, S (x, L X )BT EEN, DBCAH) i EEB X x, BT R I
F(p)=N.p"+N,p" '(1 = p)+--+N, (1 —p). HIEEENIKFBGp)=p+3p’(1 —p)+p(1 -
py; H(p)=p*+p*(1 — p)+p*(1 - p)’.

(b) FEXREf (x, -, x)=le{j-1|x, =0}eCZTF, —NHRPARS S I"HNE
GHC. FRIAARRABNRES () &L ZIEI7(OR &ML w S, HimE
il e PEAE VA BT T BT HIN, AR B (BN AN, D s#E A, ®RINER A
BEME RS {3210}, {321,320, 310}, {32} HSf (w, x, y, 2)=wxyz VxyzV wyz V
wxz V yz=wxz V vz,

O - 4 AP AR, EIEHERBY (/(0+u)=(N+Nut-+N, u)(1+u)",
IRER BN (D)KL EEN. ANIFTLAER, HOAZM FHEAA B R
T HEFRBFN . BA+uru?)/ (1+u)'=(N+Nut+N, w)/(1+u) FBREN,=n -
3, Ny=("7)+1, LABek, Ny=n -2,

H—-fRE, HEX/THMEMNESHIERLBR., flan, BK
(145u+5w’+5u’)/(1+u)’ [d) 542 EIE R IR BAEA LR, oAk 5=7;, % T
(14+6u+102+10w+5u)/(1+w)f . M T 6/, BTIEEGIREF.

102. (a)7EIHp, EREEECHIN, A8t ok T 45 ia] T & X & 1110
BUATHER . HBBCENMSEA S, (854 i S8 AP B/ O TR A [R] A B i 00
A1 AT A X S R TR fE S A -

106
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(b]?;Ef' IZI:I' Jﬁﬁﬂj!ﬁ’-}ﬁff‘ ﬁﬁ@%ﬁﬁ%“’?rgﬁﬁ’%a ﬁjfmx?f;l: i:j'EE:f:
55552111, nRM, &3 T R Boery i i Ty 884, W00 BE 28 o oSS T T IR
M. =2 €M,

BB T, M, ={x,x2); M=0M,U {xx,x3}; M=0M,U {xx}}, A
A x2(xox] =2x,%0) - x,(Xox,x3) = =2x,x; , 0 HEFEM, =M, .

() MAEEM, BATTRIE M, =0,,. AN, =()++(52)+(F) , s>
n,>->n>n, 20, Ta&n, =s+t4 B %n,, =s-2, -, n,=0, MAENA

n, +[n, > 5]) (”:1 +[n,, » 2]] (nﬂ +[n,, » l]]
+oo 4 +

N, 2N +xk N, =
i+l 5 ( 2 ].

5

B 2 e 1 it % (n, —1—%[n, <s],---.n, —t-%[n, <2],n, —t-oo[n, <l1]) B ia]
WA TR aiy, K RNEA =/ - 1B PEA -, H2IEL1.2. -
15(d), EHE—NFIIARIGELT Lk inm A B RKEGS, — <, — =),

103. &P, BT HXMER N FHIRIENTFE: AT 7F 168 8056 5 T /)
G W B x=x., oxo, B EFRSEMFZ FOAAI<x), UABTA ol fEMY 5 2%
A 1S B T4+, E?(‘f)ﬁ“%‘ﬁtﬁkn Bildn, @Fx=0101101F1=2, FHf1E
B FIr£0101%0%, 010%10%, 010%*01, 0«0110%, 0x01%01, 0x0%101,

[ WA - SREEHTRE B (Arkiv for Mar. 8 (1971), 245-257); Z{ FH#ECHY
— AN EE - B /R(K. Engel), Sperner Theory (Cambridge Univ. Press, 1997),
EFE8.1.1, ]

104. FEA U FF PHIANA-R AR, (% - (£ - FHT.N.Danh)#i
B - & W&, J London Math. Soc. (2)55 (1997), 417 - 426, ]

E: LR, BOYEINA I B SRR R R C1BERZT, (BRSO i B 2
=N ZHUEBRS), ARBEAR I Lk NMBRAK. B - FURBIEER.
Ahlswede) g T 1 - WM& e B AR Z#HGNEA . 2R/ 158
[Combinatorica 17 (1997), 11-29; Applied Math. Letters 11,5 (1998), 121 - 126],
A4 - Bw(Uwe Leck) ERIEM, AFERARUMR/NARYE R =24 $ 1)
2 F[FEN, 98/6(Univ. Rostock, 1998), 671].

105. fEMEH HEABHBLRR AR . SH50B, () LR 5. B
MM Fr, nARK, MXNMBEEGERBRI M. I &R BTRE
HA, {EARREIER. (2 RB&%E. #hiF (Graham), B LM FHERT
(Diaconis), Discrete Math. 110(1992), 55-57. }

DATF — £ 51 B % je=2 =300 B 00, S TR MR, X Fr=d
Fir=5, CAHESH RN E G RI04 R, mixt Fr=6rM s M 7. X T
(n, =12, ) UL, R MBI R4 A EHRGIEVERI B /N .

106. 4 mod Cm+ DY ERL,2, -, m, 1,2, -, m, -, ER2m+1%. ®in, *F
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m=3, FEBRR(013602561450346235124), XA &, EHl+-+m=("") RF2m+1
H i) . [J. Ecole Polytechnigue 4 , Cahier 10 (1810), 16-48, ]

107. 74345 H0 W, B, ..., B T LALAS ARk A{0, 1,2, 3,4, 5, 6}193
HEMBEREAP. SENHTABRINNTERT2ECHRILEREZSNTR.
AR BAVN A (a0 a, - an) BH F(a) ar a) (B R EH T BN B3R (ax --a,a0), T
RETLAE B %800 129, 976, 320, FRLAZ %4284, 258,211, 840,

XA E LR HIE - BT(M. Reiss) T 1859F MR, (BRI &ML E
7, AN EEREZTRTEE. £ W (Nouvelles Annales de Mathématiques 8
(1849), 74; 11 (1852), 115; Annali di Matematica Pura ed Applicata (2) 5 (1871-
1873), 63-120). — /BB LM, W\ FrEON S, £2HIE - HEL/RE
(P. Jolivald)fijm - ¥ B(G. Tarry)fRBIRY, fbfi1thBczE TK RKJLEEBRER. &

W.(Comptes Rendus Association Frangaise pour |I’Avancement des Sciences 15, part
2 (1886), 49-53; E. Lucas, Récréations Mathématiques 4 (1894), 123-151). #
=7t - 15 - EdL(Brendan D. McKay)$1 % {05%F - B - & =3 (Robert W. Robinson)
PRI — T EEF G, ERMILEdEHESIEE 2

(m =) g5z det (a )| | (2] +20)
1< j<k<2m
WL, BEK., BEHTRE, Jth M) e kB, o, -1 42
aﬂ=_]f(2zf)+2ﬂ(k<2m 1/z; +z;) - & W.Combinatorics, Probability, and Computing

7(1998), 437-449, |
+ - ¥ - Xk - S HE(C. Flye Sainte-Marie)fE(L’Intermédiaire des

Mathématiciens 1 (1894), 164-165)F i, K, AIRKJLERREBAFEE0,1, -,

6} HIHER Z T A TE XM FRIERI2 x 720/~ (BN fEF 7 (Poinsot) fE R B H i) . fn kA
A3EXFREERD32 x 1680/, Fhn_EAEXFRAI25778 x S040/-TEF .

108. 3t Fn<7, BREn=4FEILIFHIN, AvIREAME. Xn=THF, 712 255 208 x
TANHRTER, BAEE (@ a a.)Fl(a, -a. a)RAARIAY, SIEREEI05H xR
FIERIBFERI A SEX FRERIBPLEEA .

Man» 8B, FANIATLLE A - A< 5d8(B. Jackson){FE(Discrete Math. 117 (1993),
141-150) sk BT i RO ABHE R G ithodkf7, iF W% - P& /R1A%E(G. Hurlbert)(SIAM J.
Disc. Math. 7 (1994), 598-604): &/ 3H A HuH “FRER/IAMF" ¢ cc., HH
c,=(c,+6) mod n, c;=(c,+46') mod n, 0<8, 6'<n/2, 1 HFHF =46 Fmax(d, §') <
n—0-38"+(n-DNRF(1<d<n/dF16'=(n - 1)/2)F(d=(n—- 1)/2F11<b'<n/d). Flin,
Yn=8Rt, (6, )Rl LIFRMER(L, 1), (1,2), (1,3), (2,1, (2,2), 3, 1), (3,3).
Hn=11HrE11RE0, D, (1,2), (1,3), (1,4, 2,1), (2,2), 2,3), (2,5, 3, 1),
(3,2), (3.3), 4. 1), (4.4), (5,2), (5,5). AJafE* 10 < c<nFll < 6<n/2(1 R

108
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B r(c, 8), MAEMERAEFT T TE—-HAEFD(C, 0~ d)RIAFMMAE. X
AN EEEEMEER, UM EM2342DEE /4 RILBEGRE. (4nhé
¥, X Fn-DRIFRHRNES R EEE. Yn=81t, BRJLERREH AT MELLE
B 2 AnBEAFRYE, HAR Yn=121, )

109. Mn=18t, PEFR(000)EF LA, Yn=20f, EAHMHH; Mn=4bt, Lbr b
(XA24, Bp(00011122233302021313)F1(00011120203332221313). %4n > 5K, 4
E£EBHEd d, dSE THERBHRIFE, PEd,=d+6-1)mod n, d,=(d+6'—1) mod n
LABL(S, 6T E—ZFEPHIn+3Z ] RIFRVIE. #EX T0 <d<nflll < d<(n+3)/2
BAMAM, 8), FxtTHERBEEANT2Z THIE - £EHAL L4dBLG0d, 8-
(d,, " IFH W E; RIERK-TERIJLERREH.

WiFxF{0, 1, -, n- 1} 1 BEHEW - HERBFGFELE, 4 HAYTF{0,
L, ntt—1}, - BEAKN DT HIEARELE.

110. BESERN—NHFHFERRIUBE (S =327 1ceSy ., Hp@), -,
p(K)=(1, -, 13), RIFEI-b(S& - b(S)IH BB EbI(S+I=l<<s, LB
((I<<)(I>>1))&a=0, i a=2"V 11277 . MSULA%E 0 W 3.8 BT A 314
EZ R FIRE, BRI {v(c)lc € SHUE. X Fx=(0, -, 29), HFEH
(1009008, 99792, 2813796, 505008, 2855676, 697508, 1800268, 751324,
1137236, 361224, 388740, 51680, 317340, 19656, 90100, 9168, 58248,
11196, 2708, 0, 8068, 2496, 444, 356, 3680, 0, 0, 0, 76, 4); FEIHHE

A = 4T69F1 5 EH ~ 9.768.

BREMEGRFAMBEHHI, EAZELE G £ A M.
—4F - ¥ - K&, Dee’s Hand — Book of Cribbage (1839)

ET: M “crib” PATFMMEITE, B2oBREAFHUHR, &R
(1022208, 99792, 2839800, 508908, 2868960, 703496, 1787176, 755320,
1118336, 358368, 378240, 43880, 310956, 16548, 88132, 9072, 57288,
11196, 2264, 0, 7828, 2472, 444, 356, 3680, 0, 0, 0, 76, 4); HIEHFMK %
W/ DB 44.735%19.667.,

7.2.1.4%

L. m" m? |[m!{"}
(") (04 I O G
{o}+-+ {2} [[m2n] | {7}
"l (m>n]| |7

2. — ik, HEEfBEx > - >x, BNBEAFAREmTSHa, a,, &
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Ba, 2 2a,, a++a,=x++x,, HBL B a, < x,x,fa,., ~x,— 2,
{#a,, -, a;2x,, -, x. ¥R, MWREEMEEEE, B3 TFi<ij<m, 4
fta,—n-mc+c, a, ~cLARa,. ~c—2, MHABEnr>cm, FAVBENEEmcHHE

a,? - 2a,?cHla+-+a,=n,
3. % F1<j<m, & a;=|(n+m=-j)im|=[(n+1-))/m], £RCMath §3.4.

4. BB Ea.>a - 1; EHMFI<m, a;=|(n+m-j)/m|, Hem
W |n/m| > ri0 i KEBB, Bllm=|n/r|.
5.2 A% - 5 - mkFH(Eugene M. Klimko), BIT 13 (1973), 38-49, ]
Cl.(mthft. 1 Bco-1, c,=n, c;c, =00, I,=1, 1,~0, (Ff1BE
n>0, )
C2. [Tflal. 1 T5R s it &e, o Bk REL L L P& REI4r R,

C3. [#%. | Bj-Lfk—1., fnkc=1, MEFIC6; FHM, tnFi>1, MEEDCS,
Ca. [E1+12 A2, | Bey=e, -2, c,-c+l. BRIFINEc,=0, Bl -2, fHwm
Kk#2, MEL-. Rc>0Bk+2, WHEL LKL -2, EEC2,

C5. [ - ¢, BB G+1)+14-+1. ] Be,~j(c,— 1) — 1 F4EF|CT.

C6. 4Bk - ¢, +iBER(k+D+1+--+1, | Rk=0N&EHK . FUBc, ~0; BRIG
Bo~k(c,—D+j—1, jokUl Bk,

C7. MK, |1 mKc>0, MBEL-1, L)+, SUE, <+, BRf5HEc, -0
Fllci = cu+le Bk =j+1, WEL, <k, KEC2, |

FEREERTERN, HELh EALEEPESR. H®C4, CSHIC65y M
f1p(n=2), 2p(n) - p(n+1) = p(n = )L K p(n+1) = p(n)ik.. Rtk 4R Kbt 4 BC4 &
RAEER. (2038455 f 25 44 (Fenner) & {7 £+ (Loizou) fE[Acta. Inf. 16 (1981),
237-252)h 5 HATIER 34, )

6. Bk-aMj-1. R, Yk>a,bt, Bb,~jflk—k-1, HFlk=a. Hik. 0
Rk>0, WEj~j+1HERAEFA=001E. FRINLHBEER G - a.. =d FBOD,
Hid, --d, &b, by - WIE S E R, EE, AEEMNETHE LR EEa+b,, B
HAC B LA K B BCEE B . )

7. B(IDRXHE, FAAH b,-b, =n“(n=1)"""...197=20""

8. ¥ B M /RFIRTHE B M B F RO ISR A ZE G2 8B (15). BrLATRA T el LA St 22
G Ep g, HEB 2 Rb b, =(g++q,) (g ++q) +(q,) "

9. AN, tnfa=I-1Hb=k—1, M3 hna, b, (5 H 2,

10. ()@t hn “17, BB BNV ANLEILT, AILFNGES S mEEHFEH.
XN EFFESHREN SATHENS TR, a4 5 R LA 36 17 H 31
Engk I

(b) ke “11” HE2MBEEILF: EHAELYHNYRYAZLEEHRAIL.
AILFE T & — /1 s e 1B/ N B3, BFEAEYHRYELE -/,

110
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il B/ MU SE K ER A AL —IR . Frfnsy B AmAN R 53 RILAR S P EHBLAEn — m
F b, ERMORRKFSHBIMERREF. (5 - 7 FHNF - EF G
Loizou), Comp.J.23 (1980), 332-337. ]

L [0 = 2)(1 = 2)(1 = 2)(1 = 2")(1 = 2)(1 = z°)(1 — 2'))=4563, M H
(2'9)(1+z+2)(1+27+2%) - (142" 422°)=T7, (W77 - 3 B F(G. Pélya), AMM 63
(1956), 689-697. 1ZETZ FFIIL, (1+2+ 2%)(1+2%+2*)(1+2% +2' ), 2 BIRER
27 =1, Ml " RIREA2.

12. AUEBA(1+2){(1+2)(142)=1/((1 = 2)(1 = 2)(1 = 2%)), ELEL B A

(1-2)(1-zH1-2%
| (1-2)(1-z")1-2")
Moy FRis BpEBR A ER. &E, EEFX1+(+2)(1+29(1+2=1/(1 - o)
LAz, 2, 2, &z, HHBERFELE . [Novi Comment.Acad. Sci. Pet. 3 (1750),
125-169, 8§47, ]

13, 84y Rlc, - 1+cy - 2453 |6/ 2] 24| 2] 4+ 4r-14n -3+ | K
H r = (c,, mod 2)+2(c,, mod 2) + 4(c,, mod 2) +--- . [Johns Hopkins Univ. Circular
2 (1882), 72. ]

14, F /R Ve — /MER BB MR, Hop 8PN A b O H v o>

BRAMRKE. flan, EFAAANARMAGEY, oRI17+15+415+9+9+9+9+
S5+5+3+ 3 cHHEE A T A A4 BRI 2 A G4 -9+ 18+16+13+12+9+5+4+3,

R2Z, 5 B2t AR B —A 5 X vl LAt —#h B B R (a+b, — D+(a+b, -
2)+(ay+b, — 3)+(ay+b, — 4)+---+(a, ,+b, — 2t+2)+(a, +b, - 21+ 1)+(a, +b,., — 21), H+ha, >
a,?-»a, 2t0Hb,2b,2--2b,2b,.=t. BXPTFT(2a, ~1)++(2a, - 1)+(2A, -
U+ 424, 1), KA A+ +A Re(b, ~ )+ +(b, - DRI, MIE KRR ER—4
“BRIEFEE" IR/,

Wn=100, HXBEEF 5 R B+, 7+3, 7+1+1+1, 5+5, 5+43+1+1,
S+1+1+1+1+1, 3+343+1, 34341414141, 341441, 14+-+1, 43 BIXEFA 6
HsrmsrBl6+4, S+4+1, 743, 4+3+2+1, 643+1, 8+2, 5+3+2, T+2+1, 9+1,
10, [BWA RBITEEAmer. J. Math. 5 (1882), 251-330F16 (1883), 334-336f)

FEAHRI ]
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15. sk B B 589 3 B F sy BAT A R&HF 8 (Ba—4 o8 Bk
ﬁﬁ‘]ﬂuﬁﬁﬁﬁ(“z)ﬂﬂl)(I+z”)"'ﬁl~l’.'&cﬂ1+z'f{1 — )+ (1 = 25)(1 — 2%)) +2°((1 -~
D=2 (1 =2+ K EH KK . (Johns Hopkins Univ. Circular 3 (1883),
42-43, ]

16. fE/RIEFRELRAN A, B THIAHE FRM NS R B RK#H D> <k, B
M, fRFBNERwRG IS BEMELE U A, BI1RE

k_k?
x wkz

= 1
Hl—w Mmoo (1= =25 (1= 290 - w)( = wzh)---(1 - wz¥)

XASFRES NENREZIRI AL B9/ 4 NN REZ 0 1E & A5 2k L
x=y=0, ]
17. (a)((1+uvz)(1+uvz)(1+uvz®) - Y (1 = uz)(1 = uz?X(1 — uz’)-+*).

() —A @I RTLLBIL — )" LIEFFINHEEET, K ssseennes
bR AHEFE IS A . MR >b, Wita b2k, ss3sssse
RIGARICEA D, BATLIIA. B, AIFARIB. 8.5 9.7.5, 32033

°e

DFMAHER, BERICARE ‘¢ 0 RiICUEAFLHE.
B, BEMEEME TS —A"&3Fo0. ERERTERLT,6,6,4,3; 7,6, 4,
. (2R FHRAA - #FAG(D. Stanton), Pacific J. Marh. 127 (1987), 103-
120; # - PHE/R(S. Cortee)FIA - i& 4 7. Lovejoy), Trans. Amer. Math. Soc.
356 (2004), 1623-1635; LAKRMR - A5 K FK(EThe Ramanujan Journalfy)
13X “Partition bijections, a survey”, )

A0 EA-aH o X KM T4 “Fa”, XdhmKHioi:.
o B4 FiX PR &4 B, A B R B ((1+vz) - (T+vz " )ND/((1 = 2)---(1 = 2)) LA
(vz+2'), Hpvz IR Tb=tRIMFIL, Mz 3R Fr=08b <tHIF L.

(c) ABRITABIEZTRL.2.6-58F ) — Kz LA EBRA— T X

A+uvz)(1+uve’)14uvz’) QU+v)d+vz)  (+v2™)
(1-uz)(1 - uz®)(1 - uz’) L (1-2)1-2") (-2

18. Y EFEMIFAT, XEHBERFE EMED, PrUATAERILAMNIE
afligb, EcHIBEIRM —HER . UL TEEME T A WE i HiEd:

At [#thft. 1 Bi-r, jes, k<0, MiHay b+~ =,

A2. [¥%. | tnFi+j=0, MEIE. TR0 Ra, > b, -k, WEFA4L,

A3. [Bia,. | Be,—a, d,, <0, i—i—1, k—k+1, HiEEA2,

Ad. [BWeh,. 1 Be,<b—k, d,«~1, j=j-1, k—k+1, HiEEA2, |

WHEMNEB AR - Tk
81[*):]%{“:-: ] Hi-1, J=1, ker+s, Ha, ~b. - — >,

B2. (H#. | mRk=0, WE k. HNEk-k-1, RfFIFa <b, -k, MEF
B4,
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53- [I&L&aiﬂ ]Echj-]'-aii di+_p-1'_0'.l I‘_i++{‘! #EEBZQ
84 {%%b;“ ]Ecw-lhbf_k" ditr'-!‘-l! j'_JH-]! #JE!EIan I

EFRMHER T, EBAEEHER, mMARBNFII#L > - 2c.. TE,
c,..=min (a,, b,)#lc,=max (a,, b, = r — 5+1).

HHBIMECLUARARIENH r 817 cftEFR . XM BBRAHT S8
SUHER) “HHFESENELLAT B4 AW,

S G 1-625" S -a7'bz ) -a 7w 2N = awz* ) - 24
w ken Ty 1k 1 _k+1 k k
et 1-az A =abw 2")l-a """ N1 -az" )1 -wz")
(A& BF -0y - MR, KRS (1940), %X (12.12.2); £ - E/RIA,
Furop.J. Combinatorics 88 (1987), 461-463; B - jin - F(A. J. Yee), J. Comb.
Theory A105 (2004), 63-77, )

19. (Crelle 34 (1847), 285-328. 1H21@17(c), ¥ Tk FKfLE

[, @=bD)(z=b) (-u)-(-ug) ) £r1-au”
L (1-20(1-7") (I-auz)--(-auz'y] L1 1-uz"

wn BT IRFIR MR, B@iduoy, aob, kel T, il Mb=auzltt, Tk
HUPE, K&

= (1 =uvz™' (1 - auz™)
Ll (1-uz")1-vz™)

BEASu=wxy, v=1/(yz), a=lxflb=wyz; EXNTLHRAEIIGKNEE.
20. HB3p(n), WMMF[FEMLATREN J8n/3 EELUMEEE, Bk Lixek

B OWm AN ZHE K. BEFOMNFERAITHE,(1), BEHIMEREOMN).
(E8 M SERADRERONHNEEK. )

21. B F Sroamz" =(1+2)(1+2) B F (1 - 2)(1 - 29 P(2)=(1 — 2* -
T4+ - - )P(2), BANE
g(n)=p(n)-p(n-2)-pn-4)+ p(n~10)+ p(n-14) - p(n - 24) - -
(A R T —4 “Hu)1”, BERUTETEIBE R Fon)ingia. |
22. MQOHE&RMA I 0m" =3 mz™" =zdizln P(z)=(z+2z" -5z -77
+)(1-2-2"+2"+2' ++--) . [Bibliothéque Impartiale 3 (1751), 10-31, ]

23. Bu=whiv=z/wik B H

monal
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H(I ~ w1 =X Iw)(1-Z*) = E (=1)"w"z"" 2 1] = w)

Jm =00

Z( 1) (W o wn+1 n[n 13/2 f(l W)
= Z{_l}n(w—n PSRRI

Hlzl<] HwiL 1k, X 2R E AR . BEEw=1,

(ZBRAEZR4PHSI AT RERBFFE IR §57. ErTELAIER NI %
#Fundamenta Nova Theoriz Functionum Ellipticarum (1829)J § 66, ]

24, (a) 18)FNI /23, XA ABEGMEKM, [2A@)=Z(- 1)™*(2k+1)
[3/+j+k*+k=2n]. 24n mod 5=4Bf, AR TELA/ mod 5=4F1k mod 5=2, {BIf 4 —
¥*, (2k+1) mod 5=0,

(b) A%RX4.62-(5), MphEHM, Bzy=B) (modulo p).

(c) BUB(z)=P(z). A KHA(z)=P(z)*. [Proc. Cambridge Philos. Soc. 19 (1919),
207-210, —A-ZR{UAVIEBTR . n mod 7=5Bt, p(n)ETHIE . $i8 IR4KEE
BT BRI AR p(Sn+4)/5=[z" |1P(2)° IP(Z°); p(Tn+5)/7=[z" 1(P(2)/P(Z’)’+7 z
P(2)%p(2")). P44 (Atkin)FIHTE S415 — & /R(Swinnerton-Dyer)# [Proc. London
Math. Soc. (3) 4(1953), 84-106]*RLERH, #ZnfEIfH¥# - @ FR(F. Dyson) BT 5 MO AREE
Sn+4F17n+589 %y RI AT LR #Bmod Ssimod 78I (B & B84y —— 64> B4 Ho) 5> BIfY
H, #oBRE /M. —PHMES KA KT RIES, X4n mod 11=6/f,
p(n) mod 11=0; W3 - & - /R X(F.G.Garvan), Trans. Amer. Math. Soc. 305
(1988), 47-77. |

25. Ll FARMEF AL E TR, TIEHXMER. ERI8265EH
JE - & - P J/R(N.H.Abel) & BLR)— /18 55 22 s ok Al Dly=1 - x:

X (Y N Xy (] - _
‘y)-l-Llj\l—x) Lll((l-—x}{l-y)) In(1-x)In(l -y)

22 LB I /R [Euvres Completes 2(Christiania: Gr¢ndahl, 1881), 189-193, ]

Li, (x)+ Li,(y) = Li1(1

(a) &f (xX)=In(1/(1 —e ), BT [* f(x)dx = -Li,(e ™)/t T f7(x)=(=1)"e"
S(" Ve He™ =" | FRLABRIRAA R U, 41— OB, Liz(e"m»,%m{ua_
e.-"}}-r-O{l}-(C(2)+rln(l—e"}—Liz{l—e"))fr—%lnf+0[1)='g(2}fr+%]nr+0(l} :

b) KA S .. e"""'fn=ﬁz,n,ﬂ,. i () T(@)d2/n , T K AR

%ﬁﬂf:ﬁzﬂmﬂf‘ﬁﬂdz o Ez=1RbMBRAHEI(2)/1; HEz=0bMNRHL
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H -‘g({})lnuc’((}]-%lnr-%hﬂn ; Fz=- 100 H - C(-1)8(0)1=B.B 1=
- 124, S+ DM FEMER TR AR, UM TEERNM, X1

= InPle)y=5(2)/t+ %ln{ﬁ?_n}-rf 24 + O(t™)

26. 4 F(n)=Sr e | st FFA M, RAOVTUER f0=e""[x>0]+

%% B X)=e FAEF25), BHA2F+1=3r e . LRI ERE A,
WXtF0 =0, aRBAVEFHou=y+rmni, (25)R)4 L2 HE B &)

M =
. 2 iy — e cnimind o 2
}}m Mffimm}}.fndy= z:eumnfeue'ndu
e - - -

-

il HX ARG Van o [BEEERE MK I GIHER 342057 LR AKAS5). |

27. & g =+n/6te " cns% o BRIG IS, f(y)cos2nmydy =g, ., + 8. ., FFLL
HMNA

=124

=g +g +2 + =2
P(e) & +8, ;(32::”[ 8am-1) mzmgzml

Tigenn g .co- AAE—RELEHCOMEnR. [BRG - - LiEEM.IKnopp),
Modular Functions in Analytic Number Theory (1970), 3%, |

28. (a, b, c, )& W.Trans, Amer. Math. Soc. 43 (1938), 271-295, L |, ¥
RIS BT 21R4.5.4 - 239 MR L FF 5ok Apz (M PRXAR:

Anm R (3m)*=1 - 24n (modulo 2°?)

¢ -1 € .
AE‘(H)E(—I) {;}2 " Sin 2:4-3 )

H}e(N) = (_l)nlflﬂ\l _?._31'#2 sinﬂ NHF(8m)*=1 - 24n (modulo 3"

l\ 3} ’\/g 3¢+I ’
rz(i!]p,,z cos 41{:}1 ? mE(24m)*=1-24n (modulo p%), p»>SH24n
Ap*'(”)"‘ 3P mod p+ 1
(;;) pile=1], 1 %24n mod p=1Hp > 5

(e) ¥ F3<p,<---<p, Me, e, #0, tF n=2°3"p"---pi" | WA, (n)= ORI HH
B 27+ =) py L+ (=) p)

29. 2z (L = 2)(1 —zy2) (1 =232 Za))o
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30. HH(39), (a) F(b)
31, k—AMW[/NEER/R - E /I(Marshall Hall Jr.), Combinatorial Theory

(1967), §4.11: HBIAR(39), HAITLLEEEIFN, HF0< r<k!, fEE—/ £ T
R fi, ()= IR =DD+ 0, e [;

n+l
m

mi+n
m o

= -ﬁr,nmod k!{") o

FoA®: BT (-2...(1-2")=T],,(1-e"92)"  Fop i B T i
20 < p<qIFr A BEL 5> $ip/git AT, M@z fIR B AT Rk A AR T LAnE) £ T
Rz, B 3, e, (n) X8, Hbf,, (n)RKRE/NFmiqlt—4 2K,

sl=an+a, +(-1)"a,; |;\= bn® +bn+ b, =(-1)"b, + @"b; + w "b, .

B FERHER
Hrf w=e™", FF. ZEFHEDX T/NnpHERBE, HifokmFEiLE

n
=ln_}_+l{_1)”; =Lﬂz*l—l(—1)ﬂ+! n 1 -n
21 2 4 4 31 12 72 8 9 -

Mk @M, [j|REBEE o/ 12008 5. KO,
)/ 1440085 .

5] |F i e AR, AExd TIRMEKMEL, RimE - #- D
/R B6(G . F.Malfatti) sk 18, WMemorie di Mat. e Fis. Societa Italiana 3 (1786),
571-663. ik - £ - B - /R 8 (W.J.A .Colman)7E[Fibonacci Quarterly 21 (1983),
272-284)1RiEME, |MREBEBL T (n*+10n°+10n° —75n - 45n( — 1)")/28800 18 %, b
A N E B (WL SPAS- We

32. BF | | <p(n), BARFEXM BN 2Ym > nbt, ®ANA
HAX 242m > nbt .

33. Y EmAM Y — AWM TFEEm ARG Bk () <m! ;] &%,
p(m)? (n=DU((n—m)! m! (m-1)Y), WiH%m=n b, BEFHRELLIL2XIEHIn
p(n)? 2&—1“--;—-1112“ .

T BAEE T (n'+3n2 - 9n(n&

n
4

i
4

w

n
7

n| < p(n—m)H A%

34. a>a,>>a,>0 4 BN Ya, ~m+1 2 a,—m+22 -3 a,2 1, MAZEnNA
R4y 805y RIA B TN 6. Wk, HE—A1EE, BIOVA

i
m\m-1
(R - &% (H.Gupta), Proc. Indian Acad. Sci. A16 (1942), 101-102, %4
n=0(m" )it xtT || B — A ERAHHE A BLE ] E3.3.2-305, ]

n

m!

] (n+m(m—l)f2]

m m-1

n
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| 1
=—In—~-0.,194
35.(a) x che

1,1 1 e ] 1 1 )
- — —— e — - - e -—1——-—] ]
(b) x=—Inz-—Inin2~0092; —fe, WATH¥=¢(n-Inln

©) J=. xdF(x) =[5 (Cu)?(nu)e " “du = -%fﬁ(lnm Inv)e Vdv=(y -InC)

fC"DZSﬁ o

(d) XA, o xle Cexp(-e /C)dx =(y* +&(2) -2y InC+(InC)*)/ C*

~1.0656 . HHHERRIL A £Q2)/C* =1,

(R 7" EHE UM BRA /R(Fisher) - B B 4% (Tippett)s3 Afi; 2 WProc.
Cambridge Phil. Soc. 24 (1928), 180-190, ]
36. W Tj, — (mar — 1) > 3 jo— (m+1) 3 j, —m > 1:KF, BH

z,-z

t=rm-r(r-1/2|p(n-1)

’ ’ p(n)
2 r
ila la 2,.-]“ ram(l+0{n_lf2+2g))+g
- l-a p
"—1!2 n~1I2 -1/2
B} a'-1la’-1 a -1 exp(=Crx + O(rn”"*** )+ E

1 1/2
Serh ER % feron'™ MRRATIRET. AFEAn /(@ - DR S 1+00n™) .
ifi B2 B RAFE=O(n* e ), B{ERA 166 FRLKERY EBR |7 < B
;2;: e =OUmI e dt) =O(N" " 'x'e " I(1-r/x))

i N=0(Vn),x=0(n"),r=0(logn) .
37, KBE—A D RIES, P MG —k, ES Fh#i%itqk, 7ESFhgit ()

deeeoe, BBGAECA(- 1) 3, RIS AR Mo B 3. (-1(7)=0(%) &

Mroh#Ee, XNMHBELE N, MUrABRENEE DRSO, [ RKLBIRH
ZeW, 2133 - 2600 MIREMAX N XMER, A% Lk £ BE%
% JE(C.Bonferroni), Pubblicazioni del Reale Istituto Superiore de Scienze
Economiche e Commerciale di Firenze 8 (1936), 3-62, ]

33 zhmwi(hm—l )z = zhm—](l _ Zf)...(l _ zh-m—! )'.I'Ir{(]. - Z)-- -(1 _ Zm—l)) .

m-1

39. tnRa=qa, e . REZAmNEINIR, WRa <1, &f (a)==, HUE
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fla)=min {jla>I+a..}. 4 g RX THES (Q)>kHI5> M EREAE. WLES (Q)=k<o
5> RILAA 3K

a?2a,? 2a 2a-1>a,, 2 2a,,=0
KFAE. Blta a,--a,=(b ++1)(b+1)-(by. + )by, -b,, HHf (b:b,)>k, il

ﬁﬁm%gu mﬁ?ﬁﬂjgt=gk=]_zh*g*_lu
(22 W.American J. Math. 5 (1882), 254-257. |

40. ZmmVR(1) m(z-2' W2t - 22" = (A= DA =2 (1= ")) o EAARK

LR R CIBI1.2.6-58MI A 2.

41. Z A - FIRER 7 4 B fF (G . Almkvist) fIFF - 38 - RE AW (G. E.
Andrews), J. Number Theory 38 (1991), 135-144,

42. W] - 3 /R A % (A Vershik)[Functional Anal. Applic. 30 (1996), 90-105, &
H47]8. 28 HAK

-CF _ - _
l-e =ckin l_ﬁ' —cak/yn
——— - I

1- E-—f{ﬂ-n-q:lfl e + - E—t‘fﬁ+¢r}

HrhE S e BUER M) — /A, FEXHEROEE L. R op <2, WE
Bc ki, mRoe>2MchIE, H60p =20F, XMERBRIIAE h—KHL

k LS
6-/n tp«fr?
fnfeg= Bl T4 ¢ = L@ . Fobrikigo=(n-—1) /.;L-m

43. ﬁﬂ’]ﬁﬂ.}ﬂ?”'}ﬂa ) ﬁﬂﬁﬁj—t‘ﬁﬁﬁjﬂﬁ%ﬁﬁla 2, k- lﬂ{]ﬁ_"’?'i
b—k. XEESRBOANE Ap(n—kk-1)/2); XN BELHEXH Fa =0
By |- [k-l){k 2111‘ Pl I .

44. [Rikn>0. HHAHFR BN (LA — 82N hp(n+1) - p(n),
BIALALE BRIn+ 1095 RIGA%, BAFRMETISRERE /NS TIMGEBRRTE.
FZEED2p(n) —pn+l). [BEWE - £ - [HEESEZS(R. 1. Boscovich), Giornale
de’Letterati (Rome, 1748), 15, H B/ =% HER 5B H3p(n) — p(n+l) -
2p(n+2)+p(n+3). KT H/Msr M HKBRFFELUAXBTHESHE. |

45. AFEX(37), &N VAGp(n - Nip(n)=1 = Cjn "*+(C* j*+2j)/(2n) = (8C* j*+60C}* +
Cj+12C ' ))/(48n*)+0(j* n?).

46. tnfrel, T)(n)=pn-1)-p(n-2)< p(n)- p(n-1)=T,(n) . BEHkpn)-pn-1)
ALAE RnR 5 RIB; BRI MEKRIES, WE XN - 18045
RAE R Frfsr . HERHY/NM: (T () -T,(n)/ p(n) = C*n+0(n"?) ,

47. EXMRRPHESER BN QHRMBEE; SN2, Yo +2c,+-
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+HC,,=HH"'J', Hﬁﬂ”%“ﬂ%%? ﬁﬁ]gﬁf&i’fﬁcf”cn B{Jm$%

k
c ) 22 p(n Jk} Pr(cl “'Ck*l(ﬂk - j)ckd-l o 'cn)

np(n)

Z i np(n) p(ﬂ}

[Combinatorial Algorithms (Academic Press, 1975), $&10E&. |

48. P INSh A — A B 5 2 HR R A 6/(0° )+0(n ), il HjkHIEE
{ERIMT A Vn « LS TNA BT B} ] 4 O(n), BB E BT R AIHr An'.
(EFR SR i & Ea. )

49. (a) BAVE F(2) =3, F(2) » FPF (R FHE/NE52 4 > kA 5

RN R RS, BILA(L -2 =22 ) — 1,

(b) 4f, (m)=[z"] F, () / p(n), Wif,(n)=1; f.(n)=1 = p(n - 1)ip(n)=Cn""*+0(n");
L (m)=(p(n) —p(n-~1) = p(n - )+p(n - 3))/p(n)=2C*n""'+0(n **); W HSf, (n)=6C"n
+0(n Y, (BRIEAS. VERLS.(M)=KkICn 2 +0(n *7); B BIESf (1)=0(n"?),
B S, (n)+4f, (=0 "), B Hf.(n) <[, (n).

EERRPEEINE —RBEH [")F(2)= p(n)(1+C/n +0(n™)) .

50. (a) M40< k<mif, B, (m+k)=c, (m— 1+k)+c, (k)=m — 1 —
k+c(k)+1, '

&) BAMFO<k<m, |"n|=pk),

(c) Yn=2mbt, BEHLR A RmA) R, BB 18087 - 1 & ERIE R
Gy R PP R B/ —BRAE 2 - 1=mist, FERHENE Ao i /1
| §od =

(d) anR oI By A E sy d8itk, W4 ok j3t R Falk+1).,

(e) Xt FHE ZAB/Nsy > kT o R, R EG, @A+ -+ ") F,
(DH+F () -2/ (1 = 2)=F,, (2)/(1 —2), HPF, (O LBPENL. EFRC(0)=(F(z) - F,
(NI =2)+z/ (1 —2)%

() FATTRTLAZ0IR]7E _ERAAR ABAEUERR , XHT4<5, [27]G, (n) Ip(n)=0 (n **); B
He(m)p(m)=1+0(m '), Xt-F/hm, HAE(c(m)+Dipm)BEBIHE, Em=TH &
BE26M—MRKE, G, ERBERRD . FILAPEEETLIRENR S
5E X AN IES .

#: 18 - ¥ B K EA4R(B Fristedt)[Trans.Amer. Math. Soc. 337 (1993), 703-735]
ELHHMERNYPRUEN 7, a1 BEILo JIb kR E B LA #e Kk
F Cx/n.

52. AR T, M| 64t R a, < 13; T2 0| A Ea=1470
a,<10; %%, FlixARR, EARMETHRI4 1196432 1"3R0RE
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p(64) — 1000000443 Rif , { & 5 4 76 B8] 18] U - TS H9'SE 100 75 1

53. e B ERRE, 1008 [ Aoy RIfa=32F1a,< 12, %%. Rk, #%
A S P 3 2, =320 1005 M RIEE32 13 128 76 5.5 1%, FakHF= A BRI FHE,
HI20888654333321",

54, (a) B R M A E . XA R R A& DIE.

OVEH, [ERIBLME. @2 BN RFNHEE, Ak Yk=a' HE%EX,
Ra =aa,.., Hk< o B, %A

a+:-+a,+a, +--+a, <n+kl

EmEa > B, THAMFEAN, a+va >b++b . Hk=b B, Ff1Gn+

ki=b,++-+b,+ b) +++ b/ <a\++-+a, + a|++ a <n+kl, FJ§.

(c) anfcc, - R—Ao%, BHRc,=min (a,+-+a,, b++b)— (c,+ -+, )
BRENL—ITHERKOTHR. A EEA, HAhtnEe+ +e,=a++a,, HIIHOL
min(a,.,, b,.,) Smin(a,,,, b, +b++b,—a,— - a, )=Cp., < A, S a=C, +(C\+ "+, ) —
(a4 +a,_,) S Ci o |

(d) avB=( A" . (NELFELLEN, HAXRUTEH DB E
) B KR VA AT RE S AN AL . )

(e) aABFmax (I, m)¥srmaV B min (I, m)E5 G5 EENOLERN L4
) -

(D @I Es7(ONEF, HTaABAR. HTaVARKREEMEIN2FAR).
a0, (17165432)Vv(179876)=(1716554),

A XL H: I - AEFHE (T Brylawski), Discrete Mathematics 6 (1973),
201-219,

55. (a) nRa> B mB.aZ y Z B Ky =c ¢, WA TERA=IFk=1+12Z5})
Bk, a++a,=c++c,=b++b,; Hika@EL, HHS BEAL .

Rz, wmRka= BRa* B, BRANTATLIKEByZ B, FRarydy > o, ITF:
Kk Ea, >b IB/MIKk, LARER a>a, KB/, tnHa,>a.+1, dliitc, =a, -
[k=l]+[k=I+11E Xy =c, ¢, @NRa, =a,+1, RKi#La.>a. R E/PEI. M HanRa,
>a,,+1, &c, =a,— [k=I'1+[k=0'+1], &HWlc, =a, - [k=1]+[k=I+1].

(b) aRLES)FIEE, FHEafnphn/0fn A 100E ., Mar FHHNR Ya- B,
mBA »~a YHMNYa=p, H ‘- FpMI01701ARER0119108) 7 &,
“=" Rkt TENq>0, H100° 01k A EE 010 ¢ 1007 F .

) T RELBEa>a)++[a, >a,]+[a,? 2] HALH) . e, =1HFR T,
5y Rla=(n+n, — 1)(n, = 2)(n, = 3) - 2HEX PR BEAR K. *Fa, 2 200 HE AT
M. GEEES R, BR(n, — D(n,—2)--21", BRI HF. FHik, afila” i
btk KA BT E. )

(d) E4rith, uRVEEZB > ELMEL, MAB&/NMB AL, BRRREFESE
1,
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() HARRRABERE - RREr . nfa-afla-a;, WHEKNATLIR
BEHWIER— N BPOHEE, Ffa -~ pfna - . Fan:
10190111710
01191011710 10171011701,
Mouneiorror 7

&p=p, =B, Kdp, Ath/h. B4, @Eid > Fmaxck, k'Y BERE, KA
k=mFlo,=B,; ifiHk =mF1a, =0, .

(f) Ep-a’; RIFEEHHEL~ B ARLAWR /AL, HERFMHER S
X B E/B> B . FREMSRIAL.

W Su(a)2ERr @b Ea=a, , BITLHILEHaZ BEKk &
W@ r u(B. HFO0<j<k, A FFlaza, —a=p, Kha - a.fa=a0+l.
mRa—a, BMNFuwa)=wa); HE AEiFHa=p Ma— o BRE o = w(B)El
q], {BEANA, #:

y 10090111710 N
01091011710 10091011701

Va

01091101701 — 0109~'10011701

B ABATA AR Eq>0; B H AR AELL

(2) A, EERSI R, X TF1<k<n,, a, =n+[k<n]-k; A7 HIiEEHs L, T
L k< nay by =n— ktn —k<n]o (0 BIBEIELE (™)) - (=70 ) B2 JEMnEBIA, B
wBHE Sk, = 3(') Mt

(h) Y4n > 30F, KER2n - 40858, (n-D1, (1—-2)2, (n—-2)11, (n-3)21,
ey 321778, 3100, 2214, 210, 10 BRI

ALUES, BKAEEE m=27)+n0,-) $. T <l, —/ XIS
Bfa, o, a, e, BN, Hda=n'; a=2; a=A"; a > a.. mHEX
Fk<j<m, o, » al.

A A F - #HR(C.Greene)fIJ} - J - # %458 (D.J Kleitman), Europ.J.
Combinatorics 7 (1986), 1-10.

56. Ri&kA=u,-u, Fp=v,--v,. LA FCRULILHD)R &Rz STRIS AR B Ve R A p
EW RSN F TR R, HH %R a=a a, a, X plhARa =b b, b, X A7, kil
R4k, BATE LRKHEHMD, B KH. BRiE, BIEP=b, b (b+1)1-1 X
AT, BUcPrffah2p au. R EGFrHIBIR =b, +-+b,, 5, =v, 4+ +v, LI &
L=waw,+er, A =w w,,

M1 [(mdkfk. 1 Bq-0, keu., HFj=1, ., m, Hu.<kitf, Er, —q— g+

k—k—-1, RFHEKEq-0, mMAXTFj=1, -, m, Ba ~v,, 5,~q—q+a,.
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RIEBREq-0, UARkk-I-a, ¥Fj=1, =, m, Ha, <k} &b, —j, re-
g-q+j, UARk—k—1, BJ5&E-0, b-0, b, -1,

M2. (iR, ] A5 Wla, -, HVS RIS HED, -+ b,

M3. [kj. | &iR{ERr. >, Hb, #b, B KHI<IBIBE . =00 R ILES
#.

M4. (Hétnb,. | Bxe—r., -1, k=b,, b, ~k+1Ha,, ~j. (a.,LARTRIER) - 1.
BAEM LR EEABS4C) Hik, RIWTHERa - aREFj+1,
J+2, A R )

M5. (£%8fit. | Bz<0, mifaxti=1, -, k, LT LIE: Bxex+j, y-
min(x, 5,), a, ~y—z, z+y; ffi=1, MEI-p-aFfiqg-0; fmEFi>1, 4
p>a, W 8b, —i—1, r,~q=q+i—1, pep-1. &fF4p>jk, &b, ~k,
r,~q+-q+k, p=p—1, REM2, |

S7. mRA=u, BRI —AXAERIERE, BRR ERANBRRFNIERE. i
HAMAS W RLEN, RAMBEW=b,b, -, Ffi1Hb++b,=min (c,, K+min (c,,
O+, TR RBEANFERKTH AR, B, WRAXFAR /456
B, DIRATEAB S, i M IEME AT IR B B4 8011 BN, R
TRT EAAR 2 55 oA 2 oty — AR

e XA U /R (Gale)— MU (Ryser) & B, X R G MM - %R
[Pacific J. Math. 7 (1957), 1073- 10821 F0 %k - £ - BiiFE([Canadian J. Math. 9
(1957), 3713770 E & REHB. (0L RA R AARFIRIA S ub0 - EREH)
ABRAEERFREAR D x0x - FORBI, BIUHFRE €. HRR, Kb

e, =[2'1(14x,2) (1+x,2)(14x,2) -+

FEXAErEp, XANERZEDA208H230FE LKA AFrE 7. & RIE(Proc.
London Math. Soc. (2)40 (1936), 40-701% 3 T, .oo(1+x,. v, K12y - £ - BhRe{AfE
IR . [IWFITEPhilosophical Trans. 147 (1857), 489-499h F R AG B HhUEWH T,
A A W R LER. ] |

58.[® - B - B/REME(RF Muirhead), Proc. Edinburgh Math. Soc. 21 (1903),
144-157. 1&tba = BRLER, HARKNATLLEX = =x, =xHx., ==x, =1, H
Lx- o, BRESH, HABRIMMUN YoM EPHIEHE. ARfE, thinik, i
sr(aa)Z (a1, a+1), WABRALMEIENAE

1 a
2m! o Xp: " X pm (IM Xy {'xm x?z}

(B ¥zt SB/REENRECSNAEMHZEAMSOERILE. AAZ)E,
o . M- B 21E(Quarterly Publ. Amer. Stat. Assoc. 9 (1905), 209-219) L2531
NMEMEN . B3 TREMERE By AR5, A 55— F0r
A, WP - BF/REE(Sitzungsberichte Berliner Math. Gesellschafr 22 (1923), 9-20) |
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RYiEid. “ZEMA" RAVed. BHREAEMEMNFERNLFE, WI17EMessenger
of Math. 58 (1929), 145-152)d i€ T ERIEBEAMER, M 21H2.3.4.5-17. H
Ba] - F - ILEBK/R(A.W Marshal)F13: - B /R4 (1.0lkin)(Academic Press, 1979)ff 5
HI— AR H ) Blnequalities, TRAEETFXNIRM. |

59. X¥Fn=0, 1, 2, 3, 4FI6HI M —f B% 46 & Brig HAU R #RtE . X Fn=5H /1 iX
REMDERE, BOLILL1L, 2111, 221, 311, 32, 41, 5. % Fn=7, H4EZENER:

1111811, 211111,22111,2221,322,3211,31111,4111,511,421,331,43,52,61,7;
1111111, 211111, 22111, 2221, 322,421, 511,4111, 31111, 3211, 331,43, 52,61, 7;
P1iEnnn, 211100, 31111, 22111, 2221, 322, 3211, 4111, 421, 331, 43,52, 511,61, 7;
ITiiiry, 211111, 31111, 22111, 2221, 322, 421,4111, 3211, 331, 43,52,511,61,7

BREMNT, BANTFHE>8, EOERN LR VELEE RIS,

60. 3+FL(6,6), (EH(59); EHMIEG LML 4, 6)FIL' (3, 5).

TEM(4, 18)rh, 7E443322F144322217 §E A 444222, 4442211,

fEM(5, 1), 7E62111F16221 7 A4k A 52211, 5222,

{EM(5, 2008, 785552111§15552217 [A)3E A5542211, 554222,

TEM(6, 13), ££62221F16322 7 A4 A 72211, 7222,

{EL(4, 1), 7E43322F1432221 7 R1H6 A 44222, 442211,

FEL(S5, 15)dh, 7ES552111F055221 7 /8146 A 542211, 54222,

FEL(T, 12)p, ZET2111H07221 27 646 A 62211, 6222,

62. X Fn=7, 89, BT HRBEFR, Bin=8, m=3, a=3221Ff1n=9, m=4,
a=4324p, AL,

64. anfn=2"q, Khgh#a, So, RN ), MgAH8or% T2, M T
n>0, g HELN

B(n)=B(n—1)*1, 2 x B(n/2)

HA12 x B(n/2)R R IMEEB(n/ )M A 3B (R E mBEn A H B UNEFFIHE), EXL
—FRA ARV E @R, WRBATSBO)ZOMIMHE—2 R, MkERL Lo, 1FFEH
Hllo XK. Bt
B(1)=1, B(2)=11,2, B(3)=21,111, B(4)=1111,211,22,4
EXANFFIHEREEEER Y, DL FEL AR Z—, Bl Xn b B%
B(n)=(2x BO)1", (2x BANI™?, 2x B)I™, ..., (2x B(n/2)1°
5l 4n
B(8)=11111111,2111111,221111,41111,4211,22211,2222,422,44,8
*in 2 2bF, LA R LIEA A KB(n):
K1. [#%1t. ] Bco-po=0, p,~1. InRn A8, Ec,—n, 1=1; HEn-
1=2'q, Krhgh#¥, HBc -1, c,-q, p,=2", t-2,
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K2.[{8i50E. ] iRl pl-p o BEC++c AR )

K3.[M 2 B K #B45r. 1 e, =1, EEKE>2IF kp, #2p.,, EHe <2,
p, ~p,12, BEMEec, ,<c, 42, t—t-1, BaFEc, >1, WEHEBEKE
4y, e, =2, Be, <1, p, <2p., HMEc, ~c.-2, cu=1, p.+~2p,,
t—1t+l. .

K4.[ZFifA. 1RSSR B Py o (BRTEC, +-+c, 275, )

K5.[2k Bk B KiR5r . | BTN A SR AU TER: “FHM e - (A8
I By RGN ASEKS, RiatkE #5008 .” SR,
BIRMEN: (la)ynike, AA¥Fn=1, WEEK. (1bl) ke, AHHK. ¢ =1,
mBp.=2p,.., MBc,..=c, 42, ¢, ,<¢,, p..1<p, t~1—1; (1b2) dne,
AAEB, oo =1, mHp,. #2p 0Ec, -2, p_,~p._J2. (Icl) &nFkc, K
%, c.=2, mBp =2p, ., WHEc_,~c+l, p_~p,, t=1-1; (Ic2)
B hH¥, o =2, WBp #2p..,, MEc, -1, p,_,+~2p,,. (1d1) ke,
AEE, c..>2, mBp =2p,.,, WEec, ~c_,—2, ¢, =c+1; (1d2) fpHke,
M, ¢ >2, miHp, #2p..., WMEc,. ~c, p.=p, ¢, =1, p,=2p, ,,
1 —C .1 —2, t—=t+1, RaytnFec, AHiB%., Hp, =2p..,, MEc, <c, -1, ¢,
¢ +2. 2o)hnkRe, AfE%, Hp, #2p., WMEc.~c,—1, pu-p., ¢, -2,
p.-p /2, t—~t+1, BEIK2, |

(ME—frhLERKE, EK3RMKShREHMEMNE S RMEL. X/ HER
HFE - FHFE M%r(T Colthurst) FaZi - s HLLL/R(M Kleber)FE R i X KA “A Gray
path on binary partitions” F#5H ). BRHL{E 17504 % (£ RIS LA § S0 % [t
XFE R 8. ]

65. N pi...pT BRmER T8, WXEME T2 R Epe) ple,),
i B 319 LA4 n=max(e,, -+, e,). HXL, X THRO<x, <ple, )W —Tricdl
(xy, %), BRATTLAL m, =p" ...p , Kia, —a, e IFx+ 1M . TRK

iR LA 5 R — S e B — & — A~ ST is RS

66. &a, - a, RIERFEAFRNN—Pmocd. BT LR EHER BE# i
KI¥a,»? - 2a,_. XPmBRNERHFREEH, WHEFx - x, 2% —HEM.
ZREXS-Q2).

ki <k, Bifa >a, FHEGHBLEHES X, - x, Pk AL Bikx, - x, &
BT 20 2VEIHHE 2 —. MiH, Ma =a, Hj<kBt, difaeEdt, Q£
Ei. HlYx>x. &4 “THR” B, 9 kTt a.., .

Aotk BnfI B A A R R, BUg — A 3RahHET X, - ox., FRAE R — 853 Ry, v
Hex o o, I THRERS1.19). T1<j<m, Ba, <y +t, , Ky,
- x, Hx AR TR

ildn, anx, - x,=314592687, FMIERERIERa>a,>a,2a,2a>a,>
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280 38 E %K
a,? a> a,fIFF AL, EHWER T, =145+8=14; BrLAF{1Ea ~y.+2, a,«y+],
A~ y,+3, a,<y+2, as—v+2, a<y.+1l, a; <y, a—ye+lLia,—ys+2. £

290U, XA R 22" .2 A

13232 2
21 2323242525039

(1= 2301 = 232, X1 = 232,27, (1 = 252, 2,25 ) (1 = 22,2, 25292, 242527 )

Y < REMAZNRAEN, oA XERNS R, 584 Kk B K
BT M N(1-2)(1-22) - (1-27))» FRRERFE FRET 2.1 2VRIFE Rt a7,

[(RTFXEBRHEAOEEY RMMNE, S0 - & - B, Memoirs Amer.
Math. Soc. 119 (1972). XF MM FoMAE LR, e - KH %
(L.Carlitz), Studies in Foundations and Combinatorics (New York: Academic Press,
1978), 101-129, ]

67. dnRn+l=q, ---q,, KHFHEFq, . . ¢ #>2, BIVBREI—INmEDI G -
D-1,0(-1D-q.(q~-1 - q4q, ., (q-1)q - q._}, EYA-ATHERT
AN TFRAEGIES . GXEREFq HIBFEEEMN. )

RZ, BMARESINHBLLZF AN AL K. RELZEEAM={(k -p,,
ky - puye— ARG R, Hbp<-<p W FIL<i<m, RAVBHAp, =(k+1)--
(k. +1), BlAp, #MEB)—AF LB FEB B/, MR -p, . k- p, Y
fZ2H 8.

HERVITEAMNZES RN Y B4R AENg REK, HAE Yp>1H
>0, pg—1>(p-D+(g-1). Hk, Flan, 1IEIH/NE 25 R BTl % i R
GrfB2-2-3, 2-3-2f13-2-2, A& L& Quarterly Journal of Mathematics
21 (1886), 367-373.

68. (a) X FHA MY, tnka+1<a -1, MEAITLAE a, a} BB {a+],a,~ 1},
AN e, ~ a, - 150, B OUE ST BB B 4 R B Rt . (B
3,3 #%(L.Oettinger) F1£] - f& L7 (J.Derbes), Nouv. Ann. Math. 18 (1859), 442;
19 (1860), 117-118. ]

(b) A AINIERSy; ffa >4, BT ESA2+(a, - 2) T A R DT,
BRI BAT T AR E B A 8B40 b 283 ald #E2+2+ 280 3+3, | HA -/ ohadt,
Rt £ £ HHA2. Eik2n mod 3401, BMERE3I; X4n mod 3418}, 4 - 37 »
=304 . 2 . 2=(4/3%) 3", Ypn mod 342IF, 3" - 2=(2/3*)3", (B - KA
(O.MeiBner), Mathematisch —naturwissenschaftliche Blatter 4 (1907), 85, |

69. Fifn>280 4 M (n, 2, 1, -+, Do @i Lhs, -+ sy 1 1JF8R, DiB B Yak —b
SN Bs, ,~0(Hdba=x,x,— 1, b=x++x,—t-1, k>2x,2 - 2x,, LARa>1),
FATATLL “TR” K NROEARTESL, Bobk+x++x,+(@k—b—1t— D=kx, - x,. X4
(xox, = X, — (o dx, <N — iy, ATJBEZEFT(x, -, x). BB TEREER /)
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N{EEs, =1, XE—. 4N A2 B, {YX(32766, 1486539, 254887, 1511,
937, 478, HFF(x,, -, x, YFEMLARE, MNARIEFHEERZL, 3, 4, 6,
24, 114, 174F1444, (B - K& Wi EH(E. Trost), Elemente der Math. 11 (1956),
135; 5 - kFL B4y (M.Misiurewicz), Elemente der Math. 21 (1966), 90, |

E: YN o, ARAGEAFVEZEGE [, (HEZEAHBERLCIIMER
. BB EAFF(x, - x)=3)F(2,2), CLLHEBR#EREr mod 60/ A >5/n;
X — LAl LI A RS THR R — 4~ . FAI(6)FI(3, 2)HERR F T RI40%(H])
HEBRE a5k — 4F05k - 200 BT A n); FFAIU(B). (4, 2)F(2, 2, 2)HERR W THI3/7; BHA
=R P B En - LBARFR; Hrbx o x,=2"f/FF1HEERn mod (27— DALY
p(NA- TS, Horb, - x Br /AR BRI FBRRIF T HEERR mod (x, - x, ) KEY
@, T FI5R -

70. — ) AN REE D —A, BRI BE& S ARE A BEHITE
. L#%ﬁﬂlﬂ?d%ﬂ?ﬁﬁ‘ﬂﬁ#@ﬁlﬁ MZRAL B e r X ek iT— 178
weln, e

Iy T2 T4 7 T11 T16-.. I1 I3 Tg T10 T15 T2)-.
s Ts ITg T12 T17 T23... I2 T4 T7 T11 T16 T22...
g Ty X13 T18 T24 T31... L5 &8 12 T17 T23 L30...
M T10 T14 Ti9 T2s 32 T40 . Eﬁtﬁﬁﬁ Tg9 T13 T18 T24 T31 T39... ;
Ti15 Ta0 T26 T33 T41 T50 .. T14 T19 T25 T32 T40 T49 - . .

T21 T27 T34 T42 T51 TE1 ... T20 T26 £33 41 Ts50 L60. ..

Wm)iEiR . R AHES p=(1)(23)(456)(78910) F|iE B T. (X YpfE Lifify -4
A SIAZE BT HA BN, Flan, Yx, dEBH, x qTHERH% . (B@ T TR
T8, |MATUUBIEROFER ., EXHXE—SERN ez, £ eHEF3
BEYME. XHE—MBzaRED 85 HRY AR B, ILLEAGER —
TR —Bsr . B 153 72 2 B o T4l A .

MRA—TERARIP, — P ARERTEAZ, BT -3 A0RA
TCELAT. AR, ik, WEE RN e Ex AT T 40 AfEs
BIEx, Xi, X0, oo BB, WEI Fr>n >0 n=(2)+(1), BHRRERHHLASH
n,- lﬁ“%i‘tﬁﬁﬁ’ﬂﬂﬁﬁﬂ&? XA R X - REHY - AR
(J.Brandt)#3 1%, Proc. Amer. Math. Soc. 85 (1982), 483-486. [°]5{HY 3% A is
¥, ZBROT - N9, The Last Recreations (1997), 2%, ]

71, Hn=1+-+m>1bf, ELERI 7> ®l(m — 1)(m - 1)(m - 2)- 2L AFHRIRERA
Amm-DRIEE, MmXERKE. (H5EE, Math. Magazine 58 (1985), 259-
271; #% - ®R#JE(G.Etienne), J. Combin. Theory A58 (1991), 181-197. |{F—#%
WL T, B R0 (Griggs)F{a £ B [Advances in Appl. Math. 21 (1998), 205-227]
BW, AR, 3 "{EHH’]#&J\EEEEIHM (2n+2 = n, (n+1), n+n+1,
n(n+1)) = 2n,;; XFn<100, fAINFMEHEBELIE. mE, Yn=2n+{-1,0, 2}
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B, IR OLR I da5r RIFB K EH—/.

72. (a) Fn ~jkiyEE—A5rWa, BES Rn=j - k+aPkBIE/ - HBLEEL - j+a
R ERS B INEAAS #e. Bilan, Mn=6lt, X EA3 Rt

6 51, 42, 411, 33, 321, 3111, 222, 2211, 21111, 111111

a bl, fg, clg, hi, jkl, dikh, n2i, m21ln, elmjf, ledcba

(b)) p(n-k)+p(n =2k)+p(n -3+, [M] - & - 4 - /R, AMM 93 (1986),
475-476],

7.2.1.5%

| BUESZTEHOh m BoAE i, HESBIr -1,
2.L1. (pdkfk. 1 MFI<j<n®L ~j— 18lg, 0. HBh-n, t-1, LB

A R EF(E .
L2. [ihM]. 1 W@l - L Fh, - hF @k /. G R Fax A~ 4> R PR &
f‘gﬁ$%al a, o )

L3. [Kj. 1 Hj-n; RIGEY, =00 &Ej-j-1, Lfr-t-1,

L4. (#8888 T —bh. | Ej=0MgEk. EMEk-a, +1, b, -1, a, ~k, TE
k=t, WBr—t+1HL~0; HWEL <h.,, BEEEA., <)

LS. [8+1, -, n#EBIBR1. | Yj<nbt, Bj—j+l, I —h, a ~OLLKh ~j, &
mL2, 0

3. &k, RBEMT FHENHa, - o, K B FI<j<n, 0<q, <
I+max(k—-1, a,, -, a,.,); W, ©k, 0)=1, ©0, n)=w,, LAKkt(k, n)=kt(k, n—
D+otk+1, n—1), [ - & - B EEFF(S.G. Williamson)¥ ok, mFRIE “REEK" ;
Z WSICOMP 5 (1976), 602-617, [E—AHEMIRBIEK Fa, - a, ZAT, HEHE

HA: R ERINER 2. atb.n-j) , Hhb =1+max(a,, -, a, ). fEREHRRN

—AMREHERNROBBI T, mfaLE, BIAOXB, Ma, - a.=01022034504 15
XA H999999.

4. DAEBRESRXMBEAIHBANEA Tk, BHEAEEENREREzz222,,
ooooh,, Xxxix,, Xxxxii,, ooops,, 1lull,, llala,, eeler,, iitti,, xxiii,,
cCcxxv,, eerie,, l1lama,, xxvii,, oozed,, vhuuu,, mamma,, puppy:s,
anana,, hehee,, vivid,,, rarer,, etext,, amass,, again,,,, ahhaa,,
esses,, teeth,,, yaaay,, ahhhh,, pssst,, seems,, added,. 1xxii,,
books,,, swiss,, sense,,, eneded,, check,,, level,,, tepee,, slyly.,
never,,,, sells,, motto,,, whooo,, trees,,,, going,,,, which,. there,,,,
three,,, their,,,,,

(BRNE - RFWAA. Math. Mag. 53 (1980), 219-221. HEWAA [ = BRI 24
SRIBRG /L, A THROMX BErFIHA 18 {CE, 78 ¥ KAia b S 78 Bl A ) 22
BEESTHATIRE. )
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5. (a) 112=p(0225). X/AFFIRr(0), r(1), r(4), r(9), r(16), -, Fihr(n) @izt
LAt 5\ INHEBAN R R0 RRENEEG, HENHIEIFpE S, R
EMBRETSR. Y 9<r(n)<n,

(b) 1012=r(45%) . XA FFIFI(a)AERE, HHERMFHMEBEE CE. (EHE
88=7744,212°=44944] F; 264°=696967 )

6. (E BEELT 2.1 2VRUIRHMIEF Bk, ER—/E MA0RA: A4 B A,
T8, FEXMTEMNB/THEREET . #lin, Hfa=20, c,.=3Fc,=c=2, HAMEH
ZFEEM KL, -, 200MIBr A HEFlla, -+ ay, 181 <2,3<4,5<6,1<3<5,7<
8<9,10<11<12,7<10, 13<14<15<16,17=<18=<19<20, 13<17, HEHR
HI K B o(f (a), -, f (@), FHrhpfEXIBddE LB (), -, £ (20)=(1, 1, 2, 2,
3,3,4,4,4,5,5,5,6,6,6,6,7,7,7,7), “4R&HHI 5K HAE)LBH. |

1. Wt A, . ENETRAEE BEEQ) PN B £ AR B8
FSB3MHER): 1234,4123,3124,3412, ---,4321, [ R.2 - & E (A Claesson),
European J. Combinatorics 22 (2001), 961-971; % - EIEHEk(S Kitaev)F ¥k &
fEDiscrete Math. ") — & e 3C “Partially ordered generalized patterns” H 8%
A= ELGTIH. Sn{0, -, i —HEF, 4g {1, -, n} X FEAHES
a,a, N8, Wla, o>a, > >a, >a Bk &>k, fiHAf, ZxaHESla, - q,
A%, IIXFEmE, FFr<k<n, #RXa, .>a, > >a, ., 2MLEE. T

R 3,08,  n=exp(3,,, fii2" /n!) ].

8. XFF{1, o, n}sr BmANSREIE— A5 R, % B EA BT 0 w i R ok
LB B, HLABTA "TRERY 5 2Ok HEFI3E B/ Mk e . BAn, ann=9F1Im=3,
53 R 126138145794 7= 4457938126, LLEGE LA BN R HEFI{S, 7, 9YF{2, 6} 57
REINHMBIIFER. (ER E, MHRMGESEHBRENBROREHET; 2
R133%W) “ANFERIXRL”. )

9. EZEEA{k - 0.k - 1, k- (n= DYOHEFI 2 b, HHak

ko +k +--+k,_, ky k, k.,
( KosKyseees Ky y ] (ko +ky +--+ k) (K +'”+kn-I).”kn-l

ARG, BEAL(k++k, DRJET(+1, -, n— 1} Z ATRREER.

mkn>0, ONFEHNMEAI+(n - Do,/ ©,=0(log n), FAERE o, FiER$
oI %h Si ki )w,, =@, + (-, .

10. /{1, -, n}RI—A 53 /], @id4) - VR B/ TR AR — DRI A K

REIR, ##E0, 1, -, n} ER—THIM. REEFIRS XS, RSN,
HAMEHAIRS . B, Q)FRIISA5r Rsr 513 R F

BABAIDSASAABEL]

12 12 123 2 1 1 12 1

125
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AEX —3 82, BR— 5T FIR, H Bi@ % EEMAR B B/ RV E R E
HABBERT A, REMREKE/ MRS, F%, FCHTAEFR Fir5.
HE S A Rn+ 1R EREH. X E 2182.3.4.4 - 18F1%/h T i £ #
BEMHEX., 2IHE - L. R/RELH(P.L.LErdos)Fihr - B - BriEs B (L.A Székely),
Advances in Applied Math. 10 (1989), 488-496, ]

1. FfIM648553E A4y B FE £ 104~y 5y MRI900/ KB A+ RIF A, *-Fix
seth ifio(a, - an)=p(as - aya, -+ a,a, - a,)), [ HHMI13 788 5364 4> Kby
563 52713 8|, T EAflpa, - an)<p (as - asa, - a.a, -+ a,). B —LH £
aaaataaaa=baaac, aaaataaaa=bbbbcl)faaaataaab=baaac; K5k
abcd+efgd=dceab(goat+newt=tango)l] ffabcd+efgd=dceaf
(clad+nerd=dance), [N HAEKBRFEH - TFHEAMOEBALH

2. BP4E T B K (Alan Sutcliffe)#3 R, |

12. (QFEAPe(a,a,)(a, a,)), HdpEZI@adE L, HAFENIAx=y(modulo
v 124 B AX % x = y(modulo IT)Hix = y(modulo IT'),

(b) ZnfE]fE 2R AR @ SRR R IT, RIEFE233EGR IR RIT, Wi H.
(F R BSER YL =0, j=1. CYARBN, FMTLUBRIEIE VAT —#
LW, )

(c) HI— R #isr B A S8t RIS ITRIM AR Q& M1 — 2.

@ (3)-

() @" =D+ 42" -1),

(f) BH). &IV ITHHB,\B,\---\B,, HhI1=B,B,| B,|---|B,. T8, ITLHK £
2B, & B,i{B,, -, B} )—/4r &, mBIOAIMTE &L & MTHaEBRkfnt
EBHIRMB BN . (XN RR AR T F4%; 20N - EEE
#(G.Birkhoff), Lattice Theory (1940), §18. ZIfi7.2.1.4-54 ¥tk ., 4l
Mo=4111F1 o' =3310F, {HXMER. ]

(g) BAY. @l#n, 411=0011, IT=0101.

(h) ITFITRIRAEITV ITRIREIFH, BRUATRATTRICABGRITV IT={1, ---, t}. R{EER
sy —8, HIF: - r MR, #EL A3, EFNBEII. MHTITXES T
B IR ER A B 2081 . Fkb(IT) - bUTAIT)< r=b(ITV IT') - b(IT).

[{E(Algebra Universalis 10 (1980), 74-95)h, #ff - ¥4k i (P.Pudlak) % -
P 5. Toma)iE B, X TiEYKtIn, B 1HREE(. - n}2 R FH. ]

13. [ WAdvances in Math. 26 (1977), 290-305, 14n&E—4~ b4y RIGA B A
UEHBE R TR, (EHKRMIn - A TEMARR, TAOBRBX 490 WA - k.
EM WA 3, Ak R IL - S . BlanE =122333, T3, =0.
i FLIBSE AE G R AR A (1) - (4) OB (4 1)y or RREESG & P A BT,

ﬁﬂl_] })kzm ﬁﬁjzmm; ﬁlﬁﬂ
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X, = 122333,22333,22333, 333,333,333

o3 A S AR R X 0k HY 1] B P A it R . (R % IT=a, -+ a, RejBASR4Y R
AR FCPR B 5 Lha, - a, ., FF R4H0 IR Y06 P T B/ eBesy R 1E RSB T
B ITE £ 805y IR, Ty, Iy, I, Ly, Iy, -, 01, SR IL B0k TR A 3R
rFs” (BD, #s— VROFTAE MBS Rr -1, RIGR ApkBH —AREIMEKS).
IR ITRM I, L, xR (5)- () HREE—A, WITTRBRBE T A B /v
Yesy R, Bln, wET=001012034, Mn=9, r=5, j=3. ifi LAEEM VIR
p(001012004), p(001012014), p(001012024), p(001012030), p(001012031),
p(001012032},;ﬁ00}012033)o

Bk £, (N) = f,(N-D+(3)-(3) » R, BN BT

14. E1. (%aft. 14 TF1<j<n, Ba, —~OFIb, ~d, ~ 1.

E2. [Wla). ] Uila]PR&EPEK Ha, - a,.

E3.Kj. 1 Ej-n, KNG, Ya,=d M, 8d ~1-dRj-j-1,

E4. [(5ER THS? 1 anj=1MI&5%. Hllanikd =0, NIFBIES6.

E5.[T#. ] Infa, =0, W Ea, ~b,, m—a+1, HHEHET. N, tnka=b,
ﬁﬂ, "_b;"'l1 m'_b;'v ;Fﬁﬁlf‘.?n Eﬂlﬂﬁaj ‘—H;—i, #ELE.IEZ-:

E6. (L. ) tn¥a, =b,-1, Ba, «b,, m-a+1, HEFET. SWiKa =b,
Ba, «0, meb,, HHEFET. TN Ba, —a+1HiKRRE2,

E7. [EZbn -+ buo 13 Tk=j+1, -, nEb, —m, REIE2, |

[nREIEREHR —#, IANREAIME 2, JJLPERE Tn. ]

15. TN T I Z#EH01011011011-Fkn M T, Hho,  AHEKYEH
{47 mod 3=0(& L 21 [i23).

16. 00012, 01012, 01112, 00112, 00102, 01102, 01002, 01202,
01212, 01222, 01022, 01122, 00122, 00121, 01121, 01021, 01221,
01211, 01201, 01200, 01210, 01220, 01020, 01120, 00120,

17. Yo=0/t*TA,, B “HA" A “WE" £K, AR Yo=1f3tTF A, i
“lMAT” M “mfE" AR, CATAORRGE BRSNS R B (u, v, oyfib(u, v, 0).
AR —id B, Bikl<m<n, ¥EXM F1<j<n-mHa, -0, HFXFI<j<mE
Ap-mey —J— 1, RIGAMS(mM, n,0),

B (u, v, 0): anRu=2, WijHEla, --a,; HMIFHS (u-1, v-1, (u+0) mod
2). BRiG, mBEv=u+l, MTHSE: #Ha, NOBChu-131kRa, - a,; EEHE
a, —a,— 1 #HijiRa, - a, Ea,=0k1t. BIREv>u+l, WiBa, . (2R u+okF
#Sa, (ANFuroHBEOMNOS Fn - 1; RiEHa, +oy 4 B NHHb(uv -1, 0),
nRa, +o R BENARAAL, v-1,0); TH%a, >0, Ea, —a,— 1B LREHEAX
WRb(uv-1,08f (u, v-1,0), HEla,=041k.

126




127

286 3 EE

AU, v, 0): WRv=p+l, HEMBTHIZNE: EEMIGRG - a, HEBa, ~a,+1,
BH¥la,=u—-141k; RiaiHEa - a, FHBa, Au— 1540, BanRvou+l, Wanika,
+ohdy, HASf (u, v-1,0), tnfa +oAHiB, FHb, v-1,0); RfEHa<u- 1,
Ba, ~a,+1, FHBEKIARFEAXRAS (u, v-1, 0)db(u, v-1,0), HEla,=pu—1
k. BE#a, (R u+ohHB)Sa, (nfurohiBREOMu - 1880, &5, 7
PRSI T, Ru=20i5kla, - a,, HWEHHb(u-1,v-1, (u+0) mod 2).

KEFLGZITI RIEPIE RAEp=2/01F X T 2 THeEH 3 SIRS L B M br K7 2 ) 5k
o 771 i B P ) SE R BB FT R X AL . M=y — IR AT — MRk St B

18. XA FFNBHLLOL - (n — DIFEA(HGE R). HIH32, H 0=, = (1)
F, Bl24n mod 1244, 6, T, A GEA XA ERLGFE.

n=1,2, 3MVE LA B KRE. Hn=5IF41 927 683 326FhRfF1E, WX T A
n>8, BT CHHERAIREAE R, KA LIRS/ RIFAE. #SK, RITKBETE
HEGHEMNER8COPHAZEENRNRAr, ERKXE-MHEERE, HYn=
2k+(2, 4, 5, 7)(modulo 12)F ) 5h,

i RF2<m<n, EIMOPH SRS (L) i, BT,
n}5r Bm/ASREI 4 R, A X ED.

19. (a) #B(6)K K AN, 2, -, m, -, 3, IKEHNEE. WmFEELSREF
(7.2.1.3-(45)) BR#E .

(b) FMTRTLAMET(8)F(9), KR FILAO 01--(m — 1) FF & e 43 BILLOL -+ (m — 1)
af10" " '01--(m — DaGs KB FFA,.. Fil Ae o« HHPO<a<m-2HaH0<a <m
- 2091 A Ba, - a, . 242<m<nistHRHELN) R

A 'A(m ”n{bﬁ}x,,ﬂﬂﬁx, a2 m,Amﬂxm s ARmE R
D " Al X1 Anna A IEmR A
oA A A:.';ﬁ A,Lg oo fnBem B

(e Mm-wﬁ, VA X1 A X AR o Xy | B B A

XBb=m-3, B=b""", Mi(x,, -, x. ) EMx,=m = 13|x,=aff)— FiE .
20.012323212122, —h’?‘tﬁtﬂé, EE4IES T , (a, - a,)'=pla, - a))

21. B (59050, 8;,.) =(1,1,2,3,7,12,31,59,164, 339,999, ..) 21T 5201 = Ek(i!)

SanezisSamer = D1 )2+ 0S50 o XA H T oI T E IR St T FAR LR TR
Bk s,, = n!(z"] exp((e® ~ 1)/2+¢e = 1)LLK s,,.= n! (2] exp ((e* — 1)/ 2+e+z - 1), Hit
Bk EORAN R, BOBA =S A s =S e L b=
2x, +(n— Dx...=n! [2") exp (RQz+2*/ 2). (18 - BE - K2 L& E(Proc. Symp. Pure

Math.19 (1971), 113)hZE T HEH (50 1.
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22.(a) H1(16), I k"Pr(X=k)=e' 3, k"/kl=w@, .

(b) 2o k"Pr(X=k)=3/, k"ET.n(i)(-l)"'kr’ﬂ , mBBATRILAEA Ry R3]
e Bh i, 3, (1) Dk =0, EHEAUEE Srok" /KD r (1) /1
=w,. (W) - B’ . B/RXJ.0Irwin), J. Royal Stat. Soc. A118 (1955), 389-
404; 5 - Hi¥e®, AMM 104 (1997), 201-209. ]

23. () (14) 8 24f ()=x"I}, XNMARFL, FLA—KkiE e L. (HikH
(16), HAMLA 2o f(K)/ Kl=ef (@) . )

(b) RIZENTEL UM TARIXNEER, HE h(x) = (x-DEf(x).g(x) = f(x + 1),
TR f@rk+)=g@+k) =w'g@) =hw +1)=oh(v)=ofo). [(ZELE W
#{%() . Touchard), Ann. Soc. Sci. Bruxelles 53 (1933), 21-31; f#)% - # B
(John Blissard){fE(Quart. J. Pure and Applied Math. 4 (1861), 279-305) % BRYX
B “BRRE (CUTFRRMRLS—iF%) +o04 M. B8%/h0bE
', EAf (@)=g(@)HF A EH®ES (@) h(w) = g (@)+h (). ]

(c) XA Z1 4.6 2-16(c)MIFFFRIE L. TE(D) BS (0)=x"Flk=p, RIFF"

Hw=w,,~ U,

(d) ¥pEHi(modulo), ZHWiA Y- 1] Hex)=x"—x— 18K, HHx" =x+k
M x" = x” wx? = x” - x=1(modulo g(x)Hp). HH, RA)=(x"-1x" /g(x), K
A hw)=hw+p)=oh(w) =@ -o)h(w) , il 0=goho)=c"" -o"
(modulo p).

24 XAMR B e IAMERH . B L [ (x—kp)ES o @A
34N, AT ATIE X =r, (x)(modulo g, (x) and p)E sk #

o r,,(x)*“'l (mod ulo g,(x),pg,_,(x),,p " g,(x),Fp°)

B FEAEAREREOBIARX ), " o4 b (0g, (x)+ ph(x)
g, (X)+-+ph_(x)g(x)+ p°h,(x) . Blmodulo p* Ff[ (@)@ = hy(w+p*)(w+p)’

= o"hy ()" = (g,(@) + Dhy(m)w” ; Bk

lysn

m-.f-"

n

=w" +hy(w)g,(@)w" + ph(w)g, ,(@)w" +- =@

[Yp=20f, rIRH—ARLRES, HEN1458. (0= (0 +2[j=2], HEmHkI1H53
w, =w,,, 2° (modulo 2°), XL RR B LELR - WBI/RAHRA;, &R Bull. Amer.
Math. Soc. 40 (1934), 387; Amer.J. Math. 70 (1948), 387-388, ¥ Fit—$01s
B, ZWE - % - f£8E(W. F. Lunnon), ff - ] - I - ¥ B &4¢H7(P. A. B.
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Pleasants), LARJE - & - B35 (N. M. Stephens), Acta Arith. 35 (1979), 1-16. ]
25. F— A HFXBA LI - E-— G 209 R T REE KSR ImE
Bl fEXTHAIERY Ap, deg(p) > deg(parent (p))HEMBIH, HERKE, w,
B AR REE, BIAwW v Sw wee BEIAMBEEL - 15 Ffm=w, AYis
g9l fa, -, a. T &, N ::.fﬁ_ﬁ&‘ﬁ al +--+al ThF; BElw. w2

m(al +--+al)?(a++a,)=

MHFEATER, EB o, -, =35((0)-()e. ; Bk

TS S ) T

WA, e, /o =(w, ./ o N /o.No /o) hFE%E (e /e ) e,/
w, ) (w, J@, )=

26. W @D 3| @ () &M AR, ROTLAETOMUKRREN, o
BokE “mA", 1EKE ‘WL, EINEREFRMNCEDOE A RER
Hlped. F—%, mRel, BEZHLZLLDDTA, FUARINLLE X
ERI TR - IR A0 B RREE. Blan, 201412133 5T 78 ix 564y
EZ THILEER0010, oy JIEy B ERELZ2, 1 #3,1=4,2#3, [F2H#
fb O RERERE FTRERY, X BRI EXRHw, BA1Z2, -, 1 Z Yo%, Xl
M- W W5E/R(H. W. Becken) R R BURI — A AM R, 2 HLAMM 51 (1944), 47,
LA B Mathematics Magazine 22 (1948), 23-26, ]

27. (a) —f&Hh, A=A =A,_,=4,=0, FTRHMURHLZHEH> OB, MR T
BRI FI PR 5 4 5

wk a

mnadjm-n—|0

0,0,0,0,0,0,0,0,0 0123
0,0,0,0,0,0,1,0,0 0122
0,0,0,0,1,0,0,0,0 0112
o,0,0,0,1,0,1,0,0 0111

0,0,1,0,0,0,0,0,0 0012
0,0,1,0,0,0,1,0,0 0011
0,0,1,0,1,0,0,0,0 0001
0,0,1,0,1,0,1,0,0 0000

0,0,1,1,1,0,0,0,0
6,0,1,1,1,0,1,0,0 0100
0,0,1,1,1,1,1,0,0
0,0,1,1,11,1,1,0,0 0101

0102

0120

0,0,0,0,1,1,1,0,0 0121 0,0,1,1,2,1,1,0,0 0110

(b) “HR WAFHORES1AGH R HARSERERTOEES

A MBI — X —RE L. i i 7 T2 B R R T Te]s"
L+ORt, BAER+] - TR0, SIS R A%, e LT LLIE
—A SRR LRSS RI(E SIS 13 - 190 16"
K). B, XERH1351271480I60 % For. R, (F 2
—AFARAP AT, Bl (230). BN
5.14-(11),

% RIEXA S RIERE T IR EAAROD, BIETAL kA%

R BE A2t — Rl B . XD EBIAR: X TFO<k<2n, 7 =(|k/2),[k/2]).

0,0,1,0,1,1,1,0,0 0010

12"

__,-
= | Ilb
-
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miH, z EMEEMALNEERaBEE -EE, 4ic |k/2/ > [k/2]8, X
S AT RO TR AR | 5 ERAIMB T, 49 k< 128, BEAFHAK
peed, B0 (35). EESIAAGIRRN, XHMAGTRASHTEECP.. 0), i
P, MLERE T T4, MOMTERE LT, TEP, MO, HAMRKER, &
P33 55 v FF 538 O NG P L7 Q% o (PR s M P R AT FIE , (78 AE BN RO B ot
X Fh=0, 1, 17118, 4P, FQ, RZMRE, B 15 HIR:

kK Px  Qx k. P Qk k' Pe Q
2 [3] 7 [7]5] [2I3] 12
3 [3 8 [8]5] [2]3] 13 (4]
7l 4]
4 9 2] 14 [4]
3] [2] 4]
5 7] [2] 10 E 2] 15
71 4
6 (7[5) [2[3] 11 [8] [2] 16 [9]
7 4

EHE—k, RENSA BFEP, M0, HIRIREBE S RIBT, BEE0R
FH—MEEAENRRBEH A A, A (ERMAOFFH, XAEFL0,0, 1,
1,11,1,2,2,21, 11, 11,11, 11,1, 1,0, 1,0,0. Y H, =024 B 457n+1 — kA
WEE, YHMNYE RS-/,

Rz, WEARFFIA s LA EF &P, f1Q. ek, B, #nky =0, WO,=0, .
SR ES, WO, £Q, i H ¥k 2# M BE T AL RIF BT, ik
B, Wl ERRES 1ADDM 17, BADNEE, MO BF Q.. —/K{LM
EBRMP., Fon.,, R E LP, FRLATRAT Al AP, B TAERIP,, HIERFFIA B
A IR RAVEM b i B i %

BEAENRJEARERRAN. BEE. HEE. B - vk - BB FBEE
IV 3C “VCES N4y KA 2 X ik &” (Crossings and nestings of matchings and
partitions) i G| AFI(FIERE, 2005). ffiNEME, X/ HEH EENFS AT
gx. flan, MRELSS VNI N FEESENREBH A, A, -, Ay, BITRE
MR AT X B TR BIEARFES A, AL A, MBS R. TR, BTES.14-7,
M “fERbiIkze L7, BRI < --<i, < I<j < -<j, fli, =], -+, i, =j, (modulo IDJ
ThHFH, A4S 88— “FFUCRIKRE", ERMR (<< <
I< jp <--<Ji #Ui = ji,-. @ = j; (modulo IT*)M)—/THrfF5l. WEXEE, —1&
R LR KB AAREA /DA 20— EE o R, SREXHEEAHERN S
TCRA—TEH. B, —MTRCANRCYEHE BN R -/ TEILA.

A, —1TRUNBEER TAEEMB/RFGERFNENER, WADGE
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AT EESa WK, SEZZAn I HoRR/RFMER, XEHIH
KANER < n, FRATTHR 8L itb 8 BB R AR HE BRI AL 0 B 20=(0, 0), 20, ) Zaw=(n, m). 1M
BBRE, Yz =2+, 0O A, =4 +e, , Kz, =z, +0, D A, =4, ¢, , ¥T
BEERBMNS HAIEABLEN, ERTRAGERTFNE 1R, mAES
FHEZEE-AE, BBNFEZHLE —N%E, BN TFXIFELH—E—/)
RKEPEA

(BRI ZSr, DAELAHRMFL. &S - W (S. Fomin), J. Combin.
Theory A72 (1995), 277 -292; M - j& - ZBk3r(M. van Leeuwen), Electronic J.
Combinatorics 3, 2 (1996), WX #R15. |}

28. (a) A R BETH+ICEMM R, MHUYTEREKTR “RE” bF—
N, EXFERIALE Z B/ —— Xt Ry

o|ojojo[o|o]o]e] | ofoje
olole = olojojojo[o[o]e] ]
ole| |o LT ] olel |o
o|ojo|e = o|ojo|e [ | | |

b) @LHEBHRAE, INMXANELFERHALMN.
(c) Rika > a,> - Ma>a,.,, TREMNSE

R(ﬂ,, H?.t "‘)='IR(HI - l& '"5'ai—l - lﬁahlr “‘)+y‘R(ﬂH Ty at-—l: al-—laahl! "')

BOAk—IGE i E R F AN ERETRS 0, FRIEDIL. @ ERO)=1, BAZEMARE
FrE. Mixgsgla, ATk

R(1)=x+y; R(2)=R(1,1}-x+xy+y2;ﬁ'(3)= R{l,],l}n==Jn:+3n¢y-4~,1cy2 +y3‘
R2.D=x"+2xyv+xy" +y°

RB1=R(2,2)=R2,,,D=x"+x’y+xy+ 20" +xy° +y*
R(3,1,1)=R(3,2) = R(2,2,1) = x> +2x y + X’y* + 2xp* + 229" + xy* + "
R(3,2,1)=x" +3x’y +3x*y* + X2y’ + 3xy” + 2xy* + xp° + )"

(@) #ln, ARXw,(x, y)=x @ (x, y)+y @ (x, )FN TR, 4, 4,3, 2, )=xR(4, 3,
3,2, D)+ yR(5,4,3,3,2, 1), lAHCH -/ HENR; mHwe,(x y)=R(n-2,:,0)
HRIET o, (>, y)=R(n-2, -, 1),

(e) L Ly ' o, (x, &I TFa>0, -, a, >00 T FIRFIMK Fa, - a, BTk
A,

29. (a) MFEF 2 BIESC,, -+, ¢.), BHBETAEBZHI I+ —c)--(n+l —c,)
PRI E . REISALIIP F#59180°, HHAEXANTERRAZRS1.1-0)F
B EREELE . ]

(b) BAr x rEC B RTLABCE EEL I f74, < <i, FFlj <<, b, H B RBE
ERTRFREEm - -NTBRET, EREEHTRREEZNFICEG -
L+ 1D)42(0 — i, — D+4+(r — 1)@, —i,_,— D+r(m—1i, ), i BAEEENTREENTE
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RS . mA

2 y{;‘l-—a] #1200 —ia =1 (r=10 =i =1 )+r{m—i, )

1€, <<, &m

A[LAEVERI Froa, > a3+ >a, > OMBTA SR EXF Y™ ™ fuskF,  BiLd

MEEC, R (1) . h@, MFEEOFNF, SR, AR B RT. Fik,
e gz sy ( )T(f) PL=y" " 0ml nl H(m=r)! (n=r)lrly

(c) XA/ /A-Ffhna e B AmBIZIR) RORFIHER , A R4 R R $R, (t+a,, -,
t+a,). WAFt+a N HERE T FBRETmE, B FXEEH
Hley++y™a(-y" ) -pAAHBIT, REETm - 1FH1+a, - 1A
AR BT, F%.

RlHE, HAAFTR, (t+a,, -, t+a,). FHAMPELm - kD FERAESHIFH, WK
N BN E BN R AR <5 F . MARNMCLEFR, LA ERIFEL >
F—~ 8 B, o, /(=) 2 B BT R B

(FEX BIERY XA AKX TUAFIERERyy M1 2HAEER; Ripext
TEEARERA, RERNMNBIZRE -NMEABER. Fy=10FR T, X/M&R
EHY) - XEEJ. Goldman), AT - 4D . White) & BLEI(Proc. Amer.

Math. Soc. 52 (1975), 485-492), —t¥ A HM - & - I F(A. M. Garsia)H
A - A - #/RJ. B. Remmel) 37 )(J. Combinatorial Theory A41 (1986), 246-275),

A7 s FH — A~ 2 {DLRY TE M7 SR TIE PR 55 1 RD 2 3K

e N N e

(d) M) ERB[HAXITN S, hERERINIARG, -, a,)= R(a,,a,) , 4
B EHFN TR AxMyRERAEFERK . 128D AN B v, (x, y)i&3t
F (1) WA RRRFISEEHESTR. Glm, o, DRERRSI21, 44221,
44311, 4432, 53221, 53311, 5332, 54211, 5422H1543 1%L & .

30. (a) #f1A @, (. ) =2, x""A,, , KA, =R, .(n-1, - DR A EH
e MRERITVRERRGR - 1. . DG VKR %, WiZfiAm - 118
5T, BAIER AT A - mA (AR MBREIE A E AT . RARE
B EMI0RIS - Fom — INATEEH B BBEAL = Ao #1447 ) A,
i LA A, A=y o]

y

(b) AR @, (x.3) = 3,(1) Vo (x,y) Pk

aJ+m-_;+.'
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Apnany = Z (D Y A

(c) M(a)Fn(b)IiA

. ~ k
(l-Z}(l‘ﬂ"'qu)”‘(l-(l+q+.-.+q”_r)z) PZ{"}

n IRTL [%} U+q+---+q“'*-|]z - [:] ! k i
Z(k]q( v ! "“"2 nj, k.

[ A ARGEE Hnf 3 RIE ., BEARLMEMY HERG..(0)=(1+g++¢")
¢G,(q2), >)/811.2.6 — S8IEBH 24 z=00F RUFH 4 . )

B ¥t gV - KFI 2 (Transactions of the Amer. Math. Soc. 33 (1933),
127-129)h 8133 T oWtk . RIG7E(Duke Math. J. 15 (1948), 987-1000)+, fih
F (R oAb B A ) R F K1 .2.6-45)— & MAHES

i !
l m=lyn - n [j) m'?
(l+g+-+q™") E{k}qq (m—bL,

31. exp(e~+w—1); ERAIEBHAKILS To.w+ly 'o* =o' (@-1)" .
(%] - BFEML - 468, Trans. Royal Soc. Canada (3) 43 (1954), F3%, 31-37, |
oL |, 28 K., (x, DEexp((e™™ — 1)/x+xw) A B,

32. i1 6. =w, (1,- 1), Wi H Mx=1F1y=— 1, 7E1B28(D)RYS LIHPE — A
s BARR A ERAER: 31 <k<n, Bl lw. (1.- D<K 1@, ..(l, - 1=
@, (1, — 1)+(-1)" (modulo 3). [fE(JACM 20 (1973), 512-513)d, Hil% - /R
HELHH TN FMERVASUEN. ]

33. it 7E 21 E28(d) R Ba=y=1, BT REZR2THHERREREZERES D
e ERD, . (k=nfIFREHH - &% TH#H. Prodinger) K BLRY, Fibonacci
Quarterly 19 (1981), 463-465. |

34, (a) £ B+ NITiHAFE H EK01010101232323/J 149Fh, 5 £
01010101234234f564%h, 75301010101234342h e, REH— & ERT
Fp(£01100110234432), BAEZRMNAN N BMNE LT RHR298 . BABINTE
1447,

(b) TEB R IFIFEKALEE 5 301100110234234/ 1158 +M0 471, HE
01100110232323/9109%k, 7 %01100110234324f166Fh, # E01100110232232/77
B, LARf%010101012323235x ¥4/~ % £ (= 020/ Hofth 5 %

(c) ZEXTEZHHID, 89 HIUfTi%hAI88/ M E01011212232344; M
—HIGIINES )R ‘DI RAE" /Y.

(d) B+ ERI1S4 % 00474 AT RS2 B 10 7 %01012323454566, fR
T HAPFEA(99FI126)I%H 14175b.

(e) AT B WE T A48 shiris, MR EFh 7 $01100110232323,

zk
q
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M HX BRI F T, BRIERTAn, B R 1R 4. (2 21/7.2.1.4-31,

MFZESHIWARXCHE - £ - BFF(EMWrigh) !, Proc. London Math.

Soc. (3) 11 (1961), 499-510, )

72. &8, X F0<K), k<n, LATREAOMN S TA 1 Ea, =p(j, k): 3 FHF
HiFk, Ha, ~ 178k, REXFI=0, 1, -, nfim=0, 1, -, n(LAEMEFE), HF
J=U e nfllk=m, o n(CLEWBI ), fnfl+m>1, W8a, <a,+a, 14 e

FRRA -1, ADRUBHEEOR, - n)Y BRI Ep(n, -, n,). FECLE]
AR X ES, REMELZLECLHES TEHER

np(n, . -n_)= Z Z:z;,p(nI —kd e, -k 1)
- ki"' 2

)

B A HRBR A UE LG T A3 A ).

RA-1 SEHUY
n 0123 4 5 6 n 0 1 2 3 4 5
pOn) 1 1 23 5 711 POn) 1 2 9 66 712 10457
p(l,n) 1 2 4 7 12 19 30 P(l,n) 1 4 26 249 3274 56135
p(2,n) 2 4 916 29 47 77 P(2,n) 2 11 92 1075 16601 325269

p(3,n) 3 71631 57 97162 P(3,n) 5 36 371 5133 91226 2014321
p(4,n) 5122957 109 189 323  P(4,n) 15135 1663 26683 537813 13241402
p(5,n) 7194797 189339589 P(5,n) 52 566 8155 149410 3376696 91914202

73. &8, JAEmANIHRA 286, 4 P(m, n)=p(1, -, 1, 2, -, 2), T&P(m,
0)=w,, 1 BT LAGE B U4

2P(m,n+1)=P(m+2,n)+ P(m+ ]’HHE(D P(m, k)

SR VAFIA AR I BRI T AREP(m, n+ 1) S BEA P RO—3xBE, (L@t
K AN A RRIE X IR Bl 1B E2P(n, 1) R, BRP(M2, n),
BAEZEP(m+1, MR, Ko B TR, &E7E ([)Pim.n-k) Bt
W, KP&HAx LA E K TE.



M E R 303

p . min=-k+m Pik
o+ ’”)‘Z(k)( j ] U

FEFIPO, nNEXEHRE - 9 - FTHEEEE. K. Lloyd)(Proc. Cambridge Philos. Soc.
103 (1988), 277-284)f% - Hi WFI|(G. Labelle)(Discrete Math. 217 (2000), 237-248)

AN, fNEd2ARMNTERTEE. 21@700b)KBP(m, 1)=
(W, +,,+1,,.)/2; —EHbiE, P(m, n)a[LIARIC S0 q, (@B, Hidg, M4

E Do, q.(X)2" /nl=exp((e’ +(x+x))z-1)/2) L HI2nk I — AL TR . Bk,
i ] 31

k
Z

P(m H) {f =13/ 2 {2k+m+L}[k+m+!_ﬁ
2 k!

Ve AE — R SRR O RO, BLWFREBI(L, 1, -, n, n}sr R EFr VSR
5 X8 A

=

k
—xaxi{et=11/2 . X
n!{xrzn ]E rex{e*=1112 EEJ{k+IjII kT

75 E@ﬁﬁ%;ﬁ:é C€M1“3+Bn'” In¥%  HrhA=3f (3)”, B=n’ ;—(3)-H3 1201 K

C=E(3)"* (2m) % 3 " exp(1/3+B2/ 4+ (2) | (2m®) -y / 12), [ - hli - BIR{% E(F.
C. Auluck), Proc. Cambridge Philos. Soc. 49 (1953), 72 —-83; & - & - #i%E,
American J. Math. 80 (1958), 643-658, ]
76. £ Hp(n,, n,, ny, ==-) 2 p(n, +n,, n,, - )RJEHL, HEPm+2, n) 2 P(m, n+l),
i@ VAN AT LAIE R P(m, n+1) 3 (m+n+1)P(m, n). H
2P(m,n) < P(m+2,n— 1)+P(m+1,n—1)+eP(m,n—-1)

X A FLEITIERUEBH2 PO, n)=(@’+@)" +O(n(w’ +@)" ")=(nw,, ,+@,, )(1+0((log
n) In)). (MIIRATSHIZ EhiIE R ES, "TLUBE—/4 ¥ RN L A=X. )
78.333321000
100022320
221002102
210220013
79. FA32/NXEBERITER. HEfUN 304N K S 2 ROARER, EHAAIE
HIPER AT R R R4 RIS 40(000012022332321)F1(000012022112123)2
e i Mok 3in: O
80. [(RWANETFSE. - R T - 5%, Discrete Mathematics
110 (1992), 52-55. WA w, AT Ao, LB —AARE; 4 RENK
Ha, - a, EXMTKa, - a,., BlTHApa - a)I—FAFK, Kok @abr)

(B A 4RA5 4> &) 44 751 &R & (000000000))

142
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. (i, MO100121%]0110203/94 M9R01001213, YB—/ A B EAE XL
EAA R EFRRERBL RS . Rz, BrBPIREATAKXEXETHEO, 1, -, n-1}
FRIRRGIHERA AN T REF.

MEFNTSNE—NERT A, - o, FFEABEL BT A MR, -a, a, |,
M2.342%0 ik, FE—KREREM. R, XANFFIRTEARTER. Fldn,
Mn<dlbf, BB HABHRGE; TXn=4bt, HHFF0000120301101002225E LA
%t RE TR 7 A TE R R A 0 R — 4765 .

M Fnrn>6, MmBERMNMMNSFEELARTE u, v, x, y}, L
0" xyx"u(uv)l "yl FEEG R — R R EAH R A W =] LASIE BH — /> 18
WHIFEM. HTF2<k<n—4, aRFEAFE0 1217 M FH A0 121" '
A0 1217742, HEA0121" “FI01" ° 209 B 5 tH 0 4> 2125010 ¢ 11072 10, )
XA FTRERY . BLEMRRMNEREMERIBERTH, HHECRY, A1
LAGxFly R AR 140, u, viHI /T

BE EBRMNTLMEHE R, AN RRFHRER L B EANII LA B KH—
2/, Mn> 6ft

n=1 el
(H(k'{ﬂ ——k)}[ k ]] H((n -DYn _2)33211—522]

mA, 244 EEENZPREE A SHEILH. S LELTF X Fr=5H1 0.
81. £ ®w,s =52, WWAMEHI{L, 2, 3, 4, 5} HBEH, KHPRIITERMI3N
Wik, 1340 . 13440k, 120 BBkUA R —1N). nREE LEEER IR, @it
{E KPR E 2K, RN — 1 XHERTERZ
(00080800T8000448008040008040808808008040000000004400).

(FL L, mRBNERBIa, =a. D A mFRKBTEB, i AR IR ol HE
eupsI AT, WKBr LA 114 0564 X HERITEH . ) an R I HBI Mg —A~Ebk, WX

BT TEL < RORERAT AL
82. 4713 644/MAR, SR AN RHA 1A
B-0-0 E-0 E-8§
BR8], B/NGEERIRS2, MilkAR252. 3IATEH M
B-R+-E-B-E-EH-0+-H-B-E-8-B-B-08

RUHEREEEMIS/ISHENER EARMI AR Z —. (XN EELHEG - & -
FHE iRy 2 (B. A. Kordemsky)fE Matematicheskaia Smekalka (1954)F gAY, &R
EBiER RTS8, The Moscow Puzzles (1972), |
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ENTHRBHELRERD, 5ABTXHIULORE—K, A%
B AR TGO XTI ME, kA LikI MO EEARRL 5654, XL
ERRANES], RIERTHIET A LA 6i6H,

0-1 matrices (0-1 %) , 120
2-nomial coefficients (2Hi . Z¥) .89

x, (Kruskal function) (% @87 K/ReR¥k) . 19-21,

31-34, 102

A, (Kruskal function) ( m &-8r-&/RR¥) , 20-21,

32-33

i, (Macaulay function) (EZFE @) |, 20-21, 32-
33,102

v (sideways sum) (BmIFn, BR¥M & (i 2
Fi) 20,29, 88

n(circle ratio), as “random” example { [F &,

e “REHL” B5fl) . 2,13, 27-29, 35,

80-81, 122
w, , 64, see Bell numbers(Z I, U1 /1R )

@’ (singleton-free partitions) (CHTEN ) |

82

.., 64, see Peirce triangle (ZWHH —ff)

p(0): restricted growth string function ( BRI E:
R .78

o-cycles ( ofi¥f) , 83

o(n): sum of divisors ([EF.2%1) ,55

t (Takagi function) (/ARG ERE) , 20-21, 32-
33

o (shadow) (PHE:) .18

€ (upper shadow) ( |-PA®) , 18

A

Abel, Niels Henrik (BJIU/R, JE/RHN - FFI5%) |
114

Abelian groups ([ I /RBE) |, 60

Active bits ({&zh —a{r) , 12

Adjacent transpositions (#4048 ® ) , 15-17,30

Ahlswede, Rudolph ( BJ/RITEi{E - &itik) | 108

Almkvist, Gert Einar Torsten (o /R B o 8 Wi F
AIREF - KRB - FEITEE) (116

Alphametics ( FHHA) ,78

Alternating combinatorial number system, { %4 &k
HEBARLE) 9,27

Analysis of algorithms (B4 #r) , 4-5, 25,
27,29, 49-51, 58, 84

Andrews, George W. Eyre (&, FFif
W.BR=H) 37,116

Antichains of subsets, see Clutters { {8/ iz k.
2 WAtk )

Arbogast, Louis Frangois Antoine ( B 713 F 0T 4
MBI - BEAREN - KIEIE) 65

Arithmetic mean (B AEE{HE ) |60, 84

Asymptotic methods (#FyT A k) 42-48, 56-58.
65-72, 83-85

Atkin, Arthur Oliver Lonsdale { P[44, B3 -
B - elrUR) (114

Auluck, Faqir Chand( vt s== sitaw ) B /R308 .
iLE R - Alfg) L 142

B

Balanced partitions ( E#yf5r%8) , 53

Balanced ternary notation (i) = EHlids) |
92

Balls (Ek) .36

Bascball ( 25k) .26

Basis of vector space ([n] RZ3MIMIEEIC) | 26, 31

Basis theorem (&Gl ER) |34

Beckenbach, Edwin Ford ( Il ¥[8k, B -
#wEg) .5
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Becker, Harold W. (Il m/R, MA%HE - W) , 129,

134
Bell, Eric Temple ( [1/R, ®REBEwW - #HE) .64
numbers ( [ /R%) . 64-65, 80-84, 123
numbers, asymptotic value { Il /R, ¥iE
{&) ,68-69,683-84
Bell-shaped curve ( [L/RIE4R#hER) . 70,74, 84
Bell-shaped sequence ( [L/RFERFFHY) . 85
Bellman, Richard Ernest (J1/R8, B#HE®HE - E
Wike) 19
Bernoulli, Jacques(=Jakob=James) { Il & F], ¥
W=kl A=) .16
numbers ( 1%5F|¥) , 64,114
Bessel, Friedrich Wilhelm, function ( U %/, #%
FEEY K, Al 44
Binary partitions { —Eilsr &) , 60
Binary relations ( _gEx &) ,62
Binary tree representation of tree (ki — 3 ##
) .27
Binary vector spaces ( it [m %3 06]) , 26, 31
Binomial coefficients ( "X, Z# ) . 1,32
generalized ()7 3 "I F¥) L33
Binomial number system, see Combinatorial
number system ( “HIAH A%, 2URAGTHAR
% )
Binomial trees ( “JXiA ) , 6-7,27
Bipartitions (X4r &) ,75-77, 141-142
Birkhoff, Garrett (HESEfEk, mME%r) 126
Bitner, James Richard (EEFRSY. AT - B #
=) .8
Bitwise manipulation (#&{i%ik) ,4,95,109
Bjorner, Anders ( fi#ygy, <L@iy) ,102
Blissard, John (A =M, £5) , 128
Blocks (%) , 61

Bolker, Ethan David ([/Re, {0 - wis) |

134
Bonferroni, Carlo Emilio (f§ R/ RFRE, +
T -BmAF) 116

Boolean functions (i /ReR¥) |34

BoBkovi¢, Ruder Josip (Bomxosah, Pylep
Jocun = Boscovich, Ruggiero Giuseppe
= Roger Joseph)

(MRS, &8 - HF¥) 117

% 31 Foid)iC &

Bounded compositions (R A ) , 16,30, 31

Brandt, Jorgen (#fi25%F, £941) . 124

Browning, Elizabeth Barrett (fiAT, RN 7
H - EFi%) .82

Bruijn, Nicolaas Govert de (#i&H. f&xhil -
Pk - B 72,136

Brylawski, Thomas Henry (fi E5HrE ., T3
- FH]) 118

Buck, Marshall Wilbert (L35, ILER/R - 8RN
¥E) L 30

Bulgarian solitaire ( fRinF)Fak AEE) 61

C

Cache-hit patterns { dreh S S A8, ) |, 62

Cai, Ning (#°) , 108

Calabi, Eugenio ( Rhitk, K&/ #) 89

Canfield, Earl Rodney (tkiE/RiE, /R - T
fe) ., 140

Canonical bases ( BliGRIE) | 26, 31

Carlitz, Leonard ( RFI1Z%, {EahfE) 122,133

Caron, Jacques (i - BE&4H) .93

Catalan, Eugéne Charles (K&, L& #7K
i) .87

Cauchy, Augustin Louis (R[ff, B&HRT - 85
i) . 49,57

Cayley, Arthur (ZLH, PF[E) 120

Change-making ( /E&&3l) 54

Chase, Phillip John (ZH#g., JEH|¥ - £9&m) . 11-
13,16, 28-29, 96

Chebyshev(=Tschebyscheff).
Lvovich( Hebwmes, llapuymndt jissosuw ) { 2
b, dfkaukl - THLE) (138

Cheema, Mohindar Singh( svfgeT fag v ) ( B8,
SRR - EHE) 77, 141

Chen, William Yong-Chuan (BrkJIl), 131

Chinese rings (R [EH) | 28

Chords (5%) , 10,30

Chung Graham, Fan Rong King (®#h4& #45) |
108, 143

Claesson, Anders Karl (sm ¥ %, L& - &
R) L 125

Pafnutii
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Clements, George Francis (¥ [12%, FFi6 - #
s FifE ) | iv, 24-25, 34, 105, 106
Cliques ({#. 41) ,31
Clutters ( Zx{&) ,34
Coalescence (§k4&) .78
Coalitions (FcH ) , 62
Coins (1) .54
Colex order (HHialBeMif¥) |5, 38,53, 119
Colman, Walter John Alexander (Fl/R® ., KR
¥ - 28 - WHILK) L 1S
Colthurst, Thomas Wallace ( FHi5raHn%s, £11
Wi ELF¥ERT) 122
Column sums (% 2¥1) , 60
Combination generation (# A4 K) |
31,35
Gray codes for (S &4l ER) L 8-18
homogeneous ([RA&M) , 10-11, 16-17, 28-
2992, 96,99
near-perfect (ML F5EER)) ,11-17,29
FEFEM) ,15-17,30
Combinations (#4) , 1-36
dual (AH#&) ,2-4,26-27,29
of a multiset (—ZHESMLE) |, 2-3,16-
18, 25,33
with repetitions ( B EHAI4LS) , 2-3, 11,
16-19, 25, 33, 36, 39
_Combinatorial number system (H &8 FAH%) . 6.
27,31-32, 58, 88,98, 124
alternating ( %My ) , 9,27
generalized ()X iy) ,33
Commutative groups (3# i) , 60
Complement in a torus (fF—/EFEHEV5) |
21
Complete binary tree (522rfJ -X &) ,90
Complete graph (5%<H®) , 108
Completing the square (522 ¥ %) ,43,138
Compositions (T RC) . 2-4, 11, 25, 36, 56, 89,
141
bounded ( H K4 HE) , 16, 30,31
Compression of a set (—/~HARHEEE) | 23, 33,
106
Comtet, Louis ( HU4s, #BWT) , 064,136

1-18, 25-

perfect
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Conjugate of a partition ( —/~4>r RIFIIEH) , 40.

54,58,60,111,117,118
of a joint partition (—/4-&H-A5r RIKILHE) 112
of a set partition ( —~ ¥ A4r RIMIILHE) |, 80

Consecutive integers (&%) | 54

Contingency tables ( {&2R¥:% ) ,18,31,60

Contour integration { % # &8 4) ,65-70

Core set in a torus (fE—A4HAEFOEOE
) ,22-23,33

Corless, Robert Malcolm (BT, FA%F - Y
SREHR) 136

Corteel, Sylvie Marie-Claude ( FHE/R., # /R4t -
- 112

Covering in a lattice ( 3% —/"#%) ,58.79

Cramér, Carl Harald ( ik /R, K/ - M5
#) 138

Cribbage (#% B Q5 4EhaL ) |35

Cross-intersecting sets (% X A% 84 ) | 31

Cross order (¢ X MiJ¥) , 20-25, 33, 108

Crossings in a set partition (f£—/8 420 ¥
X)L, 131

Cumulants of a distribution (—4rARIEH) |
84, 138

Cycle, universal, of combinations (41 &1 A %
) .35

Cycles of a permutation ( —/A~HEFIRDHEER) | 125

Cyclic permutations ( {§¥HE>I| ) , 83

Czerny, Carl (iR, KIR), 98

D

Danh, Tran-Ngoc (7, #2E-{fia) . 108

Dante Alighieri ({27 - F[F|#5HE) , 134

Darroch, John Newton (iAi%¥%. £90% - 445 ) |
140

Davidson, George Henry ( #i# %, rif - %
F) , 109

Daykin, David Edward (W4 . W& - T8&EE) |
101, 108

de Bruijn, Nicolaas Govert (8 - fi§H, E&
Pilh - XELFE) 72,136

De Morgan, Augustus (f - iR, B LT
Wi) .1,56
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Debye, Peter Joseph William(=Debije, Petrus
Josephus Wilhelmus) ({87, % - HE
K- MU=k, BReN - HEHE -
WA ) |, 66
Decimal notation (-+i##ElicsS) 125
Dedekind, Julius Wilhelm Richard (4., ALFl
S - WK - BEE) 4
sums (JE{ERF) , 44
Delta sequences {3 J¥%l}) , 97,98
Deng, Eva Yu-Ping (X £ %) , 131
Derbes, Joseph ({8LLlT, 92 K) 123
Derivative ( 5:%) ,32
Descents of a permutation (-—/~HEF|H TRE) |
76,122
Diaconis, Persi Warren (B TERHERT. AR - AL
i) L 108, 143
Diamond lemma (&A5|8) ,119
Dilogarithm function (AT ¥@#) |, 56, 114,
117
Dimension of a vector space (—7/~[a] B %3 [ (4
#) ,26
Discrete torus ( B ER &) |, 60
Distinct parts ( T [a)i#fi4r) , 54,55,57,58,77
Divisors, sum of (B-F2H®) ,55
Dobifski, G. ( S E#i% - G.) , 65
Dominoes ( £ %i#) 35,86
Doubly bounded partitions ( W &A 545 %l) . 49,
57,59
Du, Rosena Ruo-Xia (H:#®) , 131
Dual of a combination (/T4 &M{E) , 2-4,
- 26-27,29
Dual of a set partition ( —/~$&44> RIAHE) | 131
Dual set in a torus (£ —/~ @& Py {EE
&) ,22-23
Dual size vector ( AH{EAc/m]&) | 34
Duality ( #H@&¥E) , 33,106
Dudeney, Henry Ernest ((A8E, F# - BER
%) .78
Durfee, William Pitt (#/RJE, BUW - Ef) .39
rectangle (¥ER) L 111
square ( fk) ,39-40,48,112
Dvofék , Stanislav (8{KPL, WHEWHK) |

 SAE LS U 8

88

Dyson, Freeman John (igk, #H% - H1%) |
114

E

e, as “random” éxample (e, 4 “BEHL” W
) 134

Eades, Peter Dennis (B, s - FHEM) |
16,97

Eckhoff, Jirgen (RZEXR, LRE) .102

Edgeworth, Francis Ysidro, expansion (#A&K{},
TN - AARESY R) (138

(Je/rB 2z, 58
) ,8,53,63,64,93, 133

Elementary symmetric functions ()% # ¥R
$) 120

Elliptic functions ( #§[H &%) .44

End-around swaps (£ KigH)2e4#) |, 30

Endo-order ( A &sMWiA-) , 14,29, 128

Engel, Konrad Wolfgang ( B 5 /r, HPi#E - ik
AN 107

Enveloping series ({5 %) , 47,57, 85,137

Enns, Theodore Christian ( @%;, A8 £ - o §
M&Ex) 97

Equivalence relations ( *%Hffr x#&) .62,78

Erdos, Pal(=Paul) (R/REWT. DI/R(=MF)) ,
19, 46, 57

Erdos, Péter L. ( ¥/ £07, %% -L.) ,126

Etienne, Gwihen (IRiF/E, i) . 124

Euler, Leonhard( E#nepn, Jleonapas = 3S#nep,
Jleomapn ) (B, fEAEE) . 41, 50, 54, 55,
122

summation formula (ExHikFaA) 42,56
trails (EcFiR#l) | 108, 109, 143

Eulerian numbers ( Exfi ¥y ) . 84,114

Evolutionary trees ( gE{tht) . 137

Exponential generating functions ( £i7 &4 Kl R
#) .65, 82,134, 142

Exponential growth (#5##4:) | 42

Ehrlich, Gideon( 7ow yym )

F

Feisenstein, Joseph ($#/REFRFIH, 4B X) , 137
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Fenichel, Robert Ross (EREM/R. Finks - ¥
W) .25

Fenner, Trevor lan (2544, B EK/MR - FE) .
110,111

Ferrers, Norman Macleod ( $¢/R¥(ity, i£8 £
W) |39 |

diagrams ( $R/RFHERE ) | 39-40, 45, 48, 51,
72,81, 118, 120, 123, 131
diagrams, generalized (] (A /R R ke

By ,112

Fibonacci, Leonardo, of Pisa[=Leonardo filio
Bonacci Pisano], recurrence (AR, £
&, LLEM (=L - BRER - HI
R - EFEEHBRA) 42

First-element swaps (kT #EAE#) ,16-17,30

Fisher, Ronald Aylmer ( % /R, FHH - LR
fIR) 116

Five-letter English words ( fLA~F 8% 3Cid) |,
78

Fixed points of a permutation (—/A~HeF00H &
i) .80

Flight, Colin (#:#its. Fisk) . 137

Flye Sainte-Marie, Camille ( ## - £%-5 8,
Tohgsr) , 108

Foulds, Leslie Richard (#/Ri%, ¥ E - B
#48) 137

Fourier, Jean Baptiste Joseph, series { & Bitf,
B ERREE - B K, Y 43

Fraenkel, Aviezri S( pyw wran ) (383 v /R, Bl
HEE - S) ,90

Frankl, Péter (#BA%/R, f%r) 102,103

Franklin, Fabian (B8, #tk¥&) 54,57

Fristedt, Bert (#6 HLATEL4E, {adE) , 118

G

Gale, David (/K. ##) 120

Gamma function ( fmEl A% ) . 67-68,114

Gaps (1]fg) .54

Gardner, Martin ( jnfigy, 5 7) ,124

Garsia, Adriano Mario (NP TE, P78 B -
L) 132

Garvan, Francis Gerard ( i/R3C, #HBAANT - K

309

hifg) 114
Generalized Bell numbers (I X W /R E) |
81,84
Generalized Stirling numbers (1" #9755 $k
) 82,128
Generating functions (£ %) , 29,41, 45, 54-
55,57,61,65,82,98, 134, 142
Genlex order (J~ AR BN ) . 9-13, 16-17,
28-29,95,100
for Gray codes ( xt-F /" 3 i) 4 Nl FF (1) 4%
i) .31
Geometric mean ( JL{i[#{# ) , 60, 84
Goldman, Alan Joseph ( X#S, B[2= - #)2
F) 132
Golomb, Solomon Wolf ( X B4, £F(] - ik
%) ,2.25,125
Gonnet Haas, Gaston Henry ( %8 24§ - 4.
huknE - FH) L 136
Good, Irving John (& 88, (F/R3C - £98) , 135
Gordon, Basil ( %%, BEL&FR) .77
Graham, Ronald Lewis (8%, TME - 03
Wr(h &4 & a)) L 108,143
Gray, Frank, binary code (¥, b7, ik
HIE) . 8,100, 109, 128
codes for binary partitions ( k4 IR H
), 121
codes for combinations (# S EUHTHE) | 8-
18,27-30
codes for partitions ( 4y WK EHES) , 51-53.
60, 122
codes for set partitions ( H845 4> RIMOMEH) .
63-64,79
codes, reflected ( i Ht#gERS) 122
Greene, Curtis (##k, /7R 119
Greg, Walter Wilson, trees (4% 81k, K/REF - &L
SREEB) 137
Grid paths ( #ft#&:EeE) | 2-3,25
Griggs. Jerrold Robinson (4 B Egly, AEHE
TRE) .124
Groups, commutative (22 {#:8¥) , 60
Guittone d’Arezzo ( F5F8 - £ - B HE) ,82
Gumbel, Emil Julius, distribution see Fisher ( H [
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R, BEOR - RIEET, o ABRBRR)
Gupta, Hansraj( SO Q9T ) (L& U HTH
) , 116

H

Hack (#L8%, &L&K) ,98

Haigh, John (tk, #298&) , 74

Hall, Marshall, Jr. (/\4/R, EKZR) L 115,129

Hamilton, William Rowan, cycles (MW, K&
W - PHWA) 97

paths (M UE#E) . 16,30,97,.99
Handy identity ( 5 {#f8%%,) , 136
Hankel, Hermann ({{%/R, #/RE) .68, 134
contour (X TE/R%HE) |84

Hardy, Godfrey Harold, (M&jH, XiE#E -WB%
i) 44,45,56,57,113,121

Hare, David Edwin George ("8 %, w# - ‘i
X - FFif) L 136

Heine, Heinrich Eduard (#§fe, ##% - B
1E) ,55

Henrici, Peter Karl Eugen ( H)4, #13 - k
R RE) .43

Hickey. Thomas Butler (#F i, 07 - B4
$h) ,16,97

Hilbert, David, basis theorem (#/RI1A%F. wHEHE
AgE) 34

Hilton. Anthony John William (# /R¥i, &¥E
Je - £9% - i) 31,102

Hindenburg, Carl Friedrich (380, /R - 9
HEEA) 38,65

Ho, Chih-Chang Daniel ({£8&) ,124

Hoare, Arthur Howard Malortie (E/R. B[E - &
ki 0P 124

Hoeffding, Wassily (X T, E&H) , 140

Homogeneous generation ( [Al&4H ) 10-11. 28-
30,96

scheme K, (Rl&4 K HEK,) |, 10, 16-17, 29,
92.99

Homogeneous polynomials ([a]#& £ Hiz) , 34
Hooks (8) ,111-112
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Hume, Alexander (fa[8#8 - JEHIIK) v
Hurlbert, Glenn Howland (Pa/RIA%E, #H - 2

&) 109
Hutchinson, George Allen (Mi¥egk#E. 716 - X
&) 62,77

Hyperbolic functions ( Wi E %) , 84
Hypergraphs (&&) , 18

lgusa, Kiyoshi ( FF&E ) 124

Inclusion-exclusion principle (A JFIEHE) , 46,
57,134,139

Incomplete gamma function ( AEA MBS ERE) .
67

ind a: the index of o (ind a: a ) F#:) .77

Index of a permutation (—/~HEFIM T4s) , 77,
122

Integer partitions ( #%¥rsr &) . 37-61, 74-77, 80,
130

Intervals of the majorization lattice ( £ {1
|£.i6] ) 49,57, 59

Inversions of a permutation { —/4~HEFIRIBLT) |
41,81

Involutions ( &) , B4, 131

Irwin, Joseph Oscar (fB/R3C. £)E - BiFR) .
128

Ising, Ernst, configurations ( 3%, BUHREs. AC
") ,26,31,89

Iteration versus recursion (E{CHsE1H) | 12-14,
29

J

Jackson, Bradley Warren (AW #, fififsH -
g4 L 109
Jacobi, Carl Gustav Jacob ($EwTbe, A5/R - Wk
k- REelAn) L42,56
symbol (FEx[LETFS) | 115
Janson, Carl Svante (7., /R - Wih%e) .iv
Jeffrey, David John (A% H, W4 - £)8) , 136
Jenkyns, Thomas Amold ( &, 507 - b[i&
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f®) .11

Joichi, James Tomei (& 7&HEH) 112,132

Joint partitions (k24 %l) ,55

Jolivald, Philippe(=Paul de Hijo) (#J 8 A /RE,
EREERTE - HE)) 108

K

Katona, Gyula(Optimédlis Halmaz) ( <4E44, &4i
(SRR B - WIRLEE)) 19

Keyboard (8 &) , 10, 30

Kirchhoff, Gustav Robert, law (m&FEE L, &
Bk Bilakeed) 49

Kitaev, Sergey Viadimirovich

( Kuwrees, Cepret Brammuuposny ) ( RIEHI K, %R
i KRR RRSEAY) (125

Kleber, Michael Steven (R BEL/R, Wm/; - Hf
FH) 122

Kleitman, Daniel J(Isaiah Solomon) ( & ¥4% &,
FHER - J (R - #21]) , 119

Klimko, Eugene Martin ( mdkFl, £4& - 57T) .,
110

Knapsack problem ( #fi/ER %) ,7

Knopp, Marvin Isadore { ifig %, OI/Rr - (FEF
£%) ,114

Knuth, Donald Ervin ( %84, eyl - Eoc(rp
WA EHE)) 1,11, 1v, 89,136

Kordemsky, Boris Anastas’evich

( Kopmemcxuft, Bopmc Anacraceeswy ) ( i jH 43 iy & |
N - RIS ) | 143

Korsh, James F. (FH{|, &gty - F) , 89

Kramp, Christian ( w2283, g BiHE L) .65

Kruskal, Joseph Bernard, Jr. (/hZ @87 /R, £
ZR - TURSHE) L 19-20

function x, (mE¥ T EHx) , 19-21, 31-
34,102
function A, ( Wi @&WiR/RAHA ) | 20-21, 32-

33

-Katona theorem (35§ K7 /R-FRITMe ) |
19

L

Labeled objects (#rdrSaIBHx) , 36,78, 137
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Labelle, Gilbert ($i W#F|, &F/R{A%e) . 142

Lagrange(=de la Grange), Joseph Louis, Comte,
inversion formula (FiM4RAR, 98k - B
S0, EE¥IFR, ROWeR%) 136

Laguerre, Edmond Nicolas (fi#/#h, RIEF
- R&RR) 140

Landau, Hyman Garshin (&, & - In¥) .
59

Laplace(=de la Place), Pierre Simon, Marquis de
(i EHi (=08 - filhil), BURE - A%,
Ly - #) 67

Lattice paths (#4 - #) .2-3.25, 41

Lattices of partitions (4> ¥k ) , 58-59, 78-79

Law of large numbers ( K2 ) | 84

Least recently used replacement ( U f b (i [} 5%
f£) . 134

Leck, Uwe (B &, X#) 108

Left-to-right minima ( H 84/ ) .78

Lehmer, Derrick Henry (38R, 88w - =§]) |
5,30,56,97, 115

Lehner, Joseph ( #h#4, £953 4:) | 46,57

Lexicographic generation ( ja]$iMi/FE k) |, 4-7,
16-19, 25-27, 29, 31, 37-38, 40, 53-54, 62,
75-77.79,98, 118

Li(dilogarithm) (Li,(AAt%)) , 56,114,117

Limericks ( BLMAH i) |, 82

Lindstrém, Bernt Lennart Daniel ( k{8 7554 63,
AN - ShoRks - FHER) 24-25, 34,107

Linked lists (®${E#& ) , 27,53, 78,90

Linusson, Hans Svante ( 88, L7 - my
$F) . 106

Lipschutz, Seymour Saul ( B & & Fr22, k&
R FIR) L 89

Littlewood, John Edensor ( B4 {H i, #)4 - I8
HEIR) 120,121

Liu, Chao-Ning ( XjJt5) , 8

Lloyd. Edward Keith ( Z{#{E, EELE - Hll) .
142

Logarithm, as a niultivalued function (4 % %
B ) 68,136

Loizou, Georghios( Actfov, Tuprios ) (&R, FF
M) L 110, 111
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Loopless generation ( ILEIAERL) | 8, 25, 27,

28,92,96,97, 110
Lorenz, Max Otto ( F{-%, L - W4E) , 120
Lovész, Liszl6 ( TR, HidEF) | 32,102
Lovejoy, Jeremy Kenneth (i&#{CfF, AREX¥ -
HEesr) 112
Lucas, Francois Edouard Anatole ( fi-ki7, 384
Frn - BEE - PYIEER) L 108
Litneburg, Heinz (fgfe{Ats, WKL) , 90
Lunnon, William Frederick ({SHE, Wik - £ EE
Be) 129

M

Macaulay, Francis Sowerby (& X ¥, #=/
7 - FEEL) .19, 34,101

function u, (& %M Bw ) . 20-21, 32-33,

102

MacMahon, Percy Alexander (EZmDit, Hifg -
EHIIA) ,60,61,75

Magic trick (BAFEA) , 86

Majorization ( £%1{t) ,120

lattice ( £3{b#x) , 58-60, 126

Malfatti, Giovanni Francesco Giuseppe( 5 /i k6,
HRE - BRI - X - EEREE)
115

Marshall, Albert Waldron { 3 Ek/R. M/R{A%F -
HOREBR) 121

Matchings, perfect (523£PCAZ) , 131

Matrix multiplication (P ) , 94

Matsumoto, Makoto (f24 K ) , 103

Matsunaga, Yoshisuke (¥27kFR%) , 65

McCarthy, David (&R, %) , 11

McKay, Brendan Damien ( #M, H{ 1 - ik
HY) , 108

McKay, John Keith Stuart ( WL, 218 - f| -
MR EERE) L 37

Mean values (#1{§) , 60,84

Meifner, Otto (Hgfigh, BFE) ,123

Mellin, Robert Hjalmar, transforms ( ¥4k, F1f
¥ - #moRED, #) 42,56

Mems (ELR) .49
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Middle levels conjecture (&L M) , 98

Milne, Stephen Carl (#/RIE. #iFH - KR .
79

Min-plus matrix multiplication ( #& /| hn4Eps %
k) .94

Minimal partition ( #/|~»4r8l) , 58

Misiurewicz, Michal (kFLBHL. Bw/R) |
123

(BA#HHICS) 123

MMIX computer { MMIXi+%8#L) ,ii,iv, 30

modulo IT (RKAMtnpygBozE) 62

Moments of a distribution (——4~4> A Izh&) .
80, 14]

Monomial symmetric functions ( .00 & 4 ¥R R
%) ,120

Monomials (IGA) | 34

Monotone Boolean functions ( B84 ‘neR %) |
34

Mor, Moshe( ™o e ) ( B/, E#F) |90

Moser, Leo (3L7E, F8L) , 71,133,135

Most recently used replacement ( BT f £ (& FH#
i) ,134

Motzkin, Theodor Samuel( P32 20w WNH'n )
(BEizg, MAE - FEIR)

Mountain passes (LIfI%11) , 66

Muirhead, Robert Franklin {2 /R2&E, TA%r -
W) 120

Multicombinations:

Mixed radix notation

17,128, 141

Combinations with
repetitions ( £ EHH A WHHEEMHL) |
2-3,11,16-19, 25,33, 36, 39

Multipartition numbers, tables ( £ & 5> R ¥ %) |
141

Multipartitions: Partitions of a multiset ( £ &4y
B: A2 EEAMSR) L T5-77.85, 143

Multisets ( L EHES) , 2,87

combinations of ( & & W SAIH A ) | 2-3, 16-

18, 25, 33
permutations of (% EEEHIHERL) | 4, 14-15,
29,30, 41,89



% 3| FoidiC R

n-tuples (n7cil) , 36

Naudé, Philippe(=Philipp), der jingere (&%, JE
H=ERW, & RER) .41

Near-perfect combination generation (U F 52 £
HAER) L 11-17,29

Near-perfect permutation generation (i ‘P52
HEFIHERR) 15,29

Nestings in a set partition (£ — %S0 %hm
E) 131

Newton, Isaac, rootfinding method ( Z4iiff, {FEE
w, KWAhk) 69,138

Nijenhuis, Albert (REEWkHT, B/R{A%E) 8,57

Normal distribution ( IEZ&4r#) |74

Nowhere differentiable function (4b4b A ] %% R
) .32

O

Odlyzko, Andrew Michael (B {EH I}, 4l
& - ERIR) 45

Oettinger, Ludwig ( B3E#S, HEMEHR) 123

Olive, Gloria (B E#, T EHIE) ,97

Olkin, Ingram ( B/R&, ®HHH) , 121

Olver, Frank William John \{ﬁﬁ]?.ﬁ, #F W - B
- ) 72 '

Onegin, Eugene( Onbrams, Evrenin ) ( #8714, A
&) .83

Order ideal (FIEM) |33

Order of a set partition (—/ 842> RIAIMFFE) |
126

Ordered factorizations ( i FFAIB A48 ) | 123

Organ-pipe order (MW EMY) |14

Oriented trees (& mB) , 78, 137

Overpartitions, see Joint partitions (i B2 ¥l, &
W 8)

P

P-partitions ( P43 ®|) ., 60

Pak, Igor Markovich( Nax, Hrops Mapxosus ) ( B %,
MR - SFSE) (112

Part-count form (#4rit®E) ,39,53,78
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Partial order ({RgJ¥) ,60
Partition lattice (4 ®i#%) , 78-79
Partition numbers, (4r ®|%) 41-47,55-57
tables of (5rRi¥r#) . 42,46, 141
Partitions (4r®1) , 36-86, 89
balanced ( 43 X&l) .53
doubly bounded (W EAF 53 1) . 49,57, 59
of a multiset ( — T2 HESMI49 8] . 74-77,
85, 143
of aset (/A4 ,37,61-86
of an integer (—/~%¥ s> 8l) |, 37-61, 74-
77,80, 130
ordered, see Compositions ( FFEM R, 21
)
random (PHHL4r %) .46-48,57,72-74
sums over { fE4r % L>k#1) ,39,65,135,138
with distinct parts (¥ H A REHSE 4 &) |
54,55,57,58,77
without singletons ( A~ oC Ry 2y 8) | 45,
82,117,131,134
Pascal, Ernesto ( #aii+~, EKAMRIE) .6
Paths on a grid ({£ /% M@ ) | 2-3, 25,
4]
Patterns in permutations ( fEHEF b gEEL) | 125
Payne, William Harris (il ¥, B - "SH8iEF) .
9,28
Peirce, Charles Santiago Sanders ( H1/4. # /1
Wi - ZH T - REHET) 64
triangle (FAPY —ff1) . iv, 64. 80-82, 84, 132,
134, 142
Pentagonal numbers ( ff fifZ8) . 41,55
Perfect combination generation (57 A4 k) |
15-17, 30
Perfect partitions ( 5g#4r %) , 61
Permutations (fE%]) , 36,78
of a multiset (—/~ £ EELAAIHEY]) | 4, 14-
15, 29, 30,89, 123
Petrarca, Francesco(=petrarch) (f¥:Hi# . 68
il X(={R1FHi %)) .82
Phylogenetic trees (4:=#piL o) , 137

Pi(n), as “random” example (¥ 558 #H ¥ H
f) ,2,13,27-29, 35, 80-81, 122
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Piano (#4%F) . 10,30

Pigeons (&%) , 36-37

Pitman, James William ( i 452, AW - &
BE) 85,128, 140

Pittel, Boris Gershon( Murrens, Bopre Tepmonosma )
(RLBs/R, WEEHT - R/RFR) .74

Plain changes (‘E&kzh) , 10

Playing cards (Fhsahf) , 35, 86

Pleasants, Peter Arthur Barry {3 H &&:l7,
B BIE - RE) L 129

Poetry (1¥%fE) ,82-83

Poinsot, Louis { fE#&ESe., BB H) | 35,108

Poisson, Siméon Denis (3%, ¥ &5 - R
Hry 114

distribution (H1#L4>r4) . 73,80
summation formula ( /#aRFLK) | 43,56

Pélya, Gydrgy(=George) (HEEF - FFH E(=F
) 111,121

Polyhedron ( £k ) , 18,33

Polynomial ideal (£ iA.#48) |34

Pomerance, Carl (@23, K/R) . 140

Postorder traversal ( SHMFERE) |27

Powers of 2 (2(f1%k %) ,60

Preorder traversal ( ATHEMIF&I5) . 7.27, 94

Probability distribution functions ( %4 4 {5 &
%) 46,74, 80, 84

Prodinger, Helmut (% % T H, #/R0%E) 133

Pudldk, Pavel (#8843, dndEipR) . 126

Pure alphametics (i3 HA) , 78

Pushkin, Alexander Sergeevich

( Mymxmas, Anexcanaps Cepriesmyn ) (&4, I

Bk - R EHESES) L83

Q

g-multinomial coefficients (g £ MA Z %) .30

g-nomial coefficients (gHiA &) , 15, 30, 89,
98,132

g-nomial theorem (@M &) , 112,116

g-Stirling numbers (g% 8c) .82, 128

R

Rademacher, Hans (Hi @ &#), 1LH7) . 44, 45,

56, 57
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functions (FiESHEE) |32
Radix sorting ( 2EHIHERF) |, 76-77
Ramanujan Iyengar, Srinivasa( ¢lefamen
gmorgueges gubart ) (5] A - 7 E 0
R, WERERE) ,44,45,56,57, 113,114
Random partitions (PfifL4r %) . 46-48
generating (KBSl ®) | 57
Random set partitions (FBHHLE 44 R) | 72-74
generating ( 4= pePlALIEA4rRI) |74
Ranking a combination (¥ —~4#&HE/%) | 6.9,
19, 29,90,91, 98
Read, Ronald Cedric (B8, Toyfli - E¥@EP
), 16,97
Reagan, Ronald Wilson ( B4R, Tl  Wi/r
#%) .83
Real roots (3CH) , 85
Recurrences {(£#E) |, 26,42, 50,55,91-93, 141
Recursion (&13) ,10-12
versus iteration (EBUIF&L) L 12-14,29
Recursive coroutines (i N 3LF7EFE) .16
Recursive procedures (i Hd#) | 127
Refinement ( fnds, *{k) ,78
Reflected Gray code ( R BH#g i) | 28, 122
Regular solids ( #| &4 ) |, 33
Reingold, Edward Martin( 7mr, orn 11 nen pny )
(WiR R, ZEE-57) .8
Reiss, Michel ( #i{y, 5% /R) . 108
Remmel, Jeffrey Brian (@jig/R, K#HE - 48
) 132
Replacement selection sorting (&L #EHER) |
90
Residue theorem (¥ FH) .65, 68
Restricted growth strings ( BRI ) | 62-64,
78,129,130, 134, 141
Reversion of power series { K&k ¥ iz ) |, 90
Revolving door property (#ah| T4/ ) | 8, 29-
30, 51
scheme I',, (¥:ah [#:Bi 5K, ) | 8-10, 16-
17,27-29
Rhyme schemes (i 45 %) ,62,82-83
Riemann, Georg Friedrich Bernhard, surface (%

®, i HERBES - SEREB, X



%3 Aeid) i A

F) . 136

Rim representation (&8 &) |, 40-41, 48, 54,
58

Robbins, David Peter ( i, M4k - %) |
134

Robinson, Robert William (B &#&. T - &
) 108,137

Rook polynomials ( E£H.) , 80-81

Rooks, nonattacking (JEF &% ) , 80-81, 130-131

Roots of a polynomial ( —4~Z LA M) , 85

Roots of unity ( i #l) ,30,44,115

Round-robin tournaments ( {538k E) .59

Row sums ({7#1) , 60

Row-echelon form (f7AIHERFEZL,) . B8

Rucksack filling (iHM A H8) 7,27

Ruskey, Frank (Hi#fi%, 3BA%) ,iv,30,63,79

Ruzsa, Imre Zoltdn { HifEfE, FFHE - £/RF) .
103

Ryser, Herbert John ($1F, #/Ri{A%F - &) .
120

S

Sachkov, Vladimir Nikolaevich( Cauxos, Bragrmup
Huxomaesws ) ([EZEFHR, (REEXKR - JE
FHHi Ry ) , 74

Saddle point method ( B¥ga H k) | 44, 65-72,
83-85, 142

Savage, Carla Diane (FE#E, Kb W&EKE) |
51,98

Schur, Issai (2F/R, fRERFE) | 121

Schiitzenberger, Marcel Paul ( &F % {fH#%, 3%
R WE) 19,102,107

Score vectors (4r¥ &) ,59

Second-smallest parts (%8 —/~&/Nif4sr) , 58

Self-conjugate partitions ( {3 L8/ &) |, 54,
80, 121

Semilabeled trees ( $n'58) , 78

Semimodular lattices ( }-8ith$g) , 126

Sequences, totally useless ( 7| #E LA ) .78

Set partitions (#4453 %|) , 37,61-86

conjugate of (#A4r RIMIILHE) | 80
dual of (&4 RAIXA) , 131
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Gray codes for (Ao XIAHBEFEL) | 63-64,
79
order of (A& HIAINRFF) . 126
random (PEHLE S ®I) ,72-74
shadow of (& RIAIARE) .79
universal sequences for (& ¥AH ¥
) .86
Seth, Vikram( R ) (#4F, fahith) | ii,
83
Shadows (FA®) ,18-25,31-34
of binary strings { i @BAIAR) 35
of set partitions ( % &2HIBEAR) .79
of subcubes { F 7 &MIFAR) |34
Shakespeare(=Shakspere), William ( # +: kb ik .
WU 82
Shallit, Jeffrey Outlaw (& riks, A HE - HiF
F) .134
Shape of a random partition ( —/~Hi#HL45> RIAHE
iR) 48,57
Shape of a random set partition { —/4~BiHL8 4>
QIR ) L 72-73
Shields, lan Beaumont (i /R{EZ, 7B - L&
#Er) .08
Sibling links (% %8E) 27
Sideways sum (&P RKF(— P EMIZ{IE T2
1)) ,20,29,88
Sieve method (&% Aik) . 123
Simbes Pereira, José Manuel dos Santos ( PH 5L
Bro- ki, 292 - BUIR - £H - RE
) .89
Simplexes (&) |, 18
Simplicial complexes (& #LAE ) |, 33-34,

107
Simplicial multicomplexes (H &L 2 &4
A .34

Size vectors (k/vmi) , 33,34

Smallest parts ( F/hih4r) L 57,58

Sonnets { +P4fri%) , 82

Spenser, Edmund (¥ 2. REBEE) .82

Sperner, Emanuel; theory (#7H/REN. BOHR,
i) ,107

Spread set in a torus (E—/ BN BA K
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) ,22-25,33
Stable sorting (BEHEF) . 76-77.122
Stachowiak, Grzegorz (MFSFI BT, #ME &
3z) ,97
Stack frames (#HESE) .75
Stam, Aart Johannes ( Hyi&eR, P /REF - #9001
Hr) ., 74,85
Standard set in a torus ( {£—A~B KA PR
&) ,22-24,33
Stanford GraphBase (Wf_tﬂﬁ ) | ii,iii, 78
Stanlcy, Richard Peter (S F|, B A - 4
%) ,14,36,39,102, 122,131
Stanton, Dennis Warren (®jiH$i - f1 /28y - &
{=) . 112
Star transpositions (B EH:E ) , 16-17,30
Stephens, Nelson Malcolm (#i¥EZ#, JE/RfE - 5
JRFHE) L 129
Stirling, James, (Hr%esk, AMHT)
approximation ( #r%FskiL{ll) .67,69,71,139
cycle numbers ( WFEHRUGEAEL) |, 140
subset numbers, asymptotic value ( #4548
¥, #OL(E) L70-72
subset numbers, generalized (7 X AIT4F4k 1
%%) .82,128
Stirling strings ( ¥k ) |, 126
Subcubes (. 7{&) ,31,34
Sums over all partitions (fERTH /% LkF) .
39, 65, 135, 138
Sutcliffe, Alan (&FFrse Bk, F[=Z) , 126
Sutherland, Norman Stuart ( Ff22E, #E/RE -
e PR T ) i
Swapping with the first element { [7]3k—/~TFHER
) ,16-17,30
Swinnerton-Dyer, Henry Peter Francis ( #7454
b - Wi/R, TR - R - BN (114
Sylvester, James Joseph (% /RELNTRE, AT -
fEk) 54,113
Symmetric functions ( #Frea¥) , 39,120
Symmetrical mean values (*}FRE){E) , 60
Székely, Ldszlé Aladdr ( BRiEEH, /1T - M[Hi
&) 126
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T

Tableau shapes { Z&E4K) | 40, 80, see Ferrers
diagrams ( & L% /RFIKTHER )
Tail coefficients (Z# 7% ) . 124
Takagi, Teiji ( ZA0i{5) 20,103
function ( HAviiGekE) ,20-21,32-33
Tang, Donald Tao-Nan ( fii%) .8
Tarry, Gaston ($$H, i) | 108

Taylor, Brook, series ( 8y, # &2 hs) .71,
136

Temperley, Harold Neville Vazeille (14 /58,
WMBE RRUR - LER) 48

Ternary strings ( —gkilll& ) , 28, 108

Terquem, Olry (454sfig, #/;RH) |35

Tippett, Leonard Henry Caleb (i H ¥F. &84
B FE - udhdi) 116

Tokushige, Norihide (f#iE %) | 103

Topological sorting (3h$PHEF) 61,97, 125

Torok, Eva (FEB %, £H) .96

Torus, n-dimensional { n&t R &) . 20-25, 33

Touchard, Jacques (P# M, #EHr) . 128

Tournament ( #JIKPE) .59

Trace (Egyh) . 40,48, 54 112

Trading tails (L nEHE) . 67, 139

Transitive relations ({58 &) , 62

Tree function (B R#¥) ,70,136

Tree of losers ( & B ) , 90

Tree of partitions (4 &i&) , 54

of restricted growth strings ( BRI - ikt ) |

129

Tree traversal (B l) | 54

Triangles { = ffij) ,20

Triangulation ( -~ ffL) .88

Trick, magic ( B A$T5) ,86

Trie traversal (F3#&ELEHRET) L 9-10

Tripartitions ( — &4 &) .75

Triple product identity ( = & TR EL) | 42,
56

Trost, Ernst { &fig ke, Elrks) . 123

Tama, Jiti (L, HH) ,126

Twelvefold Way (+ _HEF#A,) ,36,53
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Two-line arrays ( W {r#4l) |, 130-131

U

Umbral notation (BARZICS) , 128,133,134, 142

Union-find algorithm (R H-Bik) |, 126

Unit vectors ( $.{r(mj &) ., 22

Universal cycles of combinations (#H &/ 5 A K
) .35

Universal sequences for set partitions ( 84 /> 8
A5, 86

Unlabeled objects ( &M SHIXT %) |, 36, 78,

137

Unranking a combination ( % —/~4{ {3 & #iHE
) , 27,29

Unranking a partition (¥ —/~4r %I EHHEFE) |
58

Unranking a set partition ( X—/~824 43 % 2454k
) .78

Unusual correspondence (dEF & #tR7) | 125

Up-down partitions ( H[6i[s) FAI4 8) |, 60,122

Upper shadow { |-fHEZ) , 18
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